THE INTERACTION OF RADIATION AND MATTER: SEMICLASSICAL THEORY

REVIEW OF BASIC QUANTUM MECHANICS: TWO-LEVEL

QUANTUM SYSTEMS:

The literature of quantum optics and laser spectroscopy abounds with discussions of the
two-level (two-state) system. This emphasis comes about because the interaction of such
systems with the electromagnetic field may be treated in great detail to obtain vauable
analytic results and, hopefully, the analysis of two-level systems generates insights that
may be extended to more redistic situations. Fortunately, there are severa important
instances in which the application of the two-level model provides a very good
approximation to a more complete theory. In the following, we label the upper level of the
system by the letter a and the lower by the letter b. From Equation [ 1-12a] we write,
specificaly, the wave function of the two level system as

y(7. 1) ={r|y (1) = C,(1) u(r) exp(- i w,) +Cy(t) u,(F) exp(- iw,t)  [111-1]
where we know from Equation [ 1-12b ] that the time varying coefficients satisfy, in
general, the following equations:

[

&)= HC (O (Bl (BN + G0 v (0 ) expl iwd)}  [11-22)

C) = +{C) (Bl )| E+ )Rl () |E exp( 1w} [111-25]
If we take the interaction to be the electric dipole interaction with an applied electric field we

may write
9,(8) =- Ps>E (R, Y)=- eFE Ry f) [111-3a]
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where R denotes the position of the center of the two-level system or atom.14 Thus we

write o
(Elo (§]E)=v, =- (E|eF|E )€ (Rs Y [111-3b]

In all but the most bizarre circumstances we may use persuasive symmetry arguments to

reason that
(Eler|E)° 0
Thus Equations|[ I11-2 ] reduce to
(1) =- —;le(t) v exp( i) [ 111-4a]

ClY)= 1C(9) v exp(- iw, [111-4b]

where 7, =- (E,|eF |E,)E(Rs ) =- A E[Rs.1).

RABI FLOPPING -- WITHOUT DAMPING:
For an oscillatory applied field

Vo =- A Ej cosw, t=- A E exq- iw, t) +c.c. [111-5]

we seg, intherotating-wave approximation, that

2" [11-6a]

14 Theuse of thisform of interaction needs considerable elaboration, but we defer that discussion until later.
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Gt = ﬁA £, C(1) expl- i(wa- )]

h [111-6b]
:—'2\/\)2 C.(Y) exp[- i(wab-wr)t]

where V\/SOA E,/n definesthe so called Rabi flopping frequency which is, of

course, ameasure of the strength of the electromagnetic interaction.  Clearly, the coupling
terms have maximum effect when the frequency of the applied field is resonant with the

level splitting. In most treatmentsthe frequency detuning of thefield is expressed as
dw =w_ - w, and the system'swave function -i.e. Equation[ I1I-1] - iswritten in terms

of dightly modified time varying coefficients by transforming to the rotating frame of
reference -viz

Ct) =C,(t)exp(i 3w ) [111-7a]
C{t) =Cy(t) exp(- i ddw 1 [11-7b]
y(F, ) =C (1) exp[i (4dw- w,) t] u,(r)+E,(1) exp[i (- 1dw-w,) t] u(r) [m-7c]
The coupling termsiin this rotating frame of reference become
C(0) =3i{- dwE,(t) W} 1)} [ 111-8a]

&0 =3i{ aw &, (9 +w" (o) [ 11-8b]

or in matrix form

d ~ d 6éla(t)t_) i 2edw V\[f('jaéa(t)o i -
— = —C. —==_-C . = - . -
dt C(t) dt géCb(t)ﬂ 280 dweaC b(t)ﬂ 2 M >C(t) L11-8c]
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We look for a solution in the form C(t) = C(0) exp( 1w t) where W* is the
generalization of the Rabi flopping frequency. Therefore, the condition

det[M- W' 1] =0

yieldsthegeneralized Rabi flopping frequency

\/\i*:,/dw%}/\/;2 [111-9a]

and the general non-damped time evolving wave function

& 1 dW ] 1 V\E ] 1 0 ~
g?a(t)gz gcos(-z\/\FtZ- 'Wsm(-z\/\)‘< t) I\/\F sm(-ZV\F t) Sgga(o)_: o]
(Y2 g %sin(%\/\ft) cos(-%\/\f*t)+%\fvsin(-§\/\f*t);écb(o)

