THE INTERACTION OF RADIATION AND MATTER: QUANTUM THEORY

VI,

NONLINEAR OPTICS-- QUANTUM PICTURE:®

A QUANTUM MECHANICAL VIEW OF THE BASICS OF NONLINEAR OPTICS *

In what follows we draw on the discussion of the density operator in Review of Basic
Quantum Mechanics: Dynamic Behavior of Quantum Systems, Section |1 of the lecture
set entitted The Interaction of Radiation and Matter: Semiclassical Theory
(hereafter referred to as IRM:ST). The macroscopic polarization is given by

(P)=Tr(rP) [VIN-1]

We take the total Hamiltonian of a particular system in the form

H o= 9 I I [VIII-2]

random

where #H Is aHamiltonian describing the random perturbations on the system by

random

the thermal reservoir surrounding the system. Thus

%:—;l[r,(j—[o+}[im)]+% [VII-3]
relax
qr o
where rn —;l[f,ﬂrandom] [VIII-4]
relax

To find the nonlinear susceptibility, we make use of the following perturbation
expansions:

fo O 0y @y [VIII-5a]

% See Nonlinear Optics -- Classical Picture whichis Section V11 in the lecture set entitled On Classical
Electromagnetic Fields (OCEF).

% See, for example, Chapter 2in Y. R. Shen's Principles of Nonlinear Optics, Wiley (1984).
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1B\=/ PO\ /B0 \y/ PO\, . i
\P/—\P /+\P /+\P )t [ VIII-5b]
with (P )= Tr(r P) [VIII-5¢]

By substituting these expansions into Equation [ V111-3 ] and equating terms of like

order in A, , we obtain the following hierarchy of equations:
@ (0)
Ir :—'[r("),y{o]+'”Ir [VII-6a]
ﬂt h ﬂt relax
@ o 4]
I :—'{ (9ot |+ [0, }+—'"r [VII-6b]
ﬂt h ) ﬂt relax
(2) i (2
Ir :—'{ 0@ ot |+ 191, }+‘"r [VIlI-6¢]
ﬂt h ) ﬂt relax
@) irr ®
Ir :—'{ 0@ty [+ [ 1@, }+'"r [ VIII1-6d]
ﬂt hit ﬂt relax
Following earlier considerations, it is reasonable to write
qar
(nlﬁ |n(9=_ Gnn¢<n|r |n9:- Gnn¢r nn¢ [V”I'7]
relax

Since the perturbing field is resolvable into an appr opriate set of Fourier components
(either discrete or continuous), we may write
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H o = A H (W) exp(- iw,) [VIII-8a]
r:ér(wk) exp(- iw,t) [VIII-8b]

k

and resolve Equations [ V111-6 ] into a hierarchy of algebraic equations. The first
member of that hierarchy becomes *’

e © ot (w)- 21 ) T ) g
[VIII-9a]

r an(w ){' (Wnn¢' Wk) +Ghn¢} =

or*

r(r]|)n¢(Wk) = é(n|}[im(wk) |n<§{ r(nf;)_ r %G} D (Wone- Wi Gd - [VIII-9D]
The second member of the hierarchy becomes

r512n)¢(wk){ i(Wnn¢' Wk)+Ghn¢} = é<n| [ rO(Wm)’ﬂim(Wk' Wk¢) ]ln(; [ VIII-10a]

éa)(wnnﬂ:_ Wk;qut) é. é.{ r9nq¢(wk¢)<nq}[ int(Wk- Wk¢) |n¢>
ke nos [ VIII-10b]

0] o - w, ) Inhr & ()]

47

we presume in this development that #{ .

int 1S aHermitian operator.

-1
% Recall that QXU -V, W) ° [i(u - V) + W] isthe so called complex Lorentzian denominator.
R. Victor Jones, May 4, 2000 90
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Thus, we see that this expansion yields results akin to those embodied in Equations
[VII1-8] through [ VIII-13] in OCEF.

