THE INTERACTION OF RADIATION AND MATTER: SEMICLASSICAL THEORY

VI.

SEMICLASSICAL LASER THEORY 23

LASER SELF-CONSISTENCY EQUATIONS

Lamb's theory of laser operation provides avery powerful means for interpreting and
predicting complex time dependent behavior without invoking all the intricacy of a full
guantum mechanical theory. Itissemiclassical, self-consistent theory in the following
sense:

E (i’tj quantum wj} statistic Pﬁ’tj E ':i-’ t]

macroscopic
theory summation Maxwell theory

<

self-consistency

Suppose that the field in the laser is represented in the form

E(z1) :Ezé_ Z.(1) exp[- i(wnt+f n(t))] U,(2)+cc. [VI-1]

n
where, for example,

&P,

inasmpleacavity laser U, (2) usink,z=sin - E

(04

2p

. ®&n2p ¢
andinaringlaser U, (z) pexp(ik, 2 =expél—zc travelingwave  [VI-2b]

L ¢

23

An adaptation or interpretation of Lamb's "semiclassical” or "self-consistent” laser theory asfirst presented in
Phys. Rev. 134, A1429 (1964) and refined in countless other treatments. In these lecture notes we drawn
extensively on M. Sargent |11, M. O. Scully and W. E. Lamb, Jr., Laser Physics, Addison-Wesley (1974) and
P. Meystre and M. Sargent |11, Elements of Quantum Optics, Springer-Verlag (1992).
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With this representation for the field theinduced polarization can be expressed as
P@ﬁ:%éf}@amrWwJH}@HUJ@+QQ [VI-3]

where 2 (1) isthe complex, slowly varying component of the polarization of the nth
mode. If wetakethe wave equation in the formz24

W ATE__ TP

-N?E -
+m, qt 2 ﬂ,[2 m, 1]tz

[VI-4]

where second term is included as a means to account for cavity losses. From Equation
[ VI-1] assuming that £, , ?, ,and 1, are slowly varying functions of time

2
1 UZ” +cC.C.
Iz

1o .
-N’E b - T—' —28. Enexp[' I(Wnt+f n)]
. [VI-5a]

:ﬁé‘ W E, exp[- i (w, wt+f n)] U,+cc.

where W, = ck, arethe eigenfrequencies of thecold resonator eigenmodes.

18 o TEE) A (- i fo, o )] ool i tor )] U, (9o (vicso

24 In this formulation we are assuming that I<I £ »0.

25 Thesocaled slowly-varying amplitude and phase approximation (SVAP) is used extensively in
treating problemsin laser dynamics. Inthe SVAP approximation it is assumed that
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03 13(zt Sa . .
0 P m 'ﬂ(t ) » m°2 an_{ | Z‘,nwn} exp[- i (w,t+f )] U, (2) +cc. [ VI-5¢]

TPE _TEWzY) 19 i+ ... . ; P .
P e _—Zenl %‘z 1 2E, (w,+f )+ E, & (w,+f ) - |fnt¥exp[-|(wnt+f Nu.(29+cc  n-5d]
which reducesin the SV AP approximation to

PE TEz) 1o ... - | |
e b e »—Zan_{-|2£nwn+£n[-wﬁ-2ann]}exp[-|(wnwt+f n)] U..(2) +cc. [ VI-5d']

and from Equation [ VI-3]

, -
TP, TP(z1)
1t? 1t?

