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APPENDIX: THE DIELECTRIC SUSCEPTIBILITY
A General Dressed State Formulation

Suppose that the complete Hamiltonian of a coupled system is parsed into two components
H=H +H,, . [ VA-1]

The component #{ | includes the Hamiltonians for the unperturbed material system, the

freeradiation field and interactions of the material system with available cavity modes.
The component # _, isthe Hamiltonian for the interactions which couple the materia

systemto externally excited modes. As the first step in finding a fully quanta

expression for the dielectric susceptibility, let us expand the state vector in the Schrodinger
picture in terms of, presumably, known eigenketsof #  --viz. thedressed states of

the unperturbed system --

Iy (9)= 5: C(f) exl-i1,9)]s). [VA-2]

Following a now familiar track, we can use the Schrédinger equation of motion -- i.e.

n2ly(9)= (20, .|y (9) [VA-3)
to obtain
i nC,(f) = & C,(1) exp[- i(lg- 1)) t] {r|# |9
" ;‘ . : [ VA-4]
-1 1€ ()= A () exd+i (- 1) Y (Aol

In turn, we obtain the following expansion for the time dependent expectation value of

induced material system dipole moment:
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{p(9))=-{y()]eD |y (1)
=-ac(eil, q{rlepac()exqd-il . |$ [VA-5]
=-aac/(e) edi(l.- 1.)] etr| Dl

Differentiating this expression with respect to time and using Equation [ VA-4 ] we obtain

' o O \I [} * U —
(p() )=-&&1idc(c(yedi(i,- 1) (q|}[ex|r)[\’;£;(r|@ E
r sl q
o o i o _x . Ue -
+aanacmced-i(,-1.)1 (s|}[ex|q)g%(r|@ |$ [VvA-6a]
r sl ¢
~aace) i(,-rdedi(l,- 1)1 er| D3

- o oljeo . — - U
(p(9)=-B&1="Ac) e exd i(1o- 1)1 KalH oJrXr| D |9 {12 olsKal D 'f>]g
rosT g [ VA-6b]
~QAac ey i(t,-1)edi(l,- 1) er|D|s

Since 4 isproportiona to D , we seethat, like magic, thefirst term vanishes!!!
Hence,

*

() )=-A2ac ey it -1 Jedi(l,- 1)1 D9 . [ VA-6¢]

Differentiating this expression with respect to time and, again, using Equation [ VA-4] we
obtain
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{(p() )= -ér_és.éqCZ(t)Cs(t)—:exp{i(l 191
’ [(Ir- | ) {4, x|r\’r|23|s\+(l - )\q|@ |r¥}r| o X|S‘] [ VA-7]
-aace( - 1) edi(l, - 1) &r|D s

r S

Our task isto now to attempt an interpretation this very nasty expression. To that end, we
make use of Equation [ V-33] to write Equation [ VA-6¢ ] as

() exdi(l, - 1.1

' e\rla{(alﬁ |6} Ui +{b] D [a} Uym}|s)
t

{P(1) )= a a c(
[ VA-8a]

Using the properties of the nf and m operators (viz. [sy=m|4} and |g)=m]s}), this
expression reduces to

(p(0)=-BAcc ) exd i1, 1)1 ef(al 0} u,.0, (b5 |a) Ui, }[vA-80]

which may interpreted as a sum of a series of dipole moment components -- viz.

(p())=a p)=-a{ci(tc,() e i1.1] efa| D |by U+ cc) [VA-8c]

S

Given thisinterpretation, we return to Equation [ VA-7 ] and use Equation [ V-6] to obtain

(f)(t)):+é° éCZ(t)Cs(t)EZ[ZIr- | .- Iq] ’ exr{l( ] (0 Xd D [rXr|D |s)
TS f [VA-9]
raacc(,-1)edi(l,- 1)1 &r|D|s
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Again using Equation [ V-33] and the properties of the n{ and m operators, we see that
(dD || D 9= (& {(al D [B) Uani+(b] D [a) Uym] 1)
(18 {¢al D by Uy} +(b] D |a} U} m} |s)
y
= 8 &l D 1) U U, (i IrXrim |9
Xy
+ka| D |b)| Uy U, g nd. [r¥r|m |9 [ VA-104]

+(b| D [a)" Uy U (el m[rXr[my |9

Kbl D faf” U Uuem IrXr I} 9
which reducesto

(o D |r){r| D |9 = {a| D |bY{b| D |a) Uy, Usd, , +{b| D |a){a] D |b}|U,| d,, d,,[ VA-100]
Substituting this expression and the expression in Equation [ V-33] into Equation [ VA-9]
and, again, using the properties of the nf and m operatorsit relatively straightforward to

obtain
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Thus, inakind of rotating field approximation, we get a set of driven harmonic
oscillator equations of the form

. 2 R , .
B0+ 25.(0) »= E(Kal D 10 2. e, (0] - [0 §lud - [vA-Lw)

In the Weisskopf-Wigner approximation? -- i.e. |Cﬂ (t) |2 »1 -- we can easily solve these

equations and sum their results to obtain a standardized form for the frequency
dependent of the dr essed dielectric susceptibility of the system

C(W) »

N € Sl & 2 2

e, K710 & v

) . [ VA-12]
2e 1 N 1 u

QIS-W IS+WB

:':_eez ka0 ) &| U,

1

V. Weisskopf and E. Wigner, Z. Phys., 63, 54 (1930).
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