THE INTERACTION OF RADIATION AND MATTER:
SEMICLASSICAL THEORY

|. REVIEW OF BASIC QUANTUM MECHANICS: CONCEPTS, POSTULATESAND
NOTATION:
At the outset, let us, briefly, reconsider why quantum mechanicsis necessary?

» Forces known in classica eectrodynamics cannot account for the remarkable
stability of atoms and molecules.

» Disturbed dynamic systems radiate only frequencies which may be expressed as
differences between certain values (Ritz's Combination Law of Spectroscopy).!

* All physica systems-- viz. materia "particles’ and el ectromagnetic fields -- exhibit
wave-particle duality -- i.e. to explain particular observations the system must in
some instances be modeled as a particle and in others as awave.

» Thereisalimit below which the disturbance associated with a observation is not
negligible and, thus, there is an unavoidable indeterminacy in the prediction of
observed results.

To proceed, we recall an ancient comment of P. A. M. Dirac:2

"Quantum mechanics...requires the states of a dynamic system and the dynamical
variables to be to be interconnected in quite strange ways that are unintelligible from
the classical standpoint. The states and dynamic variables have to be represented by
mathematical quantities of different natures from those ordinarily used in physics'

Following the Master we begin with the genera quantum mechanica principle of
superposition of states. To quote him once more:

1 According to classical theory, adisturbed system should radiate certain fundamental frequencies and their
harmonics. Each fundamental frequency would be associated with one of the systems degrees of freedom.
2 P.A. M. Dirac, The Principles of Quantum Mechanics (Revised fourth edition), Oxford University Press (1967).
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"The non-classical nature of the superposition process is brought out clearly if we
consider the superposition of two states, A and B, such that there exists an
observation which, when made on the system in state A, is certain to lead to one
particular result, a say, and when made on the system in state B is certain to lead to
some different result, b say. What will be the result of the observation when made
on the system in the superposed state? The answer is that the result will be
sometimes a and sometimes b, according to a probability law depending on the
relative weights of A and B in the superposition process. It will never be different
from both a and b. The intermediate character of the state formed by
super position thus expresses itself through the probability of a particular result
for an observation being intermediate between the corresponding probabilities
for the original states, not through the result itself being intermediate between
the corresponding results for the original states.

"...The superposition process is akind of additive process and implies that states
canin some way be added to give new states. The states must therefore be
connected with mathematical quantities of a kind which can be added together to
give other quantities of the same kind. The most obvious of such quantities are
vectors'

With this motivation, Dirac introduced the whimsical name ket and the ingenious right

half-bracket notation --

|7

-- to represent the vectors connected to the states of a quantum

mechanica system.3 Thus, the superposition of two states to form athird is represented in
abstract ket vector notation, as

IR} =c,|A +c,|B) [I-1a]

where the ¢, 's may be complex numbers. More generally,

3

The state is specified by the dir ection of aket vector and any length assigned to the vector isirrelevant.
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Ry=8 ¢, Iny+ Qe o [1-1b]

For any set of vectors one can always define a complementary set of dual vectors. In
Dirac's development, the dual vectors are called bra vectors and denoted by the other half
of the bracket symbol ﬂ A bravector {P| is completely defined when its scalar product
--i.e. {Pl|Q}° {P|Q) --withevery ket vector |Q} isknown. The scalar product islinear

(or anti-linear) in the sense that:

(BI{IA)+|A¢} ={(BIA +{B|AY [1-2a]
{B{cl A} = c{BIA) [1-2b]
{{Bl+{Bd} |~} ={BIA) +{BJA) [1-2c]
{«B} 1A} =c{BIA) [ 1-2d]

If {P|A}=0 forall |A), then <{P|° 0. [1-2e]

Although bras and kets are very different creatures, it is assumed that there is a one-to-
one correspondence between bras and kets such that the bra corresponding to the ket
|A) +|A¢ isthe sum of the bras corresponding to the kets |[A) and |A¢ -- viz. {A[+{Aq
-- and the bra corresponding to the ket c|A} is the product of ¢ times the bra
corresponding to the ket |AY - viz. ¢ {Al.# It is also assumed (an especially

4 Dirac usesthewords conjugate imaginary to connote a corresponding bra-ket pair and, thereby, draws
attention to an important distinction. The wordsconjugate complex are reserved for the pairing of ordinary
complex quantities which can be split into real and imaginary parts. In particular, the real part of a complex
guantity is given by one half of the sum of the quantity and its conjugate complex. However, bras and kets are
representationsin dual vector spaces and cannot be added!