é. ;ifn_ i 21’.,1 (Wn+f n)+EPn 2— (Wn+f n)z_ if'nggexp[- i (Wnt+f n)] Un(z)+c_c_
" [VI-6]
a {-Wﬁ ?n} exp[- i (w, t+f n)] U.(2)+cec

If these representations are to be valid when substituted into Equation [ VI-4 ], the
following equations must hold:

V\ﬁfn-igﬁwnzn-izwnfn-wﬁzn-2wnf'n£n»eiw§1>n [VI-7]

(o] (o]

We adjust thefictional conductivity to account for the loss of energy or time decay of
the given mode -- viz. wetake s=e,w,/Q, where Q,isthe"Q" of the mode. Equating

real and imaginary parts of Equation [ VI-7 ] we obtain Lamb's master laser self-
consistency equations -- viz.
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- ®w_ 0 w
E +—+E » —9m P, VI-8a
e2Q, g %, { } [ ]
WE -w2E - 2wnf'n£n»eiw§ %ef P, ] [VI-8b]
: Wn 1
o w,+f W, 22 »{ 2, }/E, [VI-8b']

POLARIZATION OF THE MEDIUM:

The simplest application of Lamb's theory assumes that the laser medium consists of an
ensemble of two-level atoms with a single well-defined transition 7w, which is

homogeneously broaden. Possible "pump" and "decay" processes are indicated
schematically inthefollowing figure:

" a

Iya Aaz

E ':f"‘-"aa- .""-'I'l;.'l;.-l:I

b
\bf‘?bb

The model describes, in effect, aso called four-level homogeneously broaden laser
where both levels relaxed to some presumed ground state and are "pumped” via higher
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energy excited states. r (s,z, tﬂ;t) is defined as the density matrix operator at aplace z and

atime t which is associated with atoms excited to the state s (wheres=a or b) a atime
t¢ and | s(z,tq asthe rate at which atoms are excited to the state s (per atom, per second

per unit volume). The macroscopic polarization is, thus, given by

P(z) =8 Oltel (2 t§{e Disp )
¥ [VI-9]

tdl (z,t¢r 4(s 2, t6t) +cc.

P
» Qo
® Q'H

If we project this expression on to the modes of the laser cavity and compare with Equation
[ VI-3], we see that

t
o

(L‘)dzU; (2 a (\)Jltﬂil J(zt4r, (sz,t6) [VI-10a]

s .y

1
M,

P,(1) = 2A exp| i (w, t+f (0

L
where M = Qdz|U,(2) |2 is the mode normalization factor. To facilitated the integration
0

of this equation, we re-write it in terms of the population matrix operator r‘(z,t) --

viz.
2,() = 2A exp i (w, t+1 (0)] = QU (ra(z)  [VI-10D]
where r(zy° a (\}it¢| J(z,t4r (sz,t¢1) - [VI-11]

The equation of motion of this population matrix is found by differentiating its defining

equation -- i.e.
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dr(z.1)
dt

:é Is(z,t)r (s,z,t,t)+é C)jtq S(z,tgr' (s,z,tﬂ;t) . [ VI-12]

By definitionr (s,z, t,t) =d,.d, ., sothat first term on the right-hand-side is replaced by

the matrix

If we interpret the r (s,z, tﬂ;t) components of the second term on the right-hand-side of

Equation [ VI-12 ], asthe time derivatives of the pure state density matrix components

given by Equations[ 111-14a] and [ I11-14b ] of this set of lectures notes,26 the component
equations of motion for the population matrix r- (z,t) become

r.-aa: | a” %alaar [I h_l'Vab r-ab-i-c'c‘] [Vl'lsa]
Fop=1 - O rbb+[i Yy f'ab+C-C-] [VI-13b]
r.-ab = _(I Wab+gab) rab+i hhlq/ab [raa - r-bb] [V|-13C]

Formal integration of Equation [ VI-13c] yields

26 Including damping, Equations|[ I11-16a] and [ 111-16b ] of this set of lecture notes would have the form
. _ P
lNaa="9al aa” [I h {Vabr ab+C'C']
Fop=-0," bb+[i WY r ab+c.c.]

