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Lecture 23 — April 11, 2017

Prof. Jelani Nelson Scribe: Thomas Orton

1 Overview

Today we’ll cover the Multiplicative Weights (MW) algorithm and begin showing how it can be
applied to approximately solve LPs. Recall the setup of the expert prediction problem from the
previous lecture: We have n experts, and we make binary predictions every day for T days. Each
day t P r1, T s has a correct answer at P t0, 1u which we would like to guess. During each day t, each
of the n experts makes a prediction of what at is. Given each expert’s prediction, and a0, ..., at´1,
we would like to come up with a rule for guessing at such that we don’t do much worse than if we
had known a1, ..., aT in advance, and had selected a single expert to copy for each of the T days
(an expert which achieves minimum error on a1, ..., aT ).

1.1 Review from last lecture

Some notation: Let M t denote the number of mistakes made by our prediction algorithm between
times 1 and t, inclusive, and let mt

i be the number of mistakes by expert i in the same time period.

Theorem 1. (From last lecture): There exists an algorithm s.t.

MT ď

ˆ

rlog2pnqs ¨ min
1ďiďn

mT
i

˙

` rlog2pnqs

This algorithm worked by taking the majority vote of all “living” experts, and killing experts when
they made a prediction mistake. When all the experts were no longer living, they are all revived.

2 The MW algorithm

The MW algorithm has been reinvented many times in different fields (also known as the Hedge
algorithm). For a survey, see [1]. The MW algorithm can be loosely seen as a generalization of the
previous method we used for expert prediction: beforehand, we really took a “weighted” majority
vote to be our prediction, where experts which were not alive had weight 0, and experts which were
living had weight 1. Instead of setting the weights of incorrect experts to 0, MW decreases them
gradually by a constant factor.

2.1 Algorithm

We use rzs to denote t1, . . . , zu for a positive integer z.
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• We are given a parameter η.

• Let wti be the weight of expert i at time t P rT ` 1s.

• Initialize expert weights w1
i “ 1 for each i P rns.

• On day t, we make the prediction bt P t0, 1u such that bt is the prediction with the greatest
weight. Specifically, if S1 (S0) is the set of the indices of experts which predict 1 (0) at time
t, then we choose bt such that

ř

iPSpt
wti ě

ř

iPSp1´ptq
wti .

• Let W t be the set of indicies of experts which made an incorrect prediction at time t. We set
@i PW t, wt`1i Ð p1´ ηqwti , and @i P pt1, ..., nu ´Wtq, w

t`1
i Ð wti .

2.2 Performance

Theorem 2. For η P p0, 1
10 s, MWη achieves error bounds

MT ď p2` ηq min
1ďiďn

mT
i `

2 lnpnq

η

Proof. We’ll prove this theorem by defining a “potential” Φt “
řn
i“1w

t
i , and giving lower and upper

bounds on this potential in terms of quantities we are interested in. We’ll complete the proof by
relating these bounds and solving for MT (this can be seen as general proof technique for certain
classes of problems).

First, suppose our algorithm makes a mistake on day t. This means that at least half of the total
weight at time t is placed on experts which predicted incorrectly at time t. For these incorrect
experts, their weight decreases by a factor of p1 ´ ηq. The remaining experts have their weights
unchanged. We therefore have

Φt`1 ď p1´ ηq ˆ
1

2
Φt `

1

2
Φt “ p1´

η

2
qΦt

By induction, and noting that Φ1 “ n, we get

ΦT`1 ď n ¨ p1´
η

2
qM

T

This gives us our upper bound in terms of MT . To get a lowerbound, note that ΦT`1 is at least as
large as the weight of any particular expert at time T ` 1. We therefore get

@i P rns, ΦT`1 ě wT`1i “ p1´ ηqm
T
i

Combining these bounds gives
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p1´ ηqm
T
i ď np1´

η

2
qM

T

mT
i lnp1´ ηq ď lnpnq `MT lnp1´

η

2
q

Now recall Taylor’s theorem: Since fpxq :“ lnp1 ´ xq is twice differentiable in r0, 1
10 s we can

write @x P r0, 1
10 s, fpxq “ fp0q ` xf 1p0q ` x2f2pzxq{2 for zx P r0, xs. One can use this to show

´x´x2 ď lnp1´xq ď ´x for any x P r0, 1
10 s. Notice that this is the part of the proof that requires

η to be a sufficiently small constant. Using this bound, we can write @i P rns

mT
i p´η ´ η

2q ď mT
i lnp1´ ηq ď lnpnq `MT lnp1´

η

2
q ď lnpnq ´

η

2
MT

MT ď
“

pη ` η2qmT
i ` lnpnq

‰

ˆ
2

η
“ p2` ηqm

pT q
i `

2 lnpnq

η

Since this is true for all i P rns, we are free to pick i to be the index of the expert which achieves
minimum error.

