FOURIER OPTICS

THE DIFFRACTION INTEGRAL:

It may be fairly said that "it is well known" that plane waves are solutions of the
homogeneous Helmholz equation.! Thus, by a generalization of the Fourier theorem, we
expect to be able to write ageneral solution for a given component of the (magnetic) vector
potentia in the form

) N\\

= QD"- @ w) expl- ja>¥] d(o” - K°)da, da,da, [1-1]

where the inclusion of the Dirac delta function insures that the Helmholz equation is
satisfied.2 Executing the integration over ¢, we obtair?

AL(Fw)= cppa(do oy w)ex- j a,X exp[-ja,y]
" eqfFi ¥ a2~ & da,da,

Evaluating this expression in the par axial approximation, leads to the expression

[1-2]

For the record the homogeneous Helmholtz equation is

N® A(Fw)+w’mew) A[Fw)=N*A[F,w)+k>A(F,w) =0

The Dirac deltafunction is defined as X
X0+

O (x- %) dx© f(x)

Xo-a

Its a fussy point, but there are, of course two valid values of (], -- viz. i,sz - Qi - qzy . Toremind

ourselves of this slight complication, weinclude a £ superscript on the vector potential and other variables to
account for the possibility of fields propagating in either or both the positive (upper sign) and negative (lower

sign) z-directions.



FOURIER OPTICS PAGE 2

.l A . . é q,+q; U
AL(F.w)» exp[Fj k7 (s (a0, w) expf- j o, x] exd- | q,Y] epgt] =5~ zqda,da, [1-3]
If the vector potentia is known over some particular plane, say the plane z= z,, then
Az (g 0y, W)= ge—- exp[tj kz ]expe+J 87 z uqf S(x Y.z w)exp]j a, x] exdj q,y|dx dy  [1-4]
Therefore, the general solution in the paraxial gpproximation may be written

oy, +qy

U
Ax(x,y, z,w) » exp{ij k(z- (qexp[ j qxx]exp[ iq y]expajﬁé(z- zo)ld
[1-5]
lo SO . . U
655 @i (xeyez,w)ed]j a.xq e[ q,y§dxeyy da, d,

Inverting the order of the integrations, we obtain

AZ(X, Y, Z,w) » exp{ij k(z- ]{é;el 0 (‘)axp[ j 9,(x- Xq)] eXpe—J —‘ - zo)édqx

2pra
. N [1-6]
’ ‘xp[- jq,(y- (D]exp?+'q—‘2’(z- )gdq g *(x¢y, 2, w)d xed ye
Ol I oy (v- v expeti o %H%ayzo y
Finaly, we write
Aj(x,y,z,w)»exp[ﬂk(z-zo)]dbAj(xmy¢zo,w) *(x- x¢z- z) A*(y- y¢ z- z,)d xedyd [1-74]

R. Victor Jones, October 23, 2002
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where
A*(x- xG z- 2,) gez goexp[ j gy (x- x9] ex ‘+J Zo)qux [1-7b]
Completing the square in the exponent by adding and subtracting aterm > ((z - ZX;)
sz NE2" e . 1
16, S ik x@PUs T - z)lek(x- U 2ka, (x- x9
A*(X- x¢ z- z,)= G—= expF———— U CPXpL= ié U = +qu_dqX [1-8]
bt ) o o 2 SOPE o 1w (ra)

and using the standard form

Oexp[ uz] du=4p/a [1-9]

we obtain

Jk[x X¢ y yt) ]ydxddyd: [1-10]
(Z %) b

1 .‘
AZ(x, y,zw)»+g,(— exp[+jk z- zo]cﬂ\ X6 G 7, W)exp;+

which isthe very famous Fresndl diffraction integral or paraxial integral equation. It can be
shown that thekernel or Green's function of thediffraction integral -- i.e.

| k ¢
h*(x- x¢y- y¢z- z,)° exp|+J [X X9+ (Y- y@]
i (Z %) p

[1-11]

-- isasolution of the paraxial wave equation. To recaptitulate, the Fresnel diffraction
integral may be expressed

R. Victor Jones, October 23, 2002
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AZ(x,y,z,w) » iacf—lg exp[Trj k(z- zo)]
&il (z-2)o [1-12]

N\, 4

(Ijxgl(xd; Y& Zo, W) h*(X- X¢y- y¢z- z) dxedyq

. OPTICAL SIGNAL PROCESSING:
In applying this result, let usfirst consider the simplest unit optical processor.