TwWO-PHOTON ABSORPTION
Let us consider two-photon absorption by asingle atom (or by a set of paired k -states
in a semiconductor as discussed Section 7 of IRM:ST).

Two-Photon Absorption Process

Tfrom earlier discussions, the appropriate interaction Hamiltonian is given by
= ePE0 (R) = P fEV (R+EQ (R [VIN-L)

In the appendix to this section we establish -- viz., in Equation [ VIIIA-12] -- that the
second approximation to the transition rate is given by

1,42 pp

™ © d_taf' Pt (t.to)
|y {m| . |}
Wi - W,

-,

_2p 3
_hzaf

1o Af|a,
(1126 i+ T8 AT

Thus for the two-photon process
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2

€ dw, - w,) [VII-12]

mj 7 >E®i)

1 B 2pe“é

\
/
t @ B . -

" Jm) {m
W- W,

[¢}
a
m
For two beam, two-photon processes

(FFED [mh (ml FEL |i)

1 2pe’ 2 g
— b
t@ n' afam W,- W,
) o [VIII-13a]
{FFED [ m{m[FED i)

1 2pe’ g
p a
t® o

3¢ d (2Wyen- W, ) [ VI11-13b]

If we use once again the factorization used in Section V1 of thislecture set -- viz. we
write the initid state as | i)=|i={i¢i®}=| A(i}}| F(i4 )} where | A(i§} and
| F(i@) are, respectively, the initia electronic (atomic) and field (photon) states.
Using closure on the intermediate photon states, we find for two beam, two-
photon processes

1 2pe

mb |M(12)| d(w+w Wf)

[ VII1-14a]
“Tr [r EQED EY E§+)]

where
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ar (12)0 § SADITIAM )& XAmITIAG)

m Wi- W,

- . .. [Vvi-15a]
AACD[F]A(mM) ) 8, & XA FIA(D) 0
W,-W,, H
and for one beam, two-photon processes
1. 2pe’ 2
P —— | (11| dl2w,-
@ T |2 @Y [ d(20-w,) [VIII-14b]
“Tr [r EQ EC EW EW ]
where
(A(F)|F|A (M) m)| F|A(i))
m 1- Wm

FOUR WAVE MIXING:

Four Wave Mixing Spectroscopy:
We explore here a particular set of four wave interactions. To that end, we consider an
input field which consists of two plane waves

E(F.1)= E, &K, W} exp[i (k7 - w, t)]
[VII-16]
+E, &k, Wzgexp[i (Rz 5 - Wzt)] +c.C.

where frequencies w, and w, liein the visible part of the spectrum. As Equation

[ VI11-3] of OCEF informs us, thisinput incident on athird-order nonlinear material,
will directly gener ate acomponent of nonlinear polarization at afrequency 2w, - w,

--Viz.
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3) P;NL)(F,t) = 3C;i)gd 1 W, - Wz) E, gizr ng Eggzl’ ng EZ;ERZ Wzg [ VIII-17]
ol 3 6 o] ool

which may be associated with the destruction of two photons at w, and the creation of
photons at w, and v, - w,.

Four wave mixing - direct process

If, however, the material lacks a center of symmetry there is also an alternate path to
obtain 2v,- w, radiation. In asecond-order material [ VII1-3] of OCEF informs us
we can also have a nonlinear polarization at v, - w,

@ P;NL)(F’t) = {2C zfj))g (Wl' W2;W1) Eb %ﬁzl' Rz' W, - Wzg Eggizr ng

)]
+C abg

’ exp[i (ZRl- RZ) ><f] exp[- i(2w;- w,) t]

(2W1;' Wz) E, E?Rl 2W1% E;? 2 Wzg} [VI-18]
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if we have driving fields E,gk,- k, w,- w,2 and E_§2k, 2w,5. Such fields are, in

fact, generate by the input field through the nonlinear polarization components

(Z)P;”“(Rl- K, W,- W ) 2¢®

abg

(Wy- w,) E, gk, megg? w,o [VIII-19a]

and
(wyw,) Ey gk, wis E Ko wis [ VII-19b]

abg

Pp(2k, 2w) = 2¢ )

W,

Four wave mixing - indirect processes

We may solvefor E &, - k,.w, - w,2 and E, 2k, 2w,? from Equation [ VI111-23] in OCEF -- viz.