. _ . ——
rab—'('Wab+9ab)rab+'h rVab[raa_rbb]
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ro=in Oit¢expv\{ |Wab+gab t t()] zt?[r‘ (z.t9- rbbztﬂ [VI-14]

SINGLE MODE OPERATION:
For asingle-mode standing wave field in therotating-wave approximation

(th_-—Az (1) exp[- i (w, te+f (19)] U, (2 [VI-15]
o that

rulz)=-31A 1 el iw, U, () O, dteerpl-[i{w-w,) rau] (- - 11 (9, (1 [ (28 Tis(z19]

[VI-16]

|\>I|—\ |\)I|—\

iA ntexpl- iw, ] U, (2) (‘)?‘dt exp‘{l-[i(wab-wn)+gab] t- if (t- t)gfn(t- t) [Fa(zt- 1) Pzt 1)]

The integration can be done simply, if thechangesin £, f , and I, - ., arenegligible
inatime g, so that

M2, =+

iR g (1) exp[- i(wn t+f n(t))] U,(2) [Taa(z,t)' rbb(z't)][i (Wab_ W”)+gab]_l (VI-17]

|\)I|—\ |\>I|—\

A () el 1, 041 (0)] U2 [T (2.0 Tl 0] D (e w0

. -1
where D(u- v;w)° [l (u- V)+W] represents the so caled complex Lorentzian
denominator. Substituting thisresult into Equations| VI-13a] and [ VI-13b ] we find

the previously discussed r ate equation approximation for the population components -
-viz
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ra:| a~ Ga r-aa- R(raa_ r-bb)

a

_ [ VI-18]
Fop=1 5= Gy Mop R(raa - rbb)
with ther ate constant isgiven by
~ 2
_180 2 4 2. au
R_ _2 ?;gznz(t)l Un(z) | gab gwab - Wn) +gez;1b0
X 2 [ VI-19]
_1&A0 2 .
- _2 ggfnz(t)l Un(z) | ga% L(Wab W, gab)

where L(u- v; w)° W [(u - v)? +W2]_l represents the dimensionless Lorentzian

function.

For steady state--i.e. r,,=r,, =0

o eaGleg _ N(9 [VI-20]
aa bb ™ L
1+F<z) ?gagb Q 1+R(Z)/RS
ega-i-gbz

where N(z) is the unsaturated population difference and R =g, g, (9,+9,) -
Combining Equations[ VI-10b ], [ VI-17] and [ VI-20 ] we obtain

1\ N@W,EF
a1, O° TrRIR

2.(t) =-A’n'E, Dw, -w,:0,) [VI-21]
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Although thisresult can be integrated exactly,?’ there is more insight to be gained by
expanding the saturation denominator inpowersof R(2)/R -- viz.

A2 3 1 A > ¢ &R(z ('jk
P (1) =- AT L, Q)(w‘,,lb-wn;gab)ﬁn O()le N(2) |U,(2) | a ¢ ( ); [ VI-22a]

ot R
To second order in R(z)/R; we obtain
~ i u
Tn('[) »- A2 HME Q)(wab-wn;gab) N i1- (?j—gb ( ab_V\,n;gab)y[V|-22b]
i 4 € O o b
L
where N ° —— O N(z.)| U,() [ [ VI-23a]
no
A2q 2
and | 21ATES 1 [VI-23b]

is the dimensionless mode intensity.

To complete the self-consistency loop, we combine our expression for the complex
mode polarization, Equation [ VI-22b ], and the self-consistency conditions, Equations
[ VI-8].

From Equation [ VI-8a]

21 Bxactly an(t) =- A ? hl‘En Q)(Wab - Wn;gab) N f(W)
_;2 _ g — % gb _ .
where (W) == [1- (1+w)”] e w=1, G - i)
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i g LVI-24]
n Sea 3
@_Wn 9__L(W - Wn; gab) N Il- - l éﬁ_gb L(Wab Wn’ gabw)y