3 A Slightly Different Expert Prediction Problem

Let’s consider a modified expert prediction task to solve. Instead of giving a prediction every day,
we need to give a probability distribution over experts every day. For each day t P rT s, after
choosing a probability distribution pt P ∆n over the experts, we receive a cost vector mt P r´1, 1sn,
where we write mt “ pmt

1, ...,m
t
nq. Think of mt

i as being the cost of choosing expert i at time
t, where the more negative a cost is the better. We want to come come up with a strategy for
choosing our distributions p1, ..., pT such that

řT
t“1xp

t,mty is small, where we think of xpt,mty as
being the expected cost of choosing experts from distribution pt at time t. Now we can imagine,
say, that each expert is a stock, and mt

i is the number of cents we lose per dollar invested in stock
i on day t. Then pt essentially decides our portfolio on day t (making the simplifiying assumption
that there are no transaction costs in buying/selling stocks).

To deal with this problem, we can modify the weight update rule for MW to depend on the cost of
the experts at each day t. Specifically, we now update weights as wt`1i Ð p1´ ηmt

iqw
t
i . On day t,

we will pick the “weighted expert” pt such that pti :“ wti{Φ
t, where Φt :“

řn
i“1w

t
i as before.

3.1 Performance

Theorem 3. @η P p0, 1
10 s , we have

T
ÿ

t“1

xpt,mty ď min
i

T
ÿ

t“1

mt
i ` ηp

T
ÿ

t“1

|mt
i|q `

lnn

η
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Comment: Note that if we let OPT denote the minimum cost achievable by picking a single fixed
expert to have probability 1 for all t P T , then the above bound is

ď OPT ` ηT ` lnpnq{η ď OPT ` 2
a

T lnpnq

By choosing η “
a

lnpnq{T for sufficiently large T . The 2
a

T lnpnq term is usually called the
“regret” achieved by the algorithm. Often bounds will be divided by T on both sides to get a
bound on the “average regret per day”, which in this case goes to 0 as T Ñ8 as Opplnnq{

?
T q for

the same choice of η.

Proof. We’ll use the same bounding technique as before. Recall the identity pti :“ wti{Φ
t. We have

Φt`1 “

n
ÿ

i“1

wt`1i “

n
ÿ

i“1

p1´ ηmt
iqw

t
i “ Φt ´ η

n
ÿ

i“1

mt
iw

t
i “ Φt ´ η

n
ÿ

i“1

mt
ipp

t
iΦ

tq

“ p1´ ηxmt, ptyqΦt ď e´ηpm
t.ptqΦt

since 1` x ď ex. By induction, and noting that Φ1 “ n, we get

ΦT`1 ď ne´η
řT

t“1xm
t,pty

Now we want to get a lower bound on ΦT`1. @i P rns, we have φT`1 ě wT`1i “
śT
t“1p1 ´ ηmt

iq.
We can write

T
ź

t“1

p1´ ηmt
iq “

ź

ě0

p1´ ηmt
iq
ź

ă0

p1´ ηmt
iq

where “ě 0”“ tt P r1, T s|mt
i ě 0u and “ă 0”“ tt P r1, T s|mt

i ă 0u.

Aside: if x P r0, 1s and ε P p0, 1q, we have p1´ εqx ď p1´ εxq, and if x P r´1, 0s and ε P p0, 1q, we
have p1` εq´x ď p1´ εxq. For example, to prove the first bound we can notice that fpxq :“ p1´ εqx

is convex. For convex functions f , we have that @t P r0, 1s, fptx1`p1´tqx2q ď tfpx1q`p1´tqfpx2q.
Thus we have fpxˆ 1` p1´ xq ˆ 0q ď xfp1q ` p1´ xqfp0q “ 1´ εx.

