
LECTURE 19



TODI t Next 2 lectures

LOCALITY IN CODING THEORY
-

- (Today) LOCAL RECONSTRUCTION CODES (LRC)
- (Next) LOCALLY DE -CODABLE CODES (LDC)
- ( Later) LOCALLY TESTABLE CODES (LTC)

-x-

"

Locality
"

.
. Algorithms that work without reading

the whole input . ( instead sample input) .
"

SUBLINEAR TIME A

×-

Local Recovery- i

- Very practically motivated ( cloud servers)
- two concerns

: mild failure : l erasure ;

Need to
"

patch
"

quickly
: catastrophic failure : many erasures ,

just need large distance .



contrast with

Local Decoding : constant friction emes !

more of theoretical interest ; decoding randomized
- ( necessarily so ! )

.

-x-

l - LRC : (n ,kid)q - code C is an l - LRC

if f ie Cn] F sie En]lEi3
,
Isil El

st . Si ez Ei } if TES
-x- t C

( s⇒T ) if X. ye C s#
T

"

s determines Tin C
"

& XIs -_ Yls ⇒ Xf - y f
-x-

l- MLRC [ message LRC] if C is systematic
Mt> Cmc)

& fief] 7 SEEN]lEi3 sit . 5=2 Eis
-x- ISI E l

-C l - LRC ⇒ C l - MLRC



Example : K -- lit ; wanted dist . d

l z - - =L

DODD → i

i:÷÷¥÷¥.i¥
Assume large alphabet :

M = M, ,mz . . . Me ; miEFF
XIE §Mij

M 1- (m, X. . - Xe ) Rshm ,
x)

k htt ktttd - l
F F Fq q q

Achievers
'

n = ktkztd - I
-x-

Thin : if C is an (n,k,d)q code & an LMLRC

then
n > Kt tf't d - I



Pref : det C 'be a systematic code
.

• idea . find UE Cn] with lukk- I

& ME [n] with Nl = (the)t7ID

t.si, sis sit -

U #V-nzteetn.it#
Bound follows . why
→-

PHP ⇒ FXFYEC

• finding V.v : iterate
it. Xu -- Yu
⇒ Xu -- Yu

' initially U = Oli V= Of ⇒ guide n - IVI
- iteratively UL-utfs.tv/;VL-VtSiti

=

- repeat till 1H- ht = (Ket ) ;
° then add arbitrarily to U&V .

-x-

① invariants -U ⇒ V always; UEV

lunch] l E K-l ; WIS K- I②



This Gamo -Barg) : I l - LRC C that @kid]q
with h s ktd- I t KI

l

-x-

- LRC not MLRC !

-

But matches lower band for m LRC
.

--

Main ideas in construction-

① Sub code of Reed-Solomon code .

② Choose field carefully .

③ Clever algebra in analysis
-x
-

⇐ Itil E- I
Field : q= (htt ) . t t ) op,

⇒ a LE Fg sit . alt ' =L ; dial for
ice .

* EH

ttpehq 134=1 ; a ='

⇒ (*
let') t

=L)



Code : NE q- I re et '

ME { it o is @tDe.k ,
it - imodr}

<

C -

- { f : Efe Fz / f = ifmcixi }
I. x

'

. . .
Xt:O

,

Xlt
,

' x'7.0
Parameters : a n -- g- I i CF

(Mt- dim -k a dim = k (assume elk )

.
dist =

.

h - ftDk
e-
t I

• locality = ?
- x-



Locality : tae Faf let SAE { a.da , da . . ..da}
• Claim : for every f- EC fsa- a ⇒ a

flsa are dependendurant!

• Proof : o f ) = f mod (x-a)
a

• f-Is = f mod IT (x-a)
AES

. for Sa :

⇐
Exercise

& ceiling
in

all
results ' acts(x-a) = Xr- ar

• ⇒ f-↳= flxl mod f- ar) -- gacx)

¥t desai. ? I a": :÷÷ . "
Exercise

i sit . i= - I mod r

⇒ deg gas r-2

⇒ values at Isa ) -- r points constrained !

⇒ galah , . . . galad) ⇒ gala)
⇒ f Caa) . . . flail) ⇒ flat !



ful -- X't 3×7 six
"
- 2×3+3×2txt I

=
, f- xo )

mod ( x
? "

-1
t X t 3×2

t -2¥
'
t 5×4 ' tOxs

f 3x£° t XM
-

2.xo t 7 × +03×2
-

f :D → R
SED

ft :S → R
s s⇒T

is the f) slat -- Ha ) y fecfunction fl
,

⇒ At



Preview of next two lectures
-

• Locally deeodabk a testable codes

• Defn . by examples :

① Hadamard Code Hn = { f. ELIE / f -- Edixi}
• Claims : . Hn is (2 , I, ) - locally- deniable .

tf f- C- Hn , g , X if Sff , g) < I,

then f- Cx) = majority { gcxty) - gly)}

a Hn is ( ofez) . I- e) - Gally- list -
dewdabk .

Famed
"

Goldreich -Levin
"

algorithm .

roughly can
"
list-decode

" from '

z
- E

fraction error

"

locally
"

with Ol 'lez) queries

• Hn is ( 3 , l) - Wally - testable .

Famed Blum - hub-y- Rubinfeld linearity test .

Th.vn : Tg Ift Hn set .

Sff, g) s To (GH)tg(g) tglxty)]



ful -- X't 3×6+5×4 - 2×3+3×2txt I

=

mod ( x'-
i) = (x'- xo )
=

= I t X t 3×2

Sa =
Edi . ferial

-
- O

E xoxo
EL o

tito



Goldreich -Levin-

doallist-deeod.ie

given box Dg
-%-

construct boxes Df . . . .
IFI

s't t ft Hn SH , g) ⇐ iz- e z i
b- Otte)

set . IF
= TffFis
-x-

Local - list - decoder for Hn

• E -- log ; Pick a . . . .aeE IE
"

randomly
t

f (x) I Iet holy . . -Ye
,
ya
. .
) = bi Yi

bi - - - be L , ( y, . . Ye yet ,) = Ebiyit Htt ,

A -- {syiait XI Yi . . yet }
Of Loa L , pick one that has larger

agreement with g on A .



"Nexttwobetures
① Higher degree Polynomials ( Hh = linear

poly )

② Best
"

3- query LDC
"

"Decoding testing will no")- queries
close to Singleton Bound !