Optical Signal Processor

Wefind thefieldat z=z,, intermsof thefieldat z= z, by successive iterations of the
transform in Equation [I-12]. First, make the Fresnel transformation from z=z_ . to

2= Zy, !

4 Inwhat follows, we assume only fields propagating in the positive z-direction and thus may drop the fussy +

superscript and factors included in earlier more complete expressions.
R. Victor Jones, October 23, 2002
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A, (X, Y Zgy) » )exp[- j K(Zoy - Zens)]

J l (Zout " Lens [”_1]

QD= (X6 Ye 2z ) (X - XG Y- Y67, - 2.,) dxadye

then, make the phase transformation across the thin lensfrom z= z__ to z=z_

A (X0 Y Zog) 9 = o1 (2 - 7

1 (o - Zins)
I\ ‘h . é (f + ¢’Z
' @a(x¢y¢4'ms) eXpr-J kg,nD (X ny )

[1-2]

S&E

h(X- XGy- Y¢2z,, - Z,) dxedye
and finally, once again make the Fresnel transformation from z=z_ to z= z_

;N

. ! 1 . U
AL (XY Zoy) » - )exp[- j k(nD +z,, - Zens)],:\m exr{-J K (Ziens - ;n)]g

J l (Zout " Lens
* () Q- (xey@2,)n(xe- X yo- Y&z, - 7,) dxadyoy [11-3]
€j k (x¢ +y¢
" epe b : d ) h(X - XCY - Y6 7 - Zes) dxCd Y0
e u

Inverting the order of the integrations and using the definition of kernel in Equation [I-11],
we obtain

Aa(x,y,zom)»-exp[-jk(nDJrZ"”t_Z”)]ex ij!x +y2!u i é Jk(x¢f+ya1?)up

A, (xS y& z, ) expé
I (Zout - Z|ens)(Zens - Zn) pe 2( out Z|ens m yh4 ) pe Zens ) [”_4]
I[X(E y(‘B Lens - Zn)’ XY, (Zout " Lens ] dX(ﬂ;d Wi

R. Victor Jones, October 23, 2002
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where
é k e 1 1 u
L
| [XG Y& (Zigns - Z0 )i % Vs (Zowx = Zies expe — + - == (X + yE
& v (e )yz‘”z]cq P 2 &0y 2 Ze- 2 fra( y)H
é ® ou
" expéj kx¢g X + x¢ { [11-5]
e Zowt ™ Liens  Liens ~ me
€ &
" expéj ky¢g y ,_Y® —uy dx¢d Y
e Zout = Lens Lens - Znﬂp

If thethethinlensisinfinite in extent or, equivalently, if we neglect, for the moment,
any effect of thefinite size of the lens aperature, the result isfairly straight forward and we

may write

| [XG Y& (Zis - Z0): % Y2 (20 - Zes)] =3 (. D,) I (. b, ) [1-6]

where )
J(@,b,)e (\}xp[j (a x¢+b, x(l:)] dxc [1-7a]

-y

+¥
(ab,)° c‘yxp[j (@ yé+ b, y¢)] dy( [1-7b]

-¥
a"-Eae 1 + 1 39 [1-7c]

2gzout_ bens  Liens™ 4n fo
bokg X X% gandbokg Yy . Y® 0 g
Zut ™ bens  dens  4n 2 Zot = diens  dens ~ 4n9

PAGE 6
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By completing the square in the exponential, we see that

J(a,b)e° Héyxp[j (auw+ bu)] du

= expl- j b/4 4] pr[j a(u+b2 a)z] du

[11-8]

J(a,b)° +E‘yxp[j (au + bu)] du

= exp[- jb%/4 a] C‘yxp[j a(u+b2 a)z] du

[11-8]

and so the standard form in Equation [1-9] yields

L p/a)” exd-j (b%/4a)] for a0
J(a,b)=i

|
i [11-9]
i 2pd(b) for a=0

Consider, then, two important applications of this result:

1 Thefield in theimage-plane --i.e. a ° 0, the condition forimaging in geometric
optics.

| [ X YO (Zirs - 20 ) X Y (Zo = Zers)]
g® kx o kx# 6@ ky . kyw O [11-10]
gzout “Liegns  Lens " Zin.ﬂ gz:vut " Zens Zens ™ Zmﬂ

