RAYS. THE EIKONAL TREATMENT OF GEOMETRIC OPTICS

Since ancient times, the notion of ray or beam propagation has been one of the most enduring
and fundamental conceptsin physics. Asazeroth order approximation we might consider a plane
wave to be amodel of a beam and its propagation vector to be amodel of a ray. Thisisa
reasonable start, but it is amuch too restricted view and we can do much better. What we need isa
solution to Maxwell's equations which is like a plane wave, but limited in spatial extent. One
approach, the simplest, is called variously ray, Gaussian or geometric optics. To fully
understand this approach in the context of Maxwell's equations, we start by writing the electric and
magnetic fieldsin terms of what we call pseudo-simple waves -- viz.1

m

(F.w) = &(F,w) exp]-  k, S(F.w)] [I-1a]
H(F,w) =h(F.w) exp[- j koS({F,w)| [1-1b]
where k, =w./me, =w/c

It is assumed that &(F,w) and h(F,w) are weak functions of position. The scalar phase function
S(F ,W) isthe spatially varying phase of the pseudo-simple wave. For the cases of pseudo-plane

waves and pseudo-spherical waves the phase function is given, respectively, by

ko S(T.w) = xk, + yk, + zK, [I-24]

and ko S(FW) = kx> +y +27° [1-2b]

We now substitute these pseudo-simple wave expressions (i.e. Equations [I-1]) into Maxwell's
equations to obtain

expl- j ko S(F,w)] {ﬁl “gFw)- jk,NS(F,w) é(F,W)} = - j mck, h(F,w) expl- j k,S(F.w)] [1-34]

1 See, for example, Max Born and Emil Wolf, Principle of Optics, Pergamon Press (1986), Chapter 3.
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expl- ko S(Fw)]{N " A(Fw)- j ko NS(Fw)” HFw)} = je(Fw)ck,gFw) ext]- | k,S(Fw)]  [1-30]
expl- ko S(F.w)| {N fe(F.w) &F w)] - j k,e(F w) RiS(F.w)%e(fw)} =0 [1-3¢]
exp)- j ko (W) {RA(FW) -k, K S(Fw)h(Fw)} =0 [1-3d]

Rearranging, we obtain

Rs(rw)” &Fw)- meh(rw)=[j k| N &Fw) [I-44]
R s(Fw)” h(F,w)+e(F,w) c&gFw)=[j k,] "R~ h(Fw) [1-4b]
R s(Fw)fe(f,w) gFw)] =[j k, | " Rfe(F.w)e&(F,w)] [1-4c]

R s(Fw)xn(f,w) =[]k, | Ra(F,w) [1-4d]

Intheray, Gaussian or geometric approximation we assume that we may neglect the RHS's
of these equations. To get something useful we operate on the first equation -- i.e. Equation [I-4a]

- with the operator “[ m¢] "N S(F,w)” ” asfollows:
[mec] Ns(Fw) { Equation [I-4a]} [1-5a]
[me]"Ris(Fw) {RsfFw) &Ffw)- meh(Fw) »0 [1-5b]

Applying the "abc = bac - cab" rule? we obtain

2 Thatis, using a" (b” €)=b(ax)- caxb).
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[ m ] *{Rs(raw)[N s(rw)(rw)]

5 - [1-5¢]
- afrw)|Rs(w) - meRs(Fw)” h(F,w)} 50

which becomes upon substitution from the second Equation [1-4b]
[ m ] {Rs(rw)[N S(rw)(rw)]

, [1-5d]
- &(rw)|Ris(Fw) } +e(f,w)ce(fw) » 0

From Equation [I-4c], we see that the first term vanishes in the geometric approximation -- i.e. if
weneglect theterm [j k, | N fe(f,w) &Fw)]. Therefore, for non-vanishing &(f,w) we obtain

the following r eduction of Maxwell's equations:
|KI S(F,W)l2 » e(F,w) m, c® = n?(F,w) [1-6]

where n(F,w) istheindex of refraction. More explicitly, we may write an equation for a“ray
vector” -- i.e. the tangent to a space curve orthogonal to the surfaces of constant S(7",w)