%|Q|2d Q.Q, - (W/¢’ eo)eab(w)gEbg wl=mw’P,")(Qw)  [ViII-20a]

{ e Wh4(Q)- (W/c)d., } EsRwe=(w/c) el (W) R™(Qw)  [ViNl-200]
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If we define

Gad(Q;W)°{eoe;b() o(Q)- (w/¢)d, } [VIII-21]

wecan, in principle, write
ELJQ wi= [w/c] 6 & (Qiw) &g (w) R"™(Q w) [Vill-22]

Therefore, for a materia lacking a center of symmetry, the complete nonlinear
polarization may be written

POY(F, ) = 3exp[i (2k,- k) xr] - i (2w,- w,) ] E, 8K, W E K, wl ELfK, w

’ {cfb)gd Wy W - W)
o [VIN-23]
+t— [WZ/C ] Céﬁ)gw _WZ;Wl)gh-ll(kl_ Ko W - Wz) el'fl(wl-w ) Cf(kfé (W W. )

2 —
+2 W/ 7] © QA w, ) 6 12K, 2m) et () ¢ fwsyw |
Notice the “resonance” in the second term when |R - R2| and w; - w, are “tuned” to the wave number and frequency

of coupled electromagnetic excitations or normal modes such as plasmons, polaritons and magnons.

Degenerate Four Wave Mixing (DFWM) - Phase Conjugation:
Consider now the reflected waves generated by the direct process -- i.e., Equation

[ VIII-17] -- when the input field is the sum of two counter propagating “pump” fields,
with [Rp,w] and [ Rp,w] , plus acomplex wave E, (T, 1) represented arange of wave

numbers components [{ k 4} ,w] - Viz.

R. Victor Jones, May 4, 2000 96

PAGE 96



THE INTERACTION OF RADIATION AND MATTER: QUANTUM THEORY

E.(r.t)= %E exp[ R - f )]+E exp[ R X - f )]

- [ VII-24]
+é ng) exp[i(l@ - f l)]gexp[- iwt] +c.c

signal

as shown below

/,

/" nonlinear

’ crystal
P

According to Equation [ VIII-17 ] reflected waves are generated by nonlinear
polarizations components with [ 3\N] [Zk +k w] [Zk - k w] and

[{Ré - w] . The latter component is the so-called phase conjugate term and may
be written

3) Pe(r, 1) = 3 &)y (wiw; W) ng w2 exp[ i (f, +f )]
. VII1-25
aEey exp[- i(Rﬁ - f Z)]gexd- iw ] +c.c. | ]
which may beinterpreted asthetime rever sed image of E (7, t).

TIME REVERSED IMAGING
R. Victor Jones, May 4, 2000 97
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incident signal reflected signal

THE RAMAN EFFECT

The Raman Nonlinearity:
In our discussion of the didectric susceptibility thus far we have been implicitly
assuming that the nuclei of system were clamped into fixed positions and have focused
on the nonlinearities associate with electron dynamics. Thisistoo limited aview. In
general, we may expect that polarizability of, say, a molecule is a function of the
nuclear positions and that the dipole moment can expressed

pa({a(S’},E)z p® ({a(s)})+aab ({a(s)}) E, +---. [VII-26]

()

{G (S)} denotes a collection of nuclear positionswhere u*™ isthe displacement of the s

nucleus from its nominal equilibrium position. Further, we may expand thesetermsin
powers of the displacement -- viz.

