THE PARAXIAL WAVE EQUATION
GAUSSIAN BEAMSIN UNIFORM MEDIA:

In point-to-point communication, we may think of the electromagnetic field as propagating in a
kind of "searchlight” mode -- i.e. a beam of finite width that propagates in some particular
direction. In analyzing this mode of wave propagation, we make use of an important solution to
the so call paraxial approximation of the electromagnetic wave equation or, more precisely, the
paraxia approximation of the Helmholz equation.

PARAXIAL WAVE EQUATION:

To that end, we first derive the paraxial approximation of the Helmholz equation and then,
in the next section, we examine the free-space Gaussian Beam solution(s) of that
equation. We start with the homogeneous Helmholz equation for the electric field in the
form

[div grad] E(F,w) + K*E(F,w) = R* E(Fw) +k*E([f,w) =0 [1-1]

where k*=w’me(w) . The "searchlight" mode of propagation that we seek is an
elaboration of a plane wave propagating in, say, the z-direction, and we assume that a
particular component of that field may written in the form

E,(F,.w)=Y(F,w)exp(- j k2) [1-2]

where the function Y(F,W) represents a spatial modulation or "masking" of the plane

wave. The z-direction is obviously special and it is, therefore, useful -- nay, essential -- to
appropriately parse the spatial differential operators. For the grad operator we may write

grad{ anything } =K { anything } =N, { anything }+Az%{ anything }  [I-3]

where the transverse gr ad operator is given by, for example,

N, { anything } :2%{ anything }+§/ﬂ—1L{ anything } . [1-4]
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Thus, this grad operator acting on field component represented in Equation [1-2] may be
parsed as

R E, (F,w) = i R Y (Fow) + 2%1112 Y(Fw)- | kY(F,W)%exp(- ik [

and the L aplacian operator acting on field component represented in Equation [1-2] may
be parsed as

e v ey 12 1 )
=aN. N Y (rw)+— Y (F,w)- j2k —Y(r,w)- k® Y (F,w)zexp- ] kz
g LY (F) + Y () - 2K Y () Y (P ena(- ko)
where the transverse L aplacian operator is given by, for example,
<2 1 1
N thi = thi — thi -
- { anything } =7 { anything }+ﬂ¢{any ing } [1-7]

Therefore, the parsed Helmholz equation (without approximation) becomes

(e oy ) - 2k Ly (ra) = _
NZ Y(r,w)+ﬂZZY(r,W) jZkﬂZY(r,W)—O. [1-8]

Theparaxial approximation is precisely defined by the condition

T v rw) << 2 ﬂiz Y(Fw) [1-9]
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which means that the longitudinal variation in the derivative of the modulation function,

'ﬂlz Y (F,w), changes very little in a distance comparable to the nomina wavelength of the

beam --i.e. 2p/k. In thisapproximation, we neglect the second term of Equation [1-8] to
obtain the equation

[1-10]

which iscalled the paraxial approximation of the wave equation.!

Il. SOLUTIONSOF THE PARAXIAL WAVE EQUATION?
To inform or motivate our next step, we consider the paraxial approximation of a known
solution of the Helmholz equation -- viz. a spherical wave

p( jkl’ exp( jk‘/x +y? + 7 exp[ ij\/l+ X2 +y? /z]
X+ P+ 7 z\/1+x +y2/z2 [11-1]
»%_Zj—kz)exp[-j k(X2+y2)/ZZ]

1 Thisisalsotheform of the famous Schrodinger equation used in quantum mechanics. In the Schrédinger
equation the first order derivative is atime derivative (i.e. {zZ} P {t} ), the Laplacianisafull 3D Laplacian
ie{xy} P {x vV z})adfiedisapaticefied.

