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Edit Distance & Codes

� ܺ א ȭ௡ and ܻ א ȭ௠: 
� ܺ ՜୼,୻ ܻ ׷ If deleting ൑ ȟ symbols from ܺ and 

then  inserting ൑ Ȟ symbols gives ܻ.
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� Example: 010101010110 ՜ଵ,ଶ 0110100101110
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Edit Distance & Codes

� ܺ א ȭ௡ and ܻ א ȭ௠: 
� ܺ ՜୼,୻ ܻ ׷ If deleting ൑ ȟ symbols from ܺ and 

then  inserting ൑ Ȟ symbols gives ܻ.
� Example: 010101010110 ՜ଵ,ଶ 0110100101110
� Sanity check: ܺ ՜୼,୻ ܻ ֜ ܻ ՜୻,୼ ܺ
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Edit Distance & Codes

� ܺ א ȭ௡ and ܻ א ȭ௠: 
� ܺ ՜୼,୻ ܻ ׷ If deleting ൑ ȟ symbols from ܺ and 

then  inserting ൑ Ȟ symbols gives ܻ.
� Example: 010101010110 ՜ଵ,ଶ 0110100101110
� Sanity check: ܺ ՜୼,୻ ܻ ֜ ܻ ՜୻,୼ ܺ

� (ȟ, Ȟ)-Edit Distance Codes:
� :ܧ ȭ௞ ՜ ȭ௡ :ܦ ; ȭכ ՜ ȭ௞
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Edit Distance & Codes

� ܺ א ȭ௡ and ܻ א ȭ௠: 
� ܺ ՜୼,୻ ܻ ׷ If deleting ൑ ȟ symbols from ܺ and 

then  inserting ൑ Ȟ symbols gives ܻ.
� Example: 010101010110 ՜ଵ,ଶ 0110100101110
� Sanity check: ܺ ՜୼,୻ ܻ ֜ ܻ ՜୻,୼ ܺ

� (ȟ, Ȟ)-Edit Distance Codes:
� :ܧ ȭ௞ ՜ ȭ௡ :ܦ ; ȭכ ՜ ȭ௞
׊ ܺ א ȭ௞,ܻ א ȭכ s. t. ܧ ܺ ՜୼,୻ ܻ, ܦ ܻ = ܺ
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Edit Distance & Codes

� ܺ א ȭ௡ and ܻ א ȭ௠: 
� ܺ ՜୼,୻ ܻ ׷ If deleting ൑ ȟ symbols from ܺ and 

then  inserting ൑ Ȟ symbols gives ܻ.
� Example: 010101010110 ՜ଵ,ଶ 0110100101110
� Sanity check: ܺ ՜୼,୻ ܻ ֜ ܻ ՜୻,୼ ܺ

� (ȟ, Ȟ)-Edit Distance Codes:
� :ܧ ȭ௞ ՜ ȭ௡ :ܦ ; ȭכ ՜ ȭ௞
׊ ܺ א ȭ௞,ܻ א ȭכ s. t. ܧ ܺ ՜୼,୻ ܻ, ܦ ܻ = ܺ

� :ܧ ȭ௞ ՜ ȭ௡ :ܦ ; ȭכ ՜ ஊೖ
௅

׊ ܺ א ȭ௞ ,ܻ א ȭכ .ݏ ܧ.ݐ ܺ ՜୼,୻ ܻ, ܦ ܻ ד ܺ
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Edit-Distance Codes - 2

� Given family of code ܧ = :௡ܧ ȭ௞೙ ՜ ȭ௡ ௡

� Rate = ܴ = lim
௡՜ஶ

௞೙
௡

; 
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Edit-Distance Codes - 2

� Given family of code ܧ = :௡ܧ ȭ௞೙ ՜ ȭ௡ ௡

� Rate = ܴ = lim
௡՜ஶ

௞೙
௡

; 

� ,ߜ) ௡ܧ code if-(ߛ is ݊ߜ, ݊ߛ -code ݊׊
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Edit-Distance Codes - 2

� Given family of code ܧ = :௡ܧ ȭ௞೙ ՜ ȭ௡ ௡

� Rate = ܴ = lim
௡՜ஶ

௞೙
௡

; 

� ,ߜ) ௡ܧ code if-(ߛ is ݊ߜ, ݊ߛ -code ݊׊

� Questions: what (ߜ, (ܴ,ߛ achievable? 
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Edit-Distance Codes - 2