0 egabg '|\ 4 e gab ﬂ b

Multiplying thisequation by 5" "o 9.9 , We obtain
b Ib

: lay 61 Aze®l b _
In»znI Q_ —towW _L(Wab Wn! gab) N
7 eQ.g 2" " e, 9. o

('D:(q_\ M-

- lng_+L(Wab_ an;gab)qy [Vl_zsa]
4 é gab (%] lb
This nonlinear equation of motion may be written to advantage as
I,»2,[a,-b,1,] [ VI-25b]

wherethelinear gain ismeasured by

1 A2 6 _
a,= _L(W Wn;gab) N -
2 he &abﬂ

72

[ VI-26a]

8

andnonlinear saturation by

2
b =N A® ®,+9,9 L(Wab-wn; G [VI-26b]
8 he gab e gab 2

From Equation [ VI-8b' ], we see that

;Ve" Re{ P}/,

(o]

W, +fn »Wn -

R. Victor Jones, March 16, 2000 71



THE INTERACTION OF RADIATION AND MATTER: SEMICLASSICAL THEORY

Thus
: 1 AZ (Wab_Wn) _\I 3 %+g o) u
w, +f +=w LWy - W N il- - 2D+ (W, - W5 O Y VI-27
n n@/vn 2 nheo gib ( ab n gab) ':\ 4 ngg_abﬂ ( ab n gb))b/ [ ]
@Aln+sn_ bn In
where the linear mode pulling effect ismeasured by
1_ WAZ (Wab_Wn)
s == N o Liw, -wW;
" 2 heo gab gab ( * " gab) [V|-283]
and nonlinear pushing effect by
:“;—W:E\2 (Wab_Wn)% +gO 2
b= 3 N W R b+[LWa-Wn;ga]
4 heo gab gab é gab 2 ( ° b) [VI-28b]

From Equation [ VI-25a], we find the " at-r esonance" threshold condition to be:

?;“(’? i: —;wn':ezo %%L(G; 0w )N P 31 =':ei gN:: [VI-29]
where N,,, isthe required population inversion at threshold.
For thegener al steady state condition, we have
I :EAZ L, 1 »a,/b, [ VI-30a]

" 2 hz ga gb
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= A8 G QL(Wab "W, gab) - N;/N

or | 3
3€0,40,8  L(Wy- W, Gy

[VI-300]

n

SINGLE-MODE, STANDING-WAVE LASER INTENSITY

. I. z.
{mab_mn}f'fab

Thetime dependent intensity build-up follows from integrating Equation [ VI-25b ]
to obtain

(1= a, 1,(0)exp(a,t)

~a,+b, 1,(0)[exp(a,1)- 1 [VI-29]
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TRANSIENT INTENSITY BUILDUP

.01
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tirme

MULTIMODE OPERATION:
When we consider the possibility that two or more laser modes may be simultaneously
excited or oscillating, things get quite abit more complicated and we must refine our

analysis. In particular, we must treat the time dependence of the population difference
.- Mpp With greater care since variations in the population difference tend to modulate

and couple the possible modal excitations.

Reflection on the form of Equations|[ VI-13a] and [ VI-13b ] in the absence of modal
excitation, suggests that we take

N(zD)o [r (z)- r(z9]=1. g 1, g’ [VI-31]
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as the zeroth-order approximation to the time dependence of the population difference.
With finite excitation of one or more modes we may write in the rotating-wave
approximation

vz )= A &z (e i(w, 141 1)] U, (2 [VI-32]

and use Equation [ VI-14 ] to obtain the following first-order approximation to the time
dependence of the off-diagona component of the population matrix:

rd=in Ojt¢exp[ iw, +gab t t()] zt()[r'(o) r zt)]
= leiA il N(Z’t)én z (1) exp[- i(Wn t+f ]U Ojt¢exg [ W, - +gab] t- t% [ VI-33]
- %12 iA#TN (z,t)én % (1) exp[- i (w, t+f ,(0)] U,(2) @(wab - W, G

In carrying out this integration we have, again, assumed that changesin £ , and f; , are
negligibleinatime g,,. Using this result and Equation [ VI-13a] we obtain the time

derivative of the second-order approximation to the time dependence of the population of
the upper level -- viz.

