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T0DA
- ANALYSIS OF POLARIZATION

- MARTINGALES t ARKAN MARTINGALE

-
STRONG VS . LOCAL POLARIZATION

- LOCAL POLARIZATION OF ARKAN MARTINGALE
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7 lectures to go
-

① Coding for interactive Comm

( 2 lectures)

② Coding for edit distance
( Z lectures)

③ Locality in coding theory
( 3 tutu res)

④ complexity⇒ Coding
(3 - 7 lectures)
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Defy : Xo
,
X
, . .

. . Xi
,
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is a martingale if
f j

,
f Ao- - - Aj,

⇐[Xj ) Xo-- do , . . . Xj . , - Aj- , ] = Aj ,
" conditioned on past future expectation is

"
no change

" "
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Q : - is our Xt = martingale ?

- why do martingales help .
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Why is Xo
,
X
, . . . Xj - . . a martingale
-

Suppose at time j - we polarize
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ATB

claim : Given entropy history (A. X) indist.
from (B.Y )

⇒ H (Atx) = HIBH )

Further more

HIATBIXY) t H(BIX,Y , ATB)

= HIAIX) t HIBIY )
DX



Martingales & Polarization
- t -- login h=2t

• What we want

STRONGPOLARIZATONPR[ Xt e ( 2-
'"t

,
I - 2-

wot)) ⇐ 2-
- out

CHlwilwsilc-chtoo.tn/Too)IEnt-ooX
• What we know :

if x;=L ⇒ I dist CAS) (Bst)
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= HCBIATB,St) Wp . I
( very local behaviour ; not too simple ! )

u Q . What local behavior Ini plies STRONG

POLARIZATION ?

° Examples
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Barriers to (strong) Polarization
-

① Not enough variance as tinie E →d

(② Weak attraction to outer boundary So , B)
- ×-

aDeth LOCAL POLARIZATION - i.

① Variance in middle : > r

t ? FF> cost . ft
o
¥
"

Var [Xt 1¥ ,
-_ at , c- (T, I -D) 352

② Suction at ends

to IT >o sit .
low- end case ; high -end

70-70 similar

Pr [ Xt < XI-f Xt-i - in] > O .

- x
-

theorem: LOCAL ⇒ STRONG POLARIZATION

theorem : ARI KAN MARTINGALE shows LOCAL P. .

( 2 Theorems ⇒ Polar codes . . . )
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° Sketch of Theorem
"

LOCAL⇒ STRONG
"

Ole E min { Txt , Ext }

• Claim : I post at . Ht , Xt- i

Eff txt , ] E Role. .
Proof of claim omitted . Calculation

• Claim ⇒ E [ lot] s pot . Xo
⇒ Bff > ptkxo] a ptk

⇒ Prf Hlwilwsi) E ( 2-
' °" t

,

out )) s 2-
' 00't

a a

Not good enough .
GOOD !
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Idea : Two step analysis
- first the steps : Prf. c- fptk, t.pt/yJcptk
- second th steps :

① Pr Liieiiiian -19" ptk] a Ek0

To

② if always below To tother

double w- p . L Yz ; drop by Cwp. 's .

=3 logXt has negative drift .



Part 2 analysis for us
-

p =p, absolute

① Doob 's Inequality for martingales
const.

if Xe> o Xo . x . . . . Xe . . . .

=P
then H T

,
Xo

Pr [ 3- je EI3 sit . X;⇒ 7) s .

② goesdo-wnbg~O.LI in each

step .

⇒ E[ log Xt] E - tokgc .

⇒ prfwgxT.is -II④T}
= exp C - t)

⇒ prfxe > exp L- to s .. . . .

-

-
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Arika Martingale Polarizes Loca" 7
#

HIA
- Mostly skipped -

- Tedious calculations . . . .
But . . . . Idea below

.

ignore conditioning
-x-

Xt -- hCpI
⇒ ¥ ,

= hl2) w- P . I
.

.

= 2h( p) - h(2p - p2)
-

-x-

Variance : ① Ip - p' bounded away from p

② HC ) continuous
-x-

suction at high end : p = I - E

Xt = hcp ) = I - ⑦CE)

-

'

2p - p
'
-
- Z- QCEZ )

- ¥ ,
= l - OLE

" ) cop . I
C-
2
→ £4 smaller than any C- factor

reduction .



Suction at low end
-

:

hcp) = plus ,'s

2p -p
'
= 2p

2h(p ) - http)⇐ 2plogpt - 2 plogztp
= 2p
= HI , bhd

loggy log hip)

⇒ ¥ ,
s ¥ ⇒ subornstant

log Xt drop .

W -p - I
2

-
-

Summary
Arika Martingale

'

shows local polarization
⇒ strong polarization
⇒ Pr ( Hlwilwai) E ( n

- "o

, i - n'
'"Den

-
' °"

⇒ Polar codes achieve poly gap to capacity .
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