— (i c'>\‘ é ﬂ (s .
P2 ({“()}) >y +a @u(s)pgo)({u()})j uy) +-- [VIII-27a]
sl b
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©

» =
—_
——

(e}
—

m

N
o a,([0¥)) &, »al €, +R o £, b vz

s=1

The second term in Equation [ VII1-27b ] isthe so called Raman nonlinearity.
é

Gﬂj(s) pé(lo)({a(s)})g has the dimensions of charge, Equation [ VIII-27a] is
el Y

usualy written

Since

0

N
o0 ({a(s)}) »p 9+ ey (9 uld+--. [ VIII-27a ]

=

where e;b (s) isthe dynamic effective charge tensor associated with the s

nucleus. The nuclear displacements are alinear combination of the normal modes of
the system

uf | G(s; n) o(n) [VIII-28]

so that we may recast Equations[ VIII-27a] and [ VIII-27b] in the form

3N
o0 ({5])» o+ () )+ [vii-z9a]
n=1
2 g
pgR) :a agi)g Eb Ugs) :a aé.E)(n) Eb C(n) [V|||-29b]
s n=1

N N
where e,(n) = a (9 G(sin) and ¥ (n)= 2 al¥ g(sin) .

=1 s=1
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Quantum Theory of Raman Scattering
The Raman nonlinearity provides a coupling between the photon field described by the

Hamiltonian
2 &t 1g
}[rad _a hWR éaAk,s ak,s+_2Q [V|||-30]

and the phonon field described by the Hamiltonian

3 rp L0 i
" =8 hwngz?nﬁn+22. [VIN-31]

where b‘,j and 6 , are, respectively, the phonon creation and destruction operators. In
the electric dipol e gpproximation, the interaction Hamiltonian can be written

(n) E. E, q(n) [ VIN-32]

L (67+5,) [ V111-33a]

and E.=id & &,(k.s) (a{(’S - aES) [ VII-33b]

so that the complete interaction Hamiltonian may expressed as

R. Victor Jones, May 4, 2000100
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1apnpd & ho |
=5 on 0 &2 A (5,+5,)

o i [VIII-34]
B (o, o) & AR ol
ks k¢s¢

To concentrate on the key issue, we write scattering Hamiltonian which is

proportional to akT s @iqs « @nd which describes the scattering of a photon from the

{kes§ (initial) statetothe {k,s } (final) state
1/2
_ a2 hs@® h

I =
= oevy zeZMwnz

(w,we)” a®(1LFn)ala, (5]+6,) [VII-35]

A

where a®(1,F;n)=al¥(n) &,(1) &(F).

We may now use the Fermi golden rule® to cdculate the transition rate per
"molecule’ for inelastic Stokes scattering events -- viz. for

{n,.ne.n} ®{n-1n+Ln +1

1 2 .
5= 22 KA1 i o, - w))

_2p a@phoz(ae ho b

W ev ﬂeZMwej

“kn, - Ln.+1n+lala, 6, |n, ,nF,nn)|2 d(w, - w-w,)

i

L
t®  v2 é2Mw

(D~

4 Seethe appendix to this section for arecapitulation of the theory of transition rates.
R. Victor Jones, May 4, 2000101

2(w, we) [2®(1 Fm)| [ VIII-36a]

g(w| we)| a®(1 ) |2 n, (ne+1) (n,+2) d(w, - we-w,) [VII-36b]
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and the trangition rate per "molecule” for inelastic anti-Stokes scattering events --
viz.for {n,n,n}® {n-1,n +1,n -1}

1 _2pa@phs @ h §
th9 - 2 ev ﬂgZ\/IWﬂ(WW [ IFn)l

’ |(n e +Ln-Uala, 6,0, nen) dw, +w,-w.) [ VII-36c]

"9, w, )[2®(1Fn) n (e +2) n,d(w, +w, - w)