R. Victor Jones, March 6, 2000
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important assumption) that {P|Q} ={Q| P)* -- s0 that {P|P} is rea -- and that
\PIP}2 0.5

To briefly recapitulate, the directions of vectors of a dual abstract vector space are to be
associated with states of a dynamic system. To extend the Diracian view, dynamic
variables and observables of the system are to be associated with (real) abstract linear
oper ator s which transform one vector into an other -- viz.

|F}=0p |A) . [1-3]
Linearity requires that Op{|A)+|A<§} =O0p |A)+O0p |AS [ 1-4a]
and op{c|a} =cop |A) [1-4b]

The conjugate imaginary or adjoint of |F} is obtained by operating (to the left) with the
hadjoint of the linear operator 6 on the conjugate imaginary of | A -- viz.

t t
(FI=(F) =(or 1a) =¢Alop . [1-5]
By assumption {P|Q} ={Q| P)* so that
(M op T|Fy={Flop |A) [1-6]
From which we may easily show that

op = 0p [1-7a]

5

6

We may thus identify the numbers ( Pp ) as elements of a hermitian matrix -- Charles Hermite (1822-1901).

If alinear operator corresponds to a dynamic variable, then the adjoint of that operator correspondsto the
conjugate complex of the dynamic variable.
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LR S |
and (OplOpz) =0p, Op, [1-7b]
To further develop the notion of linear operators, we examine the eigenvalue equation
A|F=alF [1-8]

where 4 isalinear operator and a isanumber. In most instances, the equation arisesin
a context wherein 44 is a known linear operator, which corresponds to a dynamic
variable, and the number a -- an eigenvalue -- and the ket |F} -- an eigenvector -- are
unknowns to be determined. Only self-adjoint (i.e. real or Hermitian) linear operators are
of any use quantum mechanics so we may write quite generally

AP} = plP) [1-9a]
{QlA=a{d [1-9b]

It followsthat all eigenvalues are real numbers, that eigenval ues associated with eigenkets
are the same as those associated with eigenbras, and that conjugate imaginary of any
eigenket is an eigenbra belonging to the same eigenvalue (and conversely). If we may
assume that a complete set of eigenvalues and eigenvectors of a given dynamic variable x
is known, we may use the following exquisitely self-explanatory notation to delineate the
manifold of all eigenvalue equations:

X|X§= xqxG;  x|x®B = x@x®; x| xW= x@}xa@G;...... : [1-10]

It iseasy to show that within this manifold, the eigenvectors belonging to
different eigenvalues are orthogonal!

REPRESENTATIONS AND QUANTUM CONDITIONS:
GENERAL NOTIONS

R. Victor Jones, March 6, 2000
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As pointed out earlier, abravector is completely defined in terms of a set of numbers --
therepresentatives -- which are the values of the scalar product of the bra with

every ket inarepresentation (and conversely). Thus, if we have a complete set of
discrete, orthonormal state vectors |h) we may write a superposition of discrete states

as
o
Xy=& [} {hlx) [I-11a]
h
If we have acomplete set of continuous, orthonormal state ket vectors |h) we may
write a superposition of continuous states as
)= Oy (hl ¥ b

Consideration of these two expansions leads to extremely valuable expressions for
expansions of theidentity operator -- viz.

I=a|h{n [1-12a]
h
or I = Ox%{ [1-12b]

Thisis, essentially, adiagonal dyadic representation of the identity operator. More
generaly, alinear operator has the following dyadic representation

Op = A & [x§ (x8{x$0p |x8 [1-13a]

X0 x¢

or Op = QIXG (x4(x$0p |xG dxix® [1-13b]

R. Victor Jones, March 6, 2000
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Since commuting linear operators have simultaneous eigenstates, it isacritical matter to
know whether or not two observables commute and, if they do not, to know the
commutation relation needed to replace the classca commutative law of
multiplication. Fortunately, the so called method of classical analogy providesa
systematic means for establishing such relationships for the very large class of dynamic
systemswhich obey the Euler-Lagrange equations of motion.” If such a system has n
degrees of freedom, it is describable in terms of n pairs of canonically conjugate
coordinates g, and momenta p, .8 The essence of the method of classical analogy is
embedded in datement that the commutator is the quantum mechanical
equivalent of the classical Poisson Bracket and isgiven by

[uv]© uv- vu=infu},.© ird (uiv_Tu Ty [1-14]

~i7a Tp, . Tap
Thus, the fundamental quantum conditions or commutation relationships are

[a.0]°qq-aq =0 [1-15a]