RABI FLOPPING -- WITH DAMPING:

Neglected interactions (e.g. spontaneous emission, collisions, thermal fluctuations) limit
lifetime of astate of atwo-level system. One class of lifetime limiting interactions may be
described phenomenologically by adding decay terms to the equations of motion - i.e.
to Equations|[ I11-8] - asfollows:

C(t) =- 2(g,+idw) C(1) +1i W C,(1) [ 111-10a]
Cy(t) =- 4(gy- i dw) Cy(t) +2i WE C.(1) [111-10b]
or
d =\ d &()0_iee(dw-ig) W o6& ()6 i -
G G E e 28 W (dweig)a(0s 2™ Cl) [H-10c]
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Again we look for asolution in the form C(t) = C(0) exp( 3 Lt) so that

det[M- L 1]=0
or L7+ (g, G)L - Jow- ig,)(dw+ig,) +]A%[ U= 0
. . 2 2
Therefore L=1i3(0.+0,)% \/[dw 3i(0,- gb)] +W| [ 111-11a]

-- wherethe we referto g, = 1(ga+ g,) as the average decay rate constant and

W= \/[dw 3i(0,- gb]

frequency -- and the general time evolving wave function -- in the rotation frame -- may

as the generalized complex Rabi flopping

be written
i @ oy [3(0.- gy)+idw - W i
§a(t)9:9COS(%V\Ft)'[ = ]gn(-;v\f*t) IW sm(-;V\Ft) exr( )g@a(o)d [111-11b]
() g i% sin(-;W*t) cos(-;W*t)+%(ga_%2+ldW n(-éV\/Rt)Qj SICL

DENSITY MATRIX TREATMENT OF A TWO-LEVEL SYSTEMS:
Recall from Equation [ 11-30]

Using |a){al +[bXbl =1 we may write
o
 =={r (laXal +[bXbi) 7 - o (a){al+|b)b]r} [ll-12a]
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If 7 = 2(,+ 91, , then

i
r= %{r [E.|a){a|+E, |b)b|+|aXa] 71 ,+|b}{b] # ] 11121
- [E. |aXa]+ E, | b){b|+ 5 , |a)a| + #( , |b)b]] r}
Writing matrix elements -- i.e. representatives -- of the density operator
. i
{a|r |a) = %{(a|r |6}{b] 2, |ay- {a] 2, |bYb|r |a}} [ 111-13a]
. i
{b|r |b)y= ;5{(blr |a){a) 2, |by- (b| 2, |a)a|r |b)} [111-13b]
, i
ar Ib>=;.l{-(Ea- E,) {a|r |b}+[{a]r |a}- {b|r |b}]{a] # ,|b} .
-1oC

+{alr |by[{b] #¢,|by- {a] 7 ,|a)]}

We may again assume, by symmetry arguments, that {al 4/, |a} ={b| #,|b) =0 so that the
equations of motion for the el ements of the density reduceto

Fop-Fa= i 27,1 bE,1+c.c.] [ 111-14a]
= Wy T+ TV [r - 1y [11-14b]

To introduce an element of reality, we add to these equations a pair of the most
intuitively satisfying damping terms (auseful attribute of density matrix
formulations) -- viz.

Fop Fro = ih'lzfl/abrba+c.c]- G[(r ob - raa)- (r ob raa)O] [ 111-15a]
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Fap=" T Wy Iy +ilt q/ab[r bb]' ar [ 111-15b ]

Transform these equationsto arotating frame by takingr ,, =, exp(— W, t) where
r,, isassumed to beaslowly varying function of time which satisfies the equations of

motion
Fap=- 1 OWF i 77 exp(iw, ) [r - 1 ]- 9F,, [ 111-16a]

Foo- F o= [i nt2v, exp(iw, O r, +c.c.]