PAGE 7
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and, thus,
-7 0 é ik -z U
A, (x,y, Zom) >>§Mgexp[-j k(n D+z, -z, ) expe j (X +y )( out . Zm)g
uw ~ Lens (Zout - Zens) U
A € By - V.
& + h g
8ZDIJt z|ens Z|ens Z
or
é ae; ('j %7, )
2 (% ¥z, ) » - == : == +y in [11-12]
7o) 34“ aens "é 3zout aens 3zom zens i g
2. Thefield in back focal-plane --i.e. z,, - Z,, =f sothat
az.——K bOk?( x® gandb—k? ye 9
2(Z|ens -4, ) f bens ™ 4n 9 f Lens - ng
and, thus,
€ 12 (Zs- Z)U" € K(Zge-z) 0 x@¢ OV
Ja.b.)=a ¢ 6 ————— c— = U 11-13
(@.b)=g =g ewfi et =0 113
€ 2D (Ze- Z)U € K(Ze-za)®y |y OV _
dab,) =g TEy epg o e s
1 i ¢ J k(X ty ) & Zons - Zmol:'l
A, (X, ¥ Zow) A 1:exp[Jk(nD+z zm]exp T 81 gl

\\‘l, é. xOU é. yol‘.l;l
A, (X ) eXpa qua?(—+'ex a axa?(—+' dxadyd
O (x¢ye z,) Pei x@gk £ pgl)’gf% y

[11-11]

[11-14]

PAGE 8
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it A (kK)o (RJA.(x e 7,) explj xak ] explj yeek |} d xerdl ya [11-15]
where k, =k (x/ f) and k, =k (y/ f) ,

i é jk(X2+y2) & Zigns - Zmol;I
exp|- ] k(nD+Zout-zn)]eXp_ee} T - S

Aa (X7 y’ Zout) »

X1

J| f Aa(k kY)

SPATIAL FILTERING:
Let usfirst consider one method for generating frquency plane masks.

e

Dezired impulse
Fesponse

Modified Mach-Zehnder recording system for
generating frequency-masks for a Vander Lugt filter

PAGE 9

[11-16]
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We suppose have some light distribution g(X(n} y@ of interest in the front focal-plane of a

thin lens, then Equation [11-16] shows that the distribution in the back focal-plane is

xky

proportional to GY . To"bias" thefinal processed image, add to this distribution

areference field given by R, exp(ja x) exp(- j b z) where a =ksing (see figure
above). Theintensity due to these two fieldsisthen proportional to

Roexp(ja x)exp(- jb z,)+ Il f exp[- j k(n D +2 f)] ng_x Qj

[11-17]

@1 yd© @R 0 axx kyo

=|RP+c—+ G —=:G —5ep(-ja x)+ce
R e 3 g7t p(-ja x)

where all extraneous phase factors are absorbed into R. If we arrange the exposure and

developing process so that the amplitude transmittance of the film is proportional to the

intensity -- i.e. the over dl contrast g » 1 (seethe Hurter-Driffield curve at the end of

this section) that resultant transparency is given by

K X kyjz_'_aeR O akx k yO
) f -

Gg— —Bexp( ja x)+cc . [11-18]

t(X,Y)MHZ gﬁ— G

| g

If the developed transparency or filter is place in the frequency-plane of a classic
coherent optical processing system -- i.e. to identical thin lenses separated by adistance 2f -

- and atransparency to be tested (distribution f(x, y) ) is placed in the input-plane --

i.e adistancein front of one lens -- the field distribution just to the right of the frequency-
plane, when both transparencies are illuminated with coherent light, is given by

R. Victor Jones, October 23, 2002
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TS T T s

R akx kyOo_akx kyo

‘ K X kya 8Ekx Kk yo

where again extraneous phase factors have been surpressed. The transformation to the
output plane of the third and fourth termsyield

\\l

BLY (k. k) Flk. ) e k. B 2 ek, ff ok o

R*
AL (xy 2,0 » &

AL (XY, 7)) > —nge 5 CDG "k, k) F (kx,lg)expéj kX§§<+a—kf%gexp[j ky)ﬂgdK dk,

Using the definition in Equation [11-15] we see that

AP (xy, z,) »— Cﬂg Xd;yﬂ)f§< x¢ 21y y@%dxd:dyg [11-22]
istheconvolution of the two function g and f and
R .\ * af 0
AE:I)(X, y1 Z[)ut) ))ﬁ @ (Xl’ y1)f§(+xl +T7y+y16d Xl dM [”'23]

istheir cr oss-correlation.