Using the aside, by setting x “ mt
i and ε “ η, we can get the inequalities

ź

ě0

p1´ ηmt
iq ě p1´ ηq

ř

ě0m
t
i

ź

ă0

p1´ ηmt
iq ě p1` ηq

ř

ă0´m
t
i

Putting the upper and lower bounds together, we get:
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p1´ ηq
ř

ě0m
t
ip1` ηq

ř

ă0´m
t
i ď ne´η

řT
t“1xm

t,pty

Thus

´

˜

ÿ

ě0

mt
i

¸

lnp1´ ηq `

˜

ÿ

ă0

mt
i

¸

lnp1` ηq ` lnn ě η
T
ÿ

t“1

mtpt

Using the previous bound´η´η2 ď lnp1´ηq for η P r0, 1
10 s, and another bound on pη´η2q ď lnp1`ηq

(also derived from Taylor’s theorem), we get

T
ÿ

t“1

xmt, pty ď
1

η

˜

ÿ

ě0

mt
i

¸

pη ` η2q `
1

η

˜

ÿ

ă0

mt
i

¸

pη ´ η2q `
lnn

η

“

T
ÿ

t“1

mt
i ` η

T
ÿ

t“1

|mt
i| `

lnn

η

Picking the i P rns which minimizes this expression completes the proof.

4 Applying MW to LP: Overview and Example

The approach which follows appeared in [2].

Problem C : We are given a matrix A, a vector b, and convex region P . If tx P P,Ax ě bu is
feasible, we want to find an x s.t. x P P and Ax ě b´ ε~1 (otherwise we should return “error”).

Example of an application: Recall setting up the fractional set cover problem as an LP. Using
the notation which appeared in previous lectures, we can define this LP by writing

min
ÿ

S

xS s.t. @e
ÿ

SQe

xS ě 1 and x ě 0

This definition implicitly defines A, b in the LP. Now imagine that we remove the min objective
by replacing it with the constraint

ř

S xS ď β, where β is a parameter we will perform a binary
search on. Now we define P “ tx : x ě 0,

ř

S xS ď βu, and we pass P,A, b to an algorithm which
solves C. Assuming we’ve chosen a β such that the problem has a feasible solution, we’ll get back
an x P r0, 1sm such that @e,

ř

SQeXS ě 1´ ε, x ě 0, and
ř

S xS ď β. If we set x̃ “ x{p1´ εq, then
x̃ is a feasible solution to our original problem, and

ř

S x̃S ď p1 ` Opεqq
ř

S xS . Assuming we can
solve C, we have therefore given a procedure which will give us a p1 ` OpεqqOPT approximation
for our fractional set cover LP.

Question: How does MW fit into all of this? Consider the following definition and theorem.
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Definition 4. Given P,A, b, a “γ bounded oracle” is an algorithm which takes as input any
probability distribution q over the rows of A (interpreted as a vector in the simplex). If ppx P
P q ^ pqTAx ě qT bqq is feasible, then the oracle returns an x˚ P P such that for every row index i
of A, |xAi, x

˚y ´ bi| ď γ. If px P P ^ qTAx ě qT bq is not feasible, the oracle outputs “infeasible”.

Theorem 5. There is a way to run MWη, using a γ bounded oracle as a subroutine, to solve C.

In this construction, we set η “ ε
2γ and T “ 4γ2 lnpmq

ε2
(to be seen next lecture).

To conclude, we’ll briefly give a way to construct a γ bounded oracle for the fractional set cover
problem. To start off, we want to know whether px ě 0 ^

ř

xS ď β ^ qTAx ě qT bq is feasible.
For this particular problem, we know qT b “ 1 and qTAx “

řn
e“1 qep

ř

SQe xSq “
ř

S xSqpSq where
qpSq :“

ř

ePS qe. Our constraints therefore require that
ř

S xSqpSq ě 1 . Given q, want to find an x
which satisfies this inequality. Notice that we can maximize

ř

S xSqpSq subject to the constraints
x ě 0 and

ř

xS ď β as follows: put all β of x’s mass on the entry where q is largest, i.e. xS˚ “ β,
xS “ 0 for S ­“ S˚, where S˚ “ arg max qpSq. If this choice of x does not satisfy the inequality,
output “infeasible” (we can’t do any better, so the system isn’t feasible). Otherwise, return x.

It remains to determine the γ we get when the inequality holds, i.e. we want to ideally find a small
γ such that |xAe, xy ´ 1| ď γ holds. There are two cases to consider. First suppose e R S˚. Then
by our choice of x we have |xAe, xy´ 1| ď 1. If e P S˚, then |xAe, xy´ 1| “ |β´ 1| “ β´ 1 (because
β ě 1 for this problem to have a solution). Thus we can set γ “ maxp1, β ´ 1q ď β ď m, where m
is the number of sets.
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