� Given family of code ܧ = :௡ܧ ȭ௞೙ ՜ ȭ௡ ௡

� Rate = ܴ = lim
௡՜ஶ

௞೙
௡

; 

� ,ߜ) ௡ܧ code if-(ߛ is ݊ߜ, ݊ߛ -code ݊׊

� Questions: what (ߜ, (ܴ,ߛ achievable? 
� With list-decoding?
� While ݍ = ȭ = ܱ(1)
� Algorithmically?
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Brief History

� Notion dates back to ‘70s: Levenstein
� [Schulman-Zuckerman ‘90s]: 

ݍ = ݕ݈݋݌ ݊ , ܴ ՜ 1 െ ߜ + ߛ unique decoding
� Algorithmic!
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Brief History

� Notion dates back to ‘70s: Levenstein
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Brief History

� Notion dates back to ‘70s: Levenstein
� [Schulman-Zuckerman ‘90s]: 

ݍ = ݕ݈݋݌ ݊ , ܴ ՜ 1 െ ߜ + ߛ unique decoding
� Algorithmic!
� List-decoding? ݍ = ܱ(1)?
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Brief History

� Notion dates back to ‘70s: Levenstein
� [Schulman-Zuckerman ‘90s]: 

ݍ = ݕ݈݋݌ ݊ , ܴ ՜ 1 െ ߜ + ߛ unique decoding
� Algorithmic!
� List-decoding? ݍ = ܱ(1)?

� [Haeupler-Shahrasbi’17]:
� ݍ = ܱ(1); ܴ ՜ 1 െ ߜ + ߛ unique decoding
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Brief History

� Notion dates back to ‘70s: Levenstein
� [Schulman-Zuckerman ‘90s]: 

ݍ = ݕ݈݋݌ ݊ , ܴ ՜ 1 െ ߜ + ߛ unique decoding
� Algorithmic!
� List-decoding? ݍ = ܱ(1)?

� [Haeupler-Shahrasbi’17]:
� ݍ = ܱ(1); ܴ ՜ 1 െ ߜ + ߛ unique decoding

� [Haeupler-Shahrasbi-S.’18]
� ݍ = ܱఊ,ఋ,ோ 1 ; ܴ ՜ 1െ ߜ list decoding
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Schulman-Zuckerman Idea

� Indexing:
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ݊ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ݅
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Schulman-Zuckerman Idea

� Indexing:
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ݊ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ݅

� ݁ݐܴܽ ’ܧ = ݁ݐܴܽ ܧ െ ୪୭୥ ௡
୪୭୥ ஊ
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Schulman-Zuckerman Idea

� Indexing:
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ݊ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ݅
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Schulman-Zuckerman Idea

� Indexing:
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ݊ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ݅

� ݁ݐܴܽ ’ܧ = ݁ݐܴܽ ܧ െ ୪୭୥ ௡
୪୭୥ ஊ

� Insertion (ܧ’) ֜ Erasure (ܧ)
� Deletion (ܧ’) ֜ Erasure (ܧ)
� Same location Ins.+Del. (ܧ’) ֜ Error(ܧ)
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Schulman-Zuckerman Idea

� Indexing:
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ݊ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ݅

� ݁ݐܴܽ ’ܧ = ݁ݐܴܽ ܧ െ ୪୭୥ ௡
୪୭୥ ஊ

� Insertion (ܧ’) ֜ Erasure (ܧ)
� Deletion (ܧ’) ֜ Erasure (ܧ)
� Same location Ins.+Del. (ܧ’) ֜ Error(ܧ)
� ܧ has distance ߛ + ߜ ֜ ’ܧ is ߜ, ߛ -code.
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Haeupler-Shahrasbi strategy

� Index with string ܵ = ଵܵ, … , ܵ௡ א ܿ ௡, w. ܿ = ܱ 1 ا ݊
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ܿ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ
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Haeupler-Shahrasbi strategy

� Index with string ܵ = ଵܵ, … , ܵ௡ א ܿ ௡, w. ܿ = ܱ 1 ا ݊
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ܿ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ

� ݁ݐܴܽ ’ܧ = ݁ݐܴܽ ܧ െ ୪୭୥ ௖
୪୭୥ ஊ
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Haeupler-Shahrasbi strategy