7 Thisclassincludesfields, in particular the electromagnetic field, as well as the mechanics of particle motion.
8  Precisely: A pair of dynamic variablesr and S are said to be canonically conjugateif there is function of the
two variables H (r , S) such that

dr _ 1 ds  H
— == ad—=- —.
dt s dt qr

For a second function of the canonical variables (r, S) we have

df:‘ﬂngrﬂf QS:'HT T+ _‘ITT T+
dt fir dt qs dt 9qr 9s s qr

={F .}

Where{ﬂl ,B }PB istheclassical Poisson Bracket.
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[p.p]° P R - pop, =0 [1-15b]
(6 p]° 0 p. - p.g =in{a, R}y =ifd, [1-15¢]

These relationships provide the foundation for the analogy between quantum and
classical mechanics and they show that classical mechanics may be regarded as the
limiting case of quantum mechanics when 7 tends to zero.

THE SCHRODINGER OR COORDINATE REPRESENTATION:
The canonical coordinate(s) is (are) diagona in the Schrodinger representation so that

G O, ;| afaagh- -y = afa®agh- | aaFag- -} [1-16]

For simplicity, consider a system with a single degree of freedom. For such system

any ket |y (q)) hasarepresentative y(q$ ={q¢y (q)} --i.e.
|y ()= Otadad{aty (d= Otadagy (o [1-17]

The linear operator d/dg acting on this ket generates a new ket which has a
representative which is the derivative of the first representative -- i.e.

S vay=| A2 (118}

which means that

R. Victor Jones, March 6, 2000
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29 Graan(af %)= Grogoy 2o p1am,

Now the crucial commutator of q and d/dg may be obtain by the following argument:

d d d
L aly(@) = oy (a) = LD} = o 2L}y g
q dq
[1-19a]
=qd—ly(q)>+ly(q»
and, since |y ()} is arbitrar 4 4 Ez1 [1-19b]
ly Yoo YTt
Therefore, to be consistent with Equation [ 1-15¢ | we take
1
O -ih—— .. [-20
P ° i q [ ]

THE MOMENTUM REPRESENTATION:
The canonica momenta are diagona in the momentum representation!® so that

DL P, Py PE PEPYS -} = p¢ pg p@e - | p¢ pEPE----) . [1-21]

By using Equations [ 1-18b ] and [ I-20 ], we can show, for one degree of freedom,
that the representative of the momentum in the Schrodinger representation is given by

10

/df q) id u d d
It is easily shown that \f (q)| which means that I— =- — andthat — isapurely
~\ dg raq) g dq
imaginary linear operator.
The momentum representation is, generally, less useful than the Schrédinger representation. Because of the
manifest symmetry between g and p we can now easily show that ¢, = i% d/dp .
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_ VS IRV |
(atelpg = p&atp§=- inaty P9 =- ih g latp [1-22]

which hasthe solution  {q¢p$=c(p¢ exp(i p&§7) . [1-23]

This connection between the Schrodinger and momentum representations leads to the
important insight: the coordinate (or momentum) representative of some arbitrary ket
| A is given by the Fourier components of the momentum (or coordinate) representative

-1.e
{p¢AY=(2p h))é (\)axp(-i p&¢ 7) da®{ q¢A) [ 1-24a]
(a8A)y=(207) % O exp(: &) dp& p4A) [1-24b]

Application of thistransform pair to a wave packets in the Schrédinger representation
leads directly to the Heisenberg Uncertainty Principle.

A NOTE ON UNITARY TRANSFORMATIONS

Letw beany linear operator that hasareciprocal ¢ ~*. Consider the transformation

a'=u au’’ [1-25]

where a is an arbitrary linear operator. This may be interpreted as expressing a
transformation from any linear operator & to a corresponding operator a'. The following
properties hold:

a a' hasthesame eigenvaluesasthe corresponding a - i.e.if ajag=aqa$ then
u ala$=u au ‘ulag=a""ulaf=at|a§ [ 1-26a]

R. Victor Jones, March 6, 2000
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b. Thefundamental algebraic processes of addition and multiplication are left invariant by
the transformation -- e.q.,

(a,+a,) =u (a,+a,)u *=u a,u '+u a,u '=a, +a,
(a,a,) =u a,a,u ‘=u a,u 'u a,u *=a, a, [1-26b]
c. If u transformsareal a intoarea a’
then a'lu=ua b u a' =zau’
and w'au=uua b u au=au U
therefore u'u=1 b u =u [1-26c]

Such atransformation issay to beaunitary transformation.
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