. G[(r b= T aa) (Fow- raa)O]

With ¥, =- [}’zh\/\)j exp(- iw,t) + C.C.] and ignoring terms proportional to exp(+i 2w, t)

[111-16b]

--i.e. therotating wave approximation - we find that

Fap= (W= 19 oy i(AWE) [r - 1 o] [ 11-17a]
R [ i\/\)jr”ba+c.c.]- G[(r oo - raa)- (r o= T aa)O] [111-17b]

Steady state behavior: If wetake al time derivatives in these equations equal to zero,

we obtain
W [r o - aa] W, (dw+i g) [r o - aa]
r ab — 2( i dW+g) 2(dW +g ) [ |||'18a]
é U
- = - é dW2+g ,
(r o~ T aa) (I’ oo~ T ) S’ +g ? Wl /Gggu [111-18b]
or
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:)IZV\E[dW+ig] (rbb- raa)O

b dwz+92§+w:2/egg [111-18¢]
I - T
1.
0.2
0.5
0.4
0.2
' 2. ' 4. ' 6. ' g, ' 10.
|§E§|2.-'“'yl"

We have graphed Equation [ 111-18b ] at resonance - i.e. dw= C - and, from the following
expression, we see how the oscillatory polarization is saturated at high electromagnetic
powers. In general, the macroscopic polarization isthen given by15

15 That isto say
()= (Pr). +(Pr), =P

aa

Maat P Toa T Poa T o TP T = Pap Toa t Pa T

since P,, = P, = G by symmetry.
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If we graph Equation [ I11-18b ] at resonance - i.e. dw= 0 - we see how the oscillatory
polarization issatur ated at high electromagnetic powers - viz
P = N {dipole moment of system)= N [& [ +c.c.] [ 111-19a]

o NA W (;z;vv\-/zlz)zgr oo~ T aa] exp(iw, t)+c.c. [ 111-19b]

B Np‘lz[ dw- ig] [r bb aa]
2hec|w2

S E,exp(iw, t)+c.c [ 111-19¢]

THE VECTOR MODEL OF THE DENSITY MATRIX:

Thereisaset of arguments by analogy which is exceedingly vauable in treating
transient excitation problemsin optics. The basisfor the analogy lies in the fact that
Equations [ 111-16] are identical in form to the famous Bloch equations of magnetic

resonance.16 If we make a transformation to a rotating frame -- i.e,
M, = M, exp(Fi w, t) -- the Bloch equations take on the form

16 Recall from the theory of magnetic resonance

—

dM/di=g,, M  H

where O isthe gyromagnetic ratio. Thisequation of motion is greatly simplified if it iswrittenin
terms of the circular polarizationsM, =M, £iM andH, =H, tiH,

M, =Fi g, M, H,xig. M,H,

and M :ig—;"‘g[M+H_- M_H,]

To these Bloch added the phenomenological longitudinal (thermal) relaxation time T, and transverse
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~ ~

M, = ¥i dw K, i g, M

* z

exp(xiw, ) H, - M, /T, [ 111-20a]

H. exp(- iw, 1) M++c.c.§- (M,- M)/T, [111-20b]

where dw =w, - ¢ . H,. By comparing these Bloch equations with Equations[ 111-16 ]
and [ 111-17 ] we see that we have identical problemsif we make the identifications

M, O 7, [111-21a]
M,Or,,-r.. [111-21b]

Oy H, U W, [ 111-21c]

Oy H. U 570 = W, [11-21d]
YT.=C [ 111-21e]

YT,=9 [ 111-21f ]

In other words we have the equivalent equation of motion
M= MW, - g(M- 2M,)- GzM, [11-22]
wheretheeffective Rabi precession field \7veff isgiven by

W, =W X- dw 2 [111-23]

dephasingtime T, so that
Mi = $I gmag Mi Hzil gmag MZHi - Mi/TZ
M

z

:ig—r;_ag[MJ‘l_' M.H+]' (Mz- MZO)/Tl

PAGE 35

R. Victor Jones, March 9, 2000



THE INTERACTION OF RADIATION AND MATTER: SEMICLASSICAL THEORY PAGE 36

! 7 "Rabi field" ! 7 "Rabi field" !
Initial state of system Effect of transient excitation State after 90° pulse "Rabi field" off
- precession of state vector -start of "free decay" period

Effect ot inhomogeneities State of system after 180° pulse "Echo" state
in level splitting
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