� Index with string ܵ = ଵܵ, … , ܵ௡ א ܿ ௡, w. ܿ = ܱ 1 ا ݊
� :ܧ ȭ௞ ՜ ȭ௡ ՜ :ᇱܧ ȭ௞ ՜ ȭ × ܿ ௡

� ᇱܧ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ

� ݁ݐܴܽ ’ܧ = ݁ݐܴܽ ܧ െ ୪୭୥ ௖
୪୭୥ ஊ

� No longer have ݅ ് ݆ ֜ ௜ܵ ് ௝ܵ

� What properties of ܵ useful? Attainable? 
Verifiable/Constructible?
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Synchronization Strings: Defn.

� ߳-self-matching: 
� ܯ = ݅௧ , ݆௧ | 1 ൑ ݐ ൑ ݉ ك ݊ × ݊ is ܵ-matching if

� Matching: ݅ଵ, … , ݅௠ distinct, ݆ଵ, … , ݆௠ distinct
� Non-trivially ܵ-valid: ௜ܵ೟ = ௝ܵమ but ݅௧ ് ݆௧ ݐ׊
� Monotone: ݅௔ < ݅௕ ֜ ݆௔ < ݆௕

� ܵ ߳-synch. string if ׊ ܵ-matching ܯ| ,ܯ| ൑ ߳ ڄ ݊
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Synchronization Strings

� Thm: ߳׊ > 0 ׌ ܿ < λ݊׊ ׌ ܵ א ܿ ௡ ߳-synch. string. 
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Synchronization Strings

� Thm: ߳׊ > 0 ׌ ܿ < λ݊׊ ׌ ܵ א ܿ ௡ ߳-synch. string. 

� Random string is ߳-synch. string w.h.p.
� Can verify if ܵ is ߳-synch. string in poly time.
� [HS’17]+followups: Poly time explicit constructions.
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Synchronization Strings

� Thm: ߳׊ > 0 ׌ ܿ < λ݊׊ ׌ ܵ א ܿ ௡ ߳-synch. string. 

� Random string is ߳-synch. string w.h.p.
� Can verify if ܵ is ߳-synch. string in poly time.
� [HS’17]+followups: Poly time explicit constructions.

� How do they help correct decoding errors?
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List-decoding + Synchronization Strings

� Ingredient: List-recoverable codes.
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List-decoding + Synchronization Strings

� Ingredient: List-recoverable codes.
� ܥ ك ȭ௡ is (ߜ,  list-decodable if-(ܮ

for every ݕ = ,ଵݕ) … (௡ݕ, א ȭ௡

if ܵ = ݔ א ܥ # ݅| ௜ݔ ് ௜ݕ ൑ ݊.ߜ , 
then ܵ ൑ ܮ
(and ܵ can be computed efficiently given ݕ)
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List-decoding + Synchronization Strings

� Ingredient: List-recoverable codes.
� ܥ ك ȭ௡ is (ߜ,  list-decodable if-(ܮ

for every ݕ = ,ଵݕ) … (௡ݕ, א ȭ௡

if ܵ = ݔ א ܥ # ݅| ௜ݔ ് ௜ݕ ൑ ݊.ߜ , 
then ܵ ൑ ܮ
(and ܵ can be computed efficiently given ݕ)

� ܥ ك ȭ௡ is (κ,ߜ,  list-recoverable: if-(ܮ
for every ଵܻ×ڮ× ௡ܻ ك ȭ௡ s.t. ௜ܻ ൑ κ
if ܵ = ݔ א ܥ # ݅| ௜ݔ ב ௜ܻ ൑ ݊.ߜ , 
then ܵ ൑ ܮ
(ܵ can be computed efficiently given ଵܻ, … , ௡ܻ)
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List-decoding + Synchronization Strings

� Ingredient: List-recoverable codes.
� ܥ ك ȭ௡ is (κ,ߜ,  list-recoverable: if-(ܮ

for every ଵܻ×ڮ× ௡ܻ ك ȭ௡ s.t. ௜ܻ ൑ κ
if ܵ = ݔ א ܥ # ݅| ௜ݔ ב ௜ܻ ൑ ݊.ߜ , 
then ܵ ൑ ܮ
(ܵ can be computed efficiently given ଵܻ, … , ௡ܻ)
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List-decoding + Synchronization Strings

