
CS 224 Advanced Algorithms — Fall 2014

Problem Set 4
Due: 11:59pm, Wednesday, October 15th

Submit to: cs224-f14-assignments@seas.harvard.edu
Solution maximum page limit: 5 pages

See homework policy at http://people.seas.harvard.edu/~minilek/cs224/hmwk.html

Problem 1: (5 points) Prove Lemma 4 from Lec. 9 (“approx. complementary slackness”).

Problem 2: (Problem due to Nikhil Bansal). In Lecture 8 we showed that 1-bit LRU is
k-competitive. Let us try to give a different proof using the online primal-dual framework.
First, let’s write the primal LP. Let k denote the size of cache and n denote the total number
of pages in the universe. There are variables xti for each page i. This is intended to be 1 if
i is absent from the cache immediately after servicing the request time t, and 0 otherwise.
Let r(t) ∈ {1, . . . , n} denote the page requested at time t. The variable zi,t is intended to be
1 if we evict page i at time t and is 0 otherwise. This leads to the following LP relaxation:

min
T∑
t=1

n∑
i=1

zi,t

s.t.

n∑
i=1

xti ≥ n− k ∀1 ≤ t ≤ T

xtr(t) ≤ 0 ∀1 ≤ t ≤ T

xti ≤ 1 ∀1 ≤ i ≤ n, 1 ≤ t ≤ T

zti ≥ xt+1
i − xti ∀1 ≤ i ≤ n, 1 ≤ t ≤ T

xti, z
t
i ≥ 0 ∀1 ≤ i ≤ n, 1 ≤ t ≤ T

(a) (3 points) Write the dual of the above LP. (Note any LP can be written in the form
stated in class.) Hint: Other than the final nonnegativity constraints, there are four
types of constraints above. These should give rise to four types of variables in the dual.

(a) (7 points) Give a primal/dual analysis of the online 1-bit LRU algorithm, showing that
it suffers at most k(OPT + 1) page faults. Hint: One of the types of variables in the
dual, let’s call them the dti variables, should keep track of whether page i is marked at
time t. Define a potential function Φ(t) =

∑
i d

t
i and show that if P (t) is the primal

cost at time t and D(t) is the dual profit, then there is a way to maintain primal and
dual feasible solutions online so that for all t, P (t) ≤ k ·D(t) + (Φ(t)− Φ(t− 1)).



Problem 3: In weighted vertex cover we have an undirected graph with n vertices and m
edges. Each vertex v has a cost cv > 0. We must choose a subset S of the vertices such that

• Each one of the m edges is incident to at least one vertex in S.

•
∑

v∈S cv is minimized amongst all subsets S of vertices satisfying the previous bullet.

(a) (3 points) Modify the primal LP formulation from Lecture 11 to handle costs, and
write the new dual. (This should be a minor modification of what was done in class.)

(a) (7 points) Give a greedy algorithm for weighted vertex cover achieving a 2-approximation.
Hint: Maintain a feasible dual solution and build up a feasible primal solution (i.e.
as long as an edge is not satisfied, cover it using one or both of its endpoints). The
primal solution you maintain should be fractional, and only take a vertex into S once
its variable becomes big enough.

Problem 4: Recall single source shortest paths problem in directed graphs with nonnega-
tive edge weights. There is a directed graph G = (V,E), |V | = n, |E| = m. We will identify
V with {1, . . . , n}. There is also a length function L : E → Z≥0 (i.e. every edge has some
nonnegative integer length). We are given a “source” vertex s. For this problem we will
assume every vertex in V is reachable from s. We would like to recover the “shortest path”
tree T from s. T is directed, rooted at s and with all edges pointing away from s, such that
the shortest path from s to any vertex t in G is exactly the unique path from s to t in T .

We can formulate a fractional relaxation of the problem as follows.

min
∑
e∈E

L(e) · fe

s.t. Bf = χ

fe ≥ 0 ∀e ∈ E

Here χ ∈ Rn is the vector (n − 1)1s −
∑

v∈V \{s} 1v, where 1i is the ith standard basis

vector as a column vector. B ∈ Rn×m is the matrix whose columns are indexed by edges,
where the column corresponding to e = (u, v) equals 1u−1v. Essentially we should view the
LP as finding a “flow” with s as the source, shipping out n− 1 units of flow, and where each
other vertex absorbs one unit of flow. Thus in an integral flow solution, we can decompose
the flow into paths, corresponding to the s-t paths for each other t ∈ V .

1. (4 points) As it will turn out, there always is an optimal integral solution to the above
LP. This doesn’t mean that every optimal solution is integral though (note the optimal
solution might not be unique). Give an example input graph with nonnegative integral
length function L such that there exists an optimal solution which is not integral.

2. (3 points) Write the dual of the above LP.
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3. (8 points) Prove the correctness of Dijkstra’s algorithm via a primal/dual analysis, i.e.
by building primal and dual feasible solutions where the primal is integral.

Note the edges in the shortest path tree after finding an integral solution to the primal
LP are simply the edges e with fe > 0.

Problem 5: (1 point) How much time did you spend on this problem set? If you can
remember the breakdown, please report this per problem. (sum of time spent solving problem
and typing up your solution)
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