N s(Fw) =n(Fw)s=n(F,w) —
[1-7]
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Weillustrate the geometric relationships below:

=3 ARG

Reference point

qrad S(rw)

We may now derivetheal important eikonal equation. To that end, we first take aderivative
along theray direction -- viz.

dre o v dé,. dFd
E[N S(r ,W)]— OISén(r,w) <0 [1-8a]

However, from the definition of thegr ad operator we know that

d [N s(F.w)| = dF o [N S(F w)]

o that
dr ~ | = _ | 1 ~ ., U ~ | =~ _ d é _ drl:l
— R R = N K (R -2 a I-
—o R [ s(rw) o sy [ s(rw)] = = n(Faw) = [1-8b]
or
1 ~[ ~ _ = ., _ 1 ~ 2 (= = = _ d é . dru
2w N{N S(F,w) =N S(r,w)} T R{ n?(F,w)} =N n(F,w) —@én(r ’W)?so [1-8c]
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Thus we have obtain the eikonal 3 equation for the ray vector -- viz.

dé, dfu_ o .
Eg’(l’,W)Eg—Nf‘(r,W)

APPLICATIONS OF THE EIKONAL EQUATION: THE "ABCD" RAY MATRICES
d édru

[1-9]

1. Uniform dielectric medium -- i.e. n(F,w) isaconstant so that — g— = 0. so that the
ds Eds H

ray must be a straight line which may bewritten r =sa+ b .
In the two-dimensional paraxia approximation, we assumethat s» z and write

dr
rout :rin+LE .
dr _dr
dZ out dZ in
where r =r r =xX+Yyy
P : __#J-Jrli',:,ut
m ! - IFI
' — P out
1 — 1 E
1 — 1
P :
 Fin :
:Ein ' gt

3 Theeikonal (from the Greek: ei kv n means image) was introduced in 1895 by H. Bruns.

[1-10a]

[1-10b]
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We may write results of this sort in the form of the famous and highly useful ray
transform or ABCD matrix -- viz.
.U A Bué&,u

&g & DH& gl -]

[ F'i,.” I:"i,-, :IJ Ray Transformation Dewvice [Pyt Pyt )
Ll

4B z
o T

1 i v E gt

In the case of auniform diglectric

L=o agnd [1-12]
et ® 1H& ¢l
sothat A=1,B=L,C=0,andD =1

2. A_didectric discontinuity: Starting with Equation [I-7] and noting, once again, that

curl grad{ anything } =R~ K { anything } =0 we seethat

K- Ns(F,w) =N~ {n(f,w)s} =0 [1-13]

whichisidentical to the continuity (saltus) condition on the electric and magnetic fields at a
dilectric interface! Hence {n(F,W) é} tangent is continuous across the dielectric boundary so

R. Victor Jones, October 23, 2002
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that n, sing, =n, sing, --i.e. Snell'slaw! Thisresult in the paraxial approximation may
be written in ray matrix form as

é,..u0 éA Bué,u él 0 ué, ¢ [1-14)
&gt & DH&¢H & n /n, HE ¢H

where we have used the approximation that sing » tang » Q.

3. A"Thin" lenses In passing we note that the ray matrix of athin lensis given by or,
perhaps more accurately, athin lensis essentialy defined by the matrix equation

.U éA Bué&,u é1 Oué,u

el & DHEGH & 2 1HE ¢f [1-15]

Input plane| | output plane | /

.7 / | Focal plane
A |

- negligible
thickness
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4. Axidly symmetric GRIN media Consider the use of GRaded INdex technology to obtain
an axialy symmetric variation in the index of refraction of the form 4

omu

n(r) = nMel S U [1-16]

Within such a GRIN rod, write F=rr+zz for the ray coordinates and

Nn(F) =r dir n(r) for theindex variation. Using the eikonal equation -- i.e. Equation
[1-9] -- in the paraxia approximation, we find

- ) dé()dru dé )dru dl(

r~ A0l
Rinr)= 9 edr o 5t 1-17
)= G @ o @) e Gt ey 4y 17
d dé,  dru
or Jn(r)»aé"(r)a [1-17b]