oo @47

Lo~

| - AP . U [VI-34]
— ' a ga aa 327;1

N(z,9) dazez, exp{i [(Wn- w,t+f - f m]} Un(2) U, (2) D(W,, - Woyi O) +c.c.l‘,j

n m

The key point here isthat the population _, has pulsations at the intermode beat
frequencies! Integrating wefind

R. Victor Jones, March 16, 2000 75



THE INTERACTION OF RADIATION AND MATTER: SEMICLASSICAL THEORY PAGE 76

~

0 ‘ﬁ
2h

aa

2

N (z,t)é az.ez, exp{ i[(wn- w,)t+f - f m]} U,(2U

n m

*

n(z) @(Wn_ W ga) @(Wab - Wm;gab) +CC. [ VI'35]

and since r't(fb) =- r(az) with g, P g, we obtain the second-order approximation to the
population difference as

2 N (z,1) daczz, exp{i [(Wn- w,) t+f - f m]} U.(2) U,(2
nom [VI-36]

’ [Q)(Wn -W,; ga) +Q?(Wn -W gb)] [@(Wab W gab) +@(Wn " Wap, gab)]

@ 0 _ |A
re.rld-|=
aa bb ‘27[

Substituting this expression into the formal integral of Equation [ VI-14 ], we find,
directly, the third-order approximation to the off-diagonal component of the population
matrix

~ 12
ri=1i |%| N(ztdddzz.z,U(9Un(2U,(2
I m n

’ exp{- i[(W|' Wm+Wn)t+f (= ot n]} @(Wab_ W, +W, - Wn;gab) [ VI-37]

[P W 0) + D Wy )] [ D - Wi G + D Wi Way )|

Using Equation [ VI-10b ] and invoking Equations [ VI-8 ] the general self-consistency
conditions may be written 28

28 |t isimportant to note, that use of Equation [ VI-10b ] requires evaluation of the following integral :

Nom = (JZN@ U; () U () U(2) U,2) / e, @
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Zik:a'kzk-é-éézlsznlrn{‘JkImn exp[iYklmn]} [VI'38]
|

m n

w +f =W +s, - AA A EEE E, Re{J o €D | Yklmn]} [VI-39]

I m n

with the coefficients summarized in the following table for a standing wave

configuration:
Coefficients Significance
= L(Wab- Wy gab) R- 2w/Q Linear net gain
S, = [(wab - wk)/gab] L(wab- W, gab) R Linear mode pulling
b, = Lz(Wab- Wi; gab) R Self saturation
Iy =i g_jb A/ 2n]" F1{1+ [Nz(m-n) N Nz(m-l)]/N} @(Wab' W gab) General saturation term
’ [@(Wab W gab) + @(Wm = Waps gab)] [@(Wm W, ga) + @(Wm W, gb)]

Thus, the coefficients in Equations [ VI-38] and [ VI-39] are sensitive to the particulars of the laser mode
configuration. Since the modal excitations cannot change rapidly , the only integrals of importance are those
for whichw, - w, +w_-w_ »0
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J

kkmm

1 ega+g 2 N - .
+J immi =1 28 gagbeA/Zhl F1{2+ N2(m-k)/ N} @(Wab Wi gab)

o) v
98 T oo w)
’ [@(Wm -Wy ga) +@(Wm "W gb)]}
Am = [(th 9.9 /iAl ] IM{J s + kmmk)
-1 F3 {2+ N, 2(m-k / N [L(Wab - Wy, gab) (Wab B Wm;gab)

2[ ab]2 ¢ gagb Rel@( Wab = Wi Gap [@(Wab_ W, gab)+@(wm- W aps gab)]

[Q) Wiy = Wi Gy) + DW= Wy gb)]}]

Stationary coefficient

Cross-saturation

Yklmn:(Wk'W|+Wm'Wn) t+f - f - f

n

M= (Wab - Wm)/gab LZ(Wab - Wm;gab) Fs

Lim = [ 21 9, 9, /lA|] Re(J mm +J kmmk)