2 For an aternate treatment of Gaussian Beams see

http://www.newport.com/tutorialGaussian_Beam_Optics.html
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Reflecting on the "quadratic" form of this approximate expression, it is reasonable to ook
for an axially symmetric solution of the paraxial wave equation in the following form -- i.e.

aGaussian beam:

Yo(Fw) =Yq(r,zw)=A, exp(- J P(Z)) expg- JZ;EZ);

[1-2]

where r? =x* +y®. Wetest our conjecture by substituting the Gaussian beam function
(i.e. Equation [11-2]) into the paraxial wave equation (i.e. Equation [1-10]), to wit

jkrzuu

2q(z)t%»o [11-3]

CDQ) [N

. - é jkr2u
exp(- j P(2)) N2 expg qu—(z)g- Iexp( j P(2)) exp

Executing the indicated operations, we obtain 3

_ é Jkrzw jk € jkr2u d jkr? d U
exp(- | A7) expg &2- - JZkeJ P(z) + — ()Y » 0
LiRAers Gl @& o 2" 2q7 @ a2
or simplifying
EP(Z) »O [11-4b]
dz

Hence, for an arbitrary r thisequation is separable into two parts - viz.

kred

s —d L\‘»o e %q(z):l [11-4c]

3 Recall that in polar coordinates N2 f(r):fﬁ(r)+?l f€r)

[11-4a]
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and

Ao e so w5500 A pp =L ]
P+ 500 59 P [11-4d]

which are satisfied by the smple solutions
a(2) = z+q, [11-54]
P(z) = j In[a(2)] = - j In[z+0q,] [11-5b]

On comparison with the paraxia approximation of a spherical wave we may write ¢(2) in

terms of aradius of curvature R(z) and awidthw(z) -- viz.
1 _ 1 _ 1 -j2

a@@ z+g, R(@) kw2

[11-6]

To standardize the constants of integration we assume a plane wavefront at an arbitrary
reference point z= 0 --i.e. wetake R(0) ° ¥ . It followsthat,

1 j2 1
RO T ™ kWO
or 0= KOO [1-7

where L. =k w’(0)/2=p w(0)/I isthecritical Gaussian beam scaling parameter which
is caled variously the Fresnel length, the diffraction length, or the confocal
parameter. Interms of this parameterEquation [11-6]may be written

11 1 -j2 1 _z-jl
q@@ z+q, R@E) kwi(z z+jL. Z°+L%

[11-8]
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Equating real and imaginary parts, we obtain

1z 2 L, _
Rz  Z+L12 and kw?(z) Z +L2 [-9]

or, finally, in standardized form

é L2u
R =74 +—E -~
(Z) Zg ZZH
e z2u
w2(2) =W (0)& + 5 [11-10]
€ Lo
where L. = pw?(0)/1 . Now since Equation [11-5bjmay be written
P(2) =-j In[z+qo]=-jInz+] L]
i m 11-114]
=-jt|n[m]+j atanee W [ ]
I ez E%
we may write
expcé j ataneLu
. €;0 1 e . L.
exp(- J P(Z)) \/22 .y —— expg- ] atan UTa [11-11b]
zZ 1+?

to obtain the, officially approved complete form of the (lowest order) Gaussian Beam
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: é jkr?u
Yo(r.zw) =A; exp(- j A(2)) expg- JZQ(Z)H
_ . w0) e élep € jkriu_é r? o
=A exp.-jatan =L  eXpr —— L EXPa ——— -

Thefollowing kind of picture is sometimes found to be helpful in understanding the
propagation of a Gaussian Beam (the bold curve depicts the spatial variation of the beam
width and the light curve the beam curvature at particular points in space):

4T
wiz)
el ()
L L L L L [ L [ - I- L L L L L L L E
-4 -z -2 -1 - 1. Z 3 4 L
S .
—g4

wiz) A
z ol

!&5H=

[Il. HIGH ORDER HERMITE-GAUSSIAN BEAMS
In order to study the propagation of higher order beams, we substitute the following trial
solution:
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Yuo(r,zw) =X, y,2) Ys(r, zw)

=18 24T oxp]- | F (2] Y(r.2w) -2

into Equation [1-10], the paraxia wave equation, and obtain

F(x,y,2N; Yo(r,zw) +2[l<'ltr F(x, y, z) N, YG(r,z,w)] +Y o(r, z,W)N? F(x, v, 2)
q q [111-2]
-2jk Yg(r,zw)=— F(x y,2)- 2jk F(x,y,2)=— Y5 (r,zw) =0
Tz 1z
Of course and by design, the first and fifth terms cancel so that the reduced equation
becomes

fa édw wu f¢ g édw wu g¢ dF

—+2 k —+—+2 ke— - —gy = - 2kw — =0 -3
eaz at" eaz e
5 i
From Equations [I1-8]and [11-9]we see that d—W-V—V—V—V- e —2+:£ so that the
dz q R éR kwg kw

reduced equation -- i.e. Equation [111-3]- becomes

LLAPPILN LS 4v—-2kw2 [111-4]
f 0 g g

where x = x/w and V=y/w.