4 A noteon GRIN technology: In GRIN technology one may build up a glass rod with a specific
radial index of refraction distribution by fusing a sequence of coaxially arranged glass tubes with
appropriate index and diameter asillustrated in the following:

Coaxial dielectric [glass) tubing

nipl

Tubing selected to give
a piecewise
approxirmation of power
law wariation.
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Therefore
d? 1 d d
7 o n(r)—JIn[n(r )] [1-17c]
or
2 1 dl é pmau
—_ — Al- DE==%
az n(r) dr %nMgl aﬂ%
1 € mDarg"'u
& — T [-17
7 n(r)(‘;frrlM a éﬂ v -4d
mDgg ™'
» - —C—~
a €a%

Doubtless, the simplest and most valuable GRIN materials are designed so that m = 2 --
i.e. what isusualy called par abolic or quadratic materia -- wherein

d? 2D 6°' _ 2D

—r »-—&— =-—r=-k°r [1-18]

dz a a9 a
so that r(z)=r,, cosk z)+ rr'q;sin(k z) [1-19a]
r4z)=-r, ksink z)+r gcogk z) [1-19b]

So that in terms of aray transform matrix the GRIN rod is represented by

&, U_6A Bu& 0 € codkz) k'sink Zué,u

Ggl & DUH&¢H Eksnkz) codkz) U&¢f [1-20]

where k =2D/a* .
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1.

Ray trajectories confined in a GRIN rod.

Irnaging Cistance
KAZ =1

Focuszing Distance
KAZ =1f2

Mirages: Air adjacent to a hot surface rises in temperature and becomes less dense. Thus
over aflat hot surface, such as a desert expanse or a sun drenched roadway, air density
locally increases with height and the average r efr active index may be approximated by
asimple linear variation of the form

n(x)=n,{1+k x} [1-21]

where x isthe vertical height above the planar surface, ng is the refractive index at ground
level, andk isapositive constant.
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We may usethe eikonal equation to find an equation for the approximate ray trajectory -
- i.e. an equation for ray height x asafunction of ground distance z -- of alight ray
launched from aheight X, and at an angle qo Wwith respect to the surface of the earth.

Therefore,
dé dru_ » d?x 1 d
— an(r, — = Nnr, b = — N\ X, [-22a
ds @n( W) ds n(F.w) dz® n(xw) dx (xw) [1-222)
: d?x
or from Equation [1-21} 7 »k . [1-22b]
Thus, the ray trgectory is given by
" &k Ur
r(z):§222+tanq0 Z+ X gk + 22 [1-23]

Ray trajectories diverted by a hot surface

20r

15}

10

Criztance above hot planar surface

20 40 &0 20 100
Cistance along hot planar surface
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AN ALTERNATIVE DERIVATION OF EIKONAL EQUATION:
FERMAT'S PRINCIPLE 5
Like most laws of physics, the equations of geometric optics can be derived from a
variation principle. In this context the variation principle is called the Fermat principle
which states that aray always chooses a trgjectory that minimizes® the optical path length --
viz.

PZ
c‘y(x, y, Z) ds =minimum [1-24]
R

where the line element, ds, is measured along aray and the two end-points P, and P, are
fixed in space.’” Analysis of the variation problem isfacilitated by choosing the projected
coordinate z as the new variable of integration. Accordingly,

ds=.,/dx +dy® +dz® = J1+ x¢ +y¢ dz , [1-25]

d d . o :
where X¢:d_xz and y¢:d—;/ , Fermat's variation principle is transformed into the more

familiar Lagrangian form -- viz.