L
V2 e2M w, @

For atotal number of "molecules’ 7r ., we may write the total time rate of change of
photons of frequency w as

d Ne — 8psrmol W, We % J a | F; n) |2
at . v e2|\/| W, ’ [ VIII-37a]
“n (nF +1) (nn+1) d(wI -We- Wn)
dng[ _ 8T o W, Wi (i‘;e h_9 a(R)(I ,F;n) |2
dt N V; eM w,, [ VIII-37b]

“n (n:+1) n,d(w, +w, - w)

Stimulated Raman Effect: Simple model
Suppose that a high power laser at w, -- the pump -- propagates paralldl to the z-axis
and that the Raman medium occupies the half-space z> 0. The spatial rate of change
of the Stokes photons at w, -- the signal -- may be written®

dn [n

-+ —G n( ) +1] [ VII1-38]

% Assuming for the nonce that n, » 0.
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roW,w. & n 0 2
where Gz 2 LWy We & ja(R)(I,F;n)l [ VI11-39]
cV g, e2M w,
0.20
——— 40 W2
——— 60 Wiem'2
100 Wicrma
200 Wicm2
:
< 010+
=
m
@
0.00
| | | | | | | |
| | | | | | | |
10 -5 0 5 10 15 20 25 30

Probe Detuning (MHZ)

Raman Gain in rubidium vapor for different coupling laser intensities

Therate constant g, isincluded this expression for gain to account for the broadening

of agiven vibrational state. Each Stokes event, of course, also depletes the incident
beam so that

d%f):_ Cr n'(z)[nF(Z)+1] [ VII-40]
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which means that ne(2)+n(2)=n(0) . [VII-41]

Substituting this conservation condition into Equation [ VI11-38 ] we see that

dn.(2)

— =6 [n(0)- n(2)][n:(2)+1] [ VIIl-42a]
or that [?‘:(Z)FSZ])J o (dz)n-F(rT,)(o)] =Gy [1+n,(0)] d 2 [VIII-42b]
Therefore

exp{ Gg [1+n(0)] z } -1
n,(0) +exp{ e [1+ n, (O)] z}

n(2)=n,(0)

[VI-43]

This simple model predicts that Stokes photonsinitially increase linearly with distance
-1
and that there complete conversion at distances large compared to { Gy, [1+ n, (Q] } -

i.e.

limn,(2) =G [1+n,(0)] z [ VIll-44a]

z®0

limn.(2) =n,(0) [ VIII-44b]
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h (0)=10

r|| I:D :|=2

Gel1+n(0)]z

0.4 0. 1.2 1.6 2.

Coherent anti-Stokes Raman Spectroscopy (CARS):
Thereis an important four wave mixing process involving the Raman nonlinearity. We
may see how this comes about by realizing that Equation [ VI11-29 ] implies a potential
energy contribution
1 3N
>aal(nE. E,q(n) [VIlI-45
n=1
so that inclusion of the Raman nonlinearity modifies the equation of motion for the
vibrational normal modes -- viz.

g(t,n)+w? g(t,n)= ﬁ al¥(n)E, E, [ VII1-46]

When the normal mode is driven by atwo (visible) wave input (see discussion of four-
wave processes above), its dominant response will be at the difference frequency
W, - W, -- Viz.
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q(t,n) +w?2 q(t, n)

= L o) e, () Exw) o1 (o w) ree
so that |
q(t’n):% i (Wl\?v?((wl e\,);i)[; o) [VII1-48]

From Equation [ VII1-29b ] we see that excitation of a vibrational mode, through the
Raman nonlinearity, generates anonlinear polarization

3N 4(R) (R)
- LlE (n) a5 () Eu (w) Eq(w) Eq(ws) expl- i (2w~ w,) 1 [VI1-49]
M w2- (W, - WZ)

at the four wave mixing frequency awv,- w,. Thus, we see that the medium has an
effective third order susceptibility

®(p) o™
1 njag’(n
[ Choaa (2w~ W) ]eﬁ = Clo + 7 ijb_((v)\ll_gdw(z))z [VIII-50]

which exhibits aresonance when w, - w, equalsw,,.
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