%’:F {2+ Na(m- k/N} [( Wap = W )/gab (Wab_ Wi gab) L(Wab_ Wiy gab)

2[ ab] ;gga_'_ggbb |m|@(Wab Wi Qap [Q)(Wab‘wk; gab)+@(wm-wab;gab)]
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16 First-order factor
~ — -1
F=w,A’N [ZheO gab] (§/2) : ge:rgb 4 and
Oay B0, +, Third-order factor
N IOmo u Spatial factor
N, == dzN (2) cos x P
2m L O ( ) @ L ﬂH
. -1 1 i
Q)(u- v;w) o [I (u- v)+w] Lorentzian denominator
L(u- v;w)°o w? [(u V)2+W2]'l Dimensionless L orentzian

Two-Mode Operation: For two modes the amplitude determining equations -- i.e.
Equation [ VI-38] - reduceto

f'1: Z:1[31' b1|1' 4. |2]

. [ VI-40]
£2=£2[a2- b,l,- 0y |1]
and the frequency determining equations -- i.e. Equation [ VI-39] -- reduce to
W1+f1:VV1+51' rlll_ t12|2 [V|-41]

W2+f2=W2+52' r, |2' t21|1W

Multiplying the amplitude equations by £JA |2 / (h 9 agb) we obtain the equations of motion
for the dimensionlessintensities

!Il=2|l[ai_ b1|1' Chzlz] [V|-42]
|2:2|2[az' b2 Iz' CI21|1]
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STABILITY OF POSSIBLE STEADY STATE SOLUTIONS:
Stability criterion for stationary solutions: If 1,= 19 +e and 1,=19 +e,, ¢ ® 0 and

e,® Oast® ¥.
Solution 1: 1920 and 119 =a,/b, sothat

e = -b,e-0q,(a,/b,+e

g de][a- b, e ai, (a,/b, +e,)] Vi-aza]

€, = 2[a2/b2+e2][az' bz(anz"'ez)' q21e1]
or _

elzzq_[ai_ 0., az/b2]+o(ez)
[ VI-43Db]

&, =-2(a,/b,)[b, &, + 0, & ]+O(e?)

Stability requiresthat a® a - q,, a,/b, remain negative. If ag<0 but a, >0 one says
that 1, inhibitsthe oscillation of I, (mode inhibition). If a, becomes large to overcome
the inhibiting effect of 1, , the solution becomes unstable and |, builds up.

Solution 2: 1910 and 1191 0 sothat

a,=b, 17 +qy, 15

V1-44
= b, 109 401, 1 Vil
which has the solution
|l(S) - (allb]) - (Q21/b1) (azlbz) - afh,
1- C 1- C
[ VI-45]
1 = (azlbz) N (Q12/b2) (ajjbl) — agb,
2 1- C 1- C
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where the coupling constant C= ho A1 Substituting this solution into Equation
1~2

[ VI-42 ] we see that

&=-217[b,e+q,, ] +0¢)

_ ] [ VI-46a]
e,=-2 |£)[b2 €, +0y e1] +O(ez)
In matrix form
z ~ _ 2 ¢ b N 7 ~ 7z ~
déeon_-2¢ at  afgu/b)ucn_ el [ VI-46D]
dt &ZH 1- C@S:(qﬂ/bz) ag H%zH &ZH
The solutionswill be stable if the eigenvalues of this equation are both negative.
éeu | éeu
M =1 . b De(mM -11)=0 [VI-47]
&t &H ( )
..2 e
| M:_aie__aéti w_4‘?®ﬁgo [ VI-48]
Fyou 1- C e1-C 9 €-Co»

Casel: Weak couplingwhere C<1 and a¢>0 and ag¢>0: Stable since
both eigenvalues negative

Case2: Strong coupling C>1 and ag¢<O and ag¢<0: Unstable sinceone
eigenvalueis positive
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