A Hermite polynomial of order n* hasthe following differential equation:

4

The Hermite polynomials have the generator H_(t )= (- 1)" eXp(t 2) g
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d? d

—sH({t)-2t —H (t)+2nH_(t)=0. -5
dt2 n( ) dt n( ) n( ) [ ]
With the simple change in variables t =J/2x=J2x/w and s =J2V=.2 y/w
Equation [111-4]may be written

1 éd*f dfu 1 éd? dgu dF
T T S R AL

Thus, it is gpparent that we can write the functions f?% and gg—y% as Hermite
w w

polynomials -- viz.
0_ - X9 X0 _ - Yo ;
fga)fvb— ()= Hngl_z s and ggj\/b_ m(s)—HmSE/TZ e [111-7]
. , ,dF
if werequirethat 2kw E:-Z(n+ m). Hence

dF _ (n+m) (n+m)L,

—_— - I1-8
dz kw? 2[ L2+ 22] [111-8a]

or F(2) =-(n+m)atan(z/L.). [111-8b]

Finally we may write ageneral solution for the paraxial equation as

nm nm Wi 0 X 6 .
YH'G (r v 2, W) = AH-G #(E% Hngl_z W%ngﬁ Gy/c_ﬂ)

e N (1T
€ jkr2u e rzuU
“expli[n+m+1tan Y(z/L. )| expe —— gexpa ’

Gl Jan e/ "€ 2R 1778 Wt
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A GALLERY OF HERMITE-GAUSSIAN FIELD DISTRIBUTIONS

[0, 1] Hermite-Gaussian

[0, O] Hermite-Gaussian
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[1, 1] Hermite-Gaussian
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V.

GAUSSIAN BEAM TRANSFORMATION MATRICES
What we have shown above is that a given Hermite-Gaussian beam is essentialy
completely specified or defined by the complex function q(2). In propagating through an
optical system, the beams are transformed by various optical components. The amazing
fact is that the transformation g, P q,_produced by a given component
follows a simple ABCD transformation law -- viz.

Aq,+B
Cq,+D

0= [IV-1]

where A, B, C, and D are the matrix elements found in our analysis of
geometric optics!!

To "prove" this, we argue by example. For example, the transformation through a
uniform dielectric region is given by

Q=0+ L so that A=1 B=L C=0 D=1
and the transformation through athin lensis given by

el so that A=1 B=0 c=-% D=1

Further "justification” may be found in terms of what might be caled a "r/r ¢
argument” -- viz. consider the following construction:

PAGE 12

R. Victor Jones, October 23, 2002



THE PARAXIAL WAVE EQUATION

aripin ot spherical
wawe associated

1
:
1 1
with given input ray P !
1 .in 1
P | .
m X =] General linear |G X 42 out =
! vl optical systemp, !
. .. .
AZin : Fout ! ‘EELH““- :
: \ srigine o f spherical
! P " wawe associated with
' ' ou given output ray
Zin 2 out

From geometric optics and, in particular, Equation [I-11] in our notes entitled Rays: The
Eikonal Treatment of Geometric Optics, we may write

r.out —ajb‘ r.in +B..O.%Crin _}_D'O..-1 [lV Za]
g, & rg oé rg o
or Dz, =(A Dz, +B)(CDz,+D)" [1V-2b]

which isidentica to the transformation embodied in Equation [IV-1], if weinterpret q as
the wave optics generalizationof Dz=r/r C.
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V. OPTICAL "TRANSMISSION LINES" AND RESONATORS: STABILITY CRITERIA
FOR PERIODIC OPTICAL