R *akx kyo _akx kyo

*W%—f' TSt TN Ty e T e

PAGE 11
[11-19]
Taexp(+j a X
[11-20]
[1-21]
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Ena i S o Densiry

tan o Y = CORSneET

< 08
S log Lfxposrs

The Hurter-Driffield Curve (1890)
Characterizes the functional relationship between photographic density which isequa to the
logarithm of the inverse of the intensity transmitance of a developed transparency and
exposure which isthe product of the incident intensity and the duration of the exposure.

IMAGING PROPERTIES OF HOLOGRAPHY::
One of the most important applications of holography is in the construction of beam
forming or imaging devices. To study the imaging properties of holograms, we make the
following reasonable, but simplifying assumption:

1. Thesourcesof al fields-- reference, subject, and playback -- are point sources.

2. Recording medium is thin and has a quadratic response.

3. Fields may betreated in the paraxia approximation.

PAGE 12
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P (x,,UY,. 2]
o 1 1 1 u{HpHPD}

R(x,uy,2)

0 {0, 0, 0)

Holographic
plane

From the subject point source at P we assume afield

y o(FW)= G exp[-lrj _k’?lrl' Ay el it) [11-1]

and from the reference point source at R we assume afield

exp[- ik |F' FR”
r-r

y (F,w) = Cq =ly JJexp(- if o) - [111-2]

d
The recorded signal in the holographic planeis proportiona to

1(Fw) =l ety of =y +l o + 2l dy olcodfo- 1) [111-3]

PAGE 13
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For convenience,we express the phase of the signals at the point Q taking their phase at O
asreference--i.e.

fr =k (PQ- PO)
2 2 12 1”2
:K{[(xz-xl) - W) +Z] - [+ 2] } [11-4]
}é X, - %) +(y, - Vi 2 4220 H
-k,ziuél+( V) B - TR i Vi
4 a € zZ b
In the paraxial approximation
Kk
fp>>2—f(x§+y§-2x2x1-2y2y1) [111-5]
z,
and smilarly
i >>L(x§+y2-2x X -2, V) - [111-6]
R 22r 2 2% 2 Jr
Therefore, in the paraxia approximation
e 106 & x©0 &y, ybl]
fo-fo»k dx + —_— - ... e (P -
p- I'r Kg(xz 3/2)8221 Zng 821 Z 5 Yo z 7o [11-7]
Examples of types of holograms:
1. "On Axis" or Gabor Holograms: (x,=y, =X =y =0, zZ=-u and
7 =-V)
L gi 150_ % +y; _
fi fR»Zg( +y;) T T [111-8]

R. Victor Jones, October 23, 2002
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The condition
fo-fo»n2p or XC+y.=n2fl, [111-9]

defines the points on circles of condructive interference or maximum film
darkening ("Fresnel" zone plate)

2. " Off Axis" or Leith-Upatnicks Holograms: (x,=y, =X, =Y, =0, Zz=-u
and z =-v)

The points of constructive interference or maximum film darkening lie on circles
("off-centered” zone plates) centered at

- - o]
(Xz,yz)=?§zi AL (i L [111-10a]
4-4 4-74 @
with radius
.2 .2
- - 0 0
a(rzi XlzT +®rzi ylzr+ @zizr_ [”l-lOb]
g%'zﬂgzi'lﬂ 4L-40
RECONSTRUCTION OR PLAYBACK PROCESS
From the playback point source at C we assume afield
-~ exp| - j Ky [F- Tl .
Y es(F, W) =Ceq [ 5o PB] :ly PB| EXp(- if PB) [11-11]

|F - _r:PBl

where we alowing for the posibility of using a different wavelength in the playback
process. That process yields, among other things, a" virtual” signal

YoeYr Yo =W el b ol olexp(- if ) [11-12]