� Ingredient: List-recoverable codes.
� ܥ ك ȭ௡ is (κ,ߜ,  list-recoverable: if-(ܮ

for every ଵܻ×ڮ× ௡ܻ ك ȭ௡ s.t. ௜ܻ ൑ κ
if ܵ = ݔ א ܥ # ݅| ௜ݔ ב ௜ܻ ൑ ݊.ߜ , 
then ܵ ൑ ܮ
(ܵ can be computed efficiently given ଵܻ, … , ௡ܻ)

� Theorem [Guruswami-Rudra’06]+followups: 
,ߜ׊ ߳ > 0, κ ׌ ȭ, ܮ s.t. ׌ a family of κ,ߜ, ܮ -list-
recoverable codes of rate 1െ ߜ െ ߳
� “Folded-Reed-Solomon’’ codes + 

Guruswami-Indyk alphabet reduction. 
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List-decodable codes for editing errors

� Theorem: Let ܧ: ȭ௞ ՜ ȭ௡ be κ,ߜ + ߳, ܮ -list-recoverable. 
Let ܵ א ܿ ௡ be ߳’-synch string. Then ܧᇱ: ȭ௞ ՜ ȭ × ܿ ௡

given by ܧᇱ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ is ߜ, ߛ -list-decodable-code.
(For κ = ଶ ଵାఊ

ఢ
& ߳ᇱ = ఢ

ଶκ
)
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List-decodable codes for editing errors

� Theorem: Let ܧ: ȭ௞ ՜ ȭ௡ be κ,ߜ + ߳, ܮ -list-recoverable. 
Let ܵ א ܿ ௡ be ߳’-synch string. Then ܧᇱ: ȭ௞ ՜ ȭ × ܿ ௡

given by ܧᇱ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ is ߜ, ߛ -list-decodable-code.
(For κ = ଶ ଵାఊ

ఢ
& ߳ᇱ = ఢ

ଶκ
)

� Proof by Algorithm: Given ܽ௜ , ܾ௜ ௜א[௠], ܽ௜ א ȭ, ܾ௜ א [ܿ]:

April 29, 2020 Codes for Editing Errors 38
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List-decodable codes for editing errors

� Theorem: Let ܧ: ȭ௞ ՜ ȭ௡ be κ,ߜ + ߳, ܮ -list-recoverable. 
Let ܵ א ܿ ௡ be ߳’-synch string. Then ܧᇱ: ȭ௞ ՜ ȭ × ܿ ௡

given by ܧᇱ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ is ߜ, ߛ -list-decodable-code.
(For κ = ଶ ଵାఊ

ఢ
& ߳ᇱ = ఢ

ଶκ
)

� Proof by Algorithm: Given ܽ௜ , ܾ௜ ௜א[௠], ܽ௜ א ȭ, ܾ௜ א [ܿ]:
� Let ܤ = ܾଵ, … , ܾ௠ ; ଵܻ = ڮ = ௡ܻ = ׎

April 29, 2020 Codes for Editing Errors 39
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List-decodable codes for editing errors

� Theorem: Let ܧ: ȭ௞ ՜ ȭ௡ be κ,ߜ + ߳, ܮ -list-recoverable. 
Let ܵ א ܿ ௡ be ߳’-synch string. Then ܧᇱ: ȭ௞ ՜ ȭ × ܿ ௡

given by ܧᇱ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ is ߜ, ߛ -list-decodable-code.
(For κ = ଶ ଵାఊ

ఢ
& ߳ᇱ = ఢ

ଶκ
)

� Proof by Algorithm: Given ܽ௜ , ܾ௜ ௜א[௠], ܽ௜ א ȭ, ܾ௜ א [ܿ]:
� Let ܤ = ܾଵ, … , ܾ௠ ; ଵܻ = ڮ = ௡ܻ = ׎
� For κ iterations do:

� Let ܯ be largest monotone matching between ܤ and ܵ
� Removed matched part from ܤ; add matched ܽ-symbols into ௜ܻs.