PZ
OL(X, ¥, x¢ y¢) dz= minimum [1-26]

Py

where L(x,y, x¢y® = n(x, y, 2) J1+ x€ + y& . [1-27]

5 See, for example, Dietrich Marcuse, Light Transmission Optics, Van Nostrand Reinhold (1972).
6 More precisely, the path must be alocal extremum and in rare cases may, in fact, be amaximum. SeeR.Y.
Luneberg, Mathematical Theory of Optics, University of California Press, Berkeley and Los Angeles (1964).
7 From Equation [ I1-7 ] we see that .,
s(R) s(R)=nlx.%2)ds.
R
R. Victor Jones, October 23, 2002
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The minimization procedure is then well-known in the variational calculus and leads to
the famousEuler-L agrangian equations -- i.e.

d fL fL _ )
dz‘ﬂx¢_ ﬂx_o [1-284)
E&-&:0 [1-28b]
dzfye Ty

When applied to the Fer mat L agrangian, as defined in Equation [1-24], these equations
yield

d nxe _ in ]
dzm_‘/1+Xé+yéﬂx [1-29]

d ny¢ n
— = 1+ x¢+yf — . 1-29b
dz [1+x€ +y¢ Ty Ty [ ]

Using Equation [I-22]we see that the Euler -L agrangian equations may be expressed in
the vector form as

ldé dxu dé dyud |
1

id _
1as & ashas€ ast) "

which is precisely the content of Equation [1-9]-- QED.

fn qni
_—— [-30
1x ﬂy% [1-30)

HAMILTONIAN FORMULATION OF RAY OPTICS
The analogy between ray optics and particle mechanicsis most striking when the equations
of ray optics are expressed in Hamiltonian form.8 To that end, we define the gener alized
momentum which is canonically conjugate to x and y by the vector equation

8  Theformal theory of optical systems was developed by Sir W. R. Hamilton in 1828-37.
R. Victor Jones, October 23, 2002
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—_-‘ld

1L 7L
{m,m}—%ﬁ— e [1-31]

The Hamiltonian is then define in terms of the generalized momentum by the relation
H(x, Y, Py, py) ° p x¢+ p, y&- L(X,y, x¢yd . [1-32]

With the assumed functional dependence of the Hamiltonian, we form the derivatives

TH =X¢+pxﬂx¢+ yﬂy¢_ ML ﬂx¢_&ﬂy¢ [1-334]
10, T, " p xefp, Tyelp,
TH_ | Ixe, Ty¢ L Ix¢ qL 1ye (1-330]

¢+ .
1o, P, YT P, T Txen, Tyelp,

Given the definitiona relationships embodied in Equation [I-28]we see that these
expression reduce to one set of Hamilton's equation -- viz.

Iq HU
|- i [1-34]
NPT T T &
The other set of Hamilton's equation -- viz.
ldp, dp,t_1 fH 9qHU
X —2y=]-—,- —V. 1-35
174z 7z p T yp [-35)

follow directly from the Euler-Lagrangian equations -- i.e. Equations [l-25a]and
[1-25b]-- and the definitions embodied in Equation [1-28]. Using the Fermat Lagrangian
we see that

R. Victor Jones, October 23, 2002
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(o p}:}‘ﬂL ﬂLu:} nx¢ nye
o P Tvb T 1+ x@+yé " [1+x€ +y¢

i
% [1-36]
p

and consequently that we may solve for { XG Y‘} in terms of { P, py} as

p, *
2 5
o2- B

I p
Gy¢ =i . :
{X y¢ %\/nz _ pf _ p)zl \/n2 _

Substituting into Equation [[-29], we find an expression for the Fermat or ray optics

Hamiltonian -- viz
H=-/n?- p?- P . [1-38]

which resembles the mechanical Hamilton of ardativistic particle--i.e.

[1-37]

cy/moc+ g+ p)+p;

But the analogy is even stronger in the paraxia approximation where the Hamiltonian is
approximated by an expression which isidentical in form with the Hamiltonian of a non-
relativistic particle -- viz.

g 2 42
H=-n,/1- pi Zpy »pX py-

-39
n 2{n} [1-39]

when p,, p, << {n} .°

9 Applying the quantization rules of quantum mechanics to these Hamiltonians, we can go full circle and recover
wave optics from ray optics. Equation [ 11-35] leads directly to the equivalent of the relativistic Klein-Gordon
equation while the equivalent of the nonrelativistic Schrédinger equation follows directly from Equation [ 11-36].
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