PAGE 15
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where f =f g tf-f, anda"real" signal

virtual

YoeYr Yo =l eelb ol olexp(- if ) [111-13]

where f,, =f ;- f s +f . The hologram may be photograpnically scaling (enlarged or
reduced) by afactor m® xg/x, =y§/y, . If sothe phase of the regenerated signals may be

expressed as
F s, = =k, o 922 (><5t2 W 2 X8X, - 2Y8Y,)
Tk, irl(-;(xg Y- 2% % - 2Y, V) [111-144]
_Kg—_(x +Yi- 2% % - 2Y, V)
or as

[111-14b]
0] ou
2xpor M XD 5 g ey MYy o MY, D
ez, Mz mz eZp Mz MZ gy
where m® k /k, =1 /1 .. If the holographic processisto "image' a point source, the
point image must have over the holographic plane the relative phase
k
f»—2 (xf+yf -2 -2 11-15
> 22 (X +y$ - 2x8x; - 2y8y;) [111-15]

s0 that

PAGE 16
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1
Z?: aavitual g

Erea

1 m
:—-_}-—2
Zpb m

_m
T

N
N+

&z z,ztmz,z xlimzpbzixrg

— pb “r
X3 itual =m 2 —
g "€ Mazimz,zimiz g

_ @nzz,z+mz,zy,Fmz, zy0
y?,aénma“;j - mg 2 — o
% real 5 e m Zizrimzpbzr+mzpbzi a

and, therefore, the lateral image magnification is given by
1 1

X s, T Yo, SE
ity ey, — —
ﬂ X]_ iw P ﬂ yj_ ‘?glreala m

ZS sevitual 6

& real &

z

[111-164]
[111-16b]
[111-16c]

[11-17]

PAGE 17

R. Victor Jones, October 23, 2002



FOURIER OPTICS PAGE 18

A PPENDI X

THE PARAXIAL WAVE EQUATION

We derive here the paraxial approximation of the Helmholz equation. To that end, we start
with the homogeneous Helmholz equation for the electric field in the form

[div grad] E(F,w) + K*E(F,w) = R* E(Fw) +k*E([f,w) =0 [A-1]

where k*=w’me(w) . The "searchlight" mode of propagation that we seek is an

elaboration of a plane wave propagating in, say, the z-direction, and we assume that a
particular component of that field may written in the form

E,(F,.w)=Y(F,w)exp(- j k2) [A-2]

where the function Y(F,W) represents a spatial modulation or "masking" of the plane

wave. The z-direction isobviously special and it is, therefore, useful -- nay, essential -- to
appropriately parse the spatial differential operators. For the grad operator we may write

grad{ anything } =K { anything } =N, { anything }+2ﬂ12{ anything } [A-3]

where the transverse gr ad operator is given by, for example,

N, { anything } :21?—)({ anything }+§/%{ anything } . [A-4]

Thus, this grad operator acting on field component represented in Equation [A-2] may be
parsed as

Z
m
o

=
£
I

—_ ——

Zi

() zgﬂlz Y(Ew)- | kY(F,W)?iexp(- k) [AS5

R. Victor Jones, October 23, 2002
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and theL aplacian operator acting on field component represented in Equation [A-2] may
be parsed as

~
-

2
LY (Fw)+ Y (Fw)- ] 2K Y (Fw)- K Y(?,w)lé exp(- | kz)
where the transverse L aplacian operator is given by, for example,
NZ { anything } =ﬂ—2{ anything }+ﬂ—2{ anything } [A-7]
tr 1-[ X2 1-[ y2

Therefore, the parsed Helmholz equation (without approximation) becomes

(e oy ) - 2k Ly (ra) = _
NZ Y(r,w)+ﬂZZY(r,W) jZkﬂZY(r,W)—O. [A-8]

Theparaxial approximation is precisaly defined by the condition

1° o Ty
ﬂ_ZZ\((r,w) << Zk'ﬂ_zY(r’W) [A-9]

which means that the longitudinal variation in the derivative of the modulation function,

'ﬂlz Y (F,w), changes very little in a distance comparable to the nominal wavelength of the

beam --i.e. 2p/k. Inthisapproximation, we neglect the second term of Equation [A-8] to
obtain the equation

R. Victor Jones, October 23, 2002
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[A-10]

whichis called the paraxial approximation of the wave eguation.>

5 Thisisalso the form of the famous Schrédinger equation used in quantum mechanics. In the Schrédinger
equation the first order derivative is atime derivative (i.e. {zZ} P {t} ), the Laplacianisafull 3D Laplacian
ie{xy} P {x vV z})adfiedisapaticefied.
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