� ௝ܾ ՞ ௜ܵ ֜ ௜ܻ ՚ ௜ܻ ׫ ௝ܽ
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List-decodable codes for editing errors

� Theorem: Let ܧ: ȭ௞ ՜ ȭ௡ be κ,ߜ + ߳, ܮ -list-recoverable. 
Let ܵ א ܿ ௡ be ߳’-synch string. Then ܧᇱ: ȭ௞ ՜ ȭ × ܿ ௡

given by ܧᇱ ݔ ௜ = ܧ ݔ ௜ , ௜ܵ is ߜ, ߛ -list-decodable-code.
(For κ = ଶ ଵାఊ

ఢ
& ߳ᇱ = ఢ

ଶκ
)

� Proof by Algorithm: Given ܽ௜ , ܾ௜ ௜א[௠], ܽ௜ א ȭ, ܾ௜ א [ܿ]:
� Let ܤ = ܾଵ, … , ܾ௠ ; ଵܻ = ڮ = ௡ܻ = ׎
� For κ iterations do:

� Let ܯ be largest monotone matching between ܤ and ܵ
� Removed matched part from ܤ; add matched ܽ-symbols into ௜ܻs.

� ௝ܾ ՞ ௜ܵ ֜ ௜ܻ ՚ ௜ܻ ׫ ௝ܽ

� List-Recover from ଵܻ, … , ௡ܻ
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
� ݊ߜ deletions ֜ ݊ߜ errors. Any others?
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
� ݊ߜ deletions ֜ ݊ߜ errors. Any others?
� Say ܧԢ ݔ ௜ = ( ௝ܽ , ௝ܾ) is not deleted. Why is ܧ ݔ ௜ ב ௜ܻ?
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
� ݊ߜ deletions ֜ ݊ߜ errors. Any others?
� Say ܧԢ ݔ ௜ = ( ௝ܽ , ௝ܾ) is not deleted. Why is ܧ ݔ ௜ ב ௜ܻ?

� Case 1: ௝ܾ matched to ௜ܵᇱ for ݅ᇱ ് ݅: 
� ߳Ԣ-synch string ֜ ߳Ԣ݊ such errors per iteration.
� κ-iterations ֜ κ߳ᇱ݊ ൑ ఢ௡

ଶ
such errors.
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
� ݊ߜ deletions ֜ ݊ߜ errors. Any others?
� Say ܧԢ ݔ ௜ = ( ௝ܽ , ௝ܾ) is not deleted. Why is ܧ ݔ ௜ ב ௜ܻ?

� Case 1: ௝ܾ matched to ௜ܵᇱ for ݅ᇱ ് ݅: 
� ߳Ԣ-synch string ֜ ߳Ԣ݊ such errors per iteration.
� κ-iterations ֜ κ߳ᇱ݊ ൑ ఢ௡

ଶ
such errors.

� Case 2: ௝ܾ unmatched at end: 
� Let ݊ߙ code symbols be unmatched at end. 

Then each iteration matched ൒ ݊ߙ symbols. 
So κ݊ߙ ൑ ݉ ൑ 1 + ߛ ݊ ֜ ݊ߙ ൑ ଵାఊ

κ
൑ ఢ௡

ଶ
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Analysis of Algorithm

� Say transmitted ܧᇱ ݔ . Received ௝ܽ , ௝ܾ ௝א[௠]

� ݅ = “error” if ܧ ݔ ௜ ב ௜ܻ.
� ݊ߜ deletions ֜ ݊ߜ errors. Any others?
� Say ܧԢ ݔ ௜ = ( ௝ܽ , ௝ܾ) is not deleted. Why is ܧ ݔ ௜ ב ௜ܻ?

� Case 1: ௝ܾ matched to ௜ܵᇱ for ݅ᇱ ് ݅: 
� ߳Ԣ-synch string ֜ ߳Ԣ݊ such errors per iteration.
� κ-iterations ֜ κ߳ᇱ݊ ൑ ఢ௡

ଶ
such errors.

� Case 2: ௝ܾ unmatched at end: 
� Let ݊ߙ code symbols be unmatched at end. 

Then each iteration matched ൒ ݊ߙ symbols. 
So κ݊ߙ ൑ ݉ ൑ 1 + ߛ ݊ ֜ ݊ߙ ൑ ଵାఊ

κ
൑ ఢ௡

ଶ
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Further work

� Editing + Interaction errors!

� Binary codes for edit distance: Positive rate limits 
known. [Guruswami-Haeupler-Shahrasbi]

� ܴ .ݏݒ ߜ ݏݒ ߛ for binary codes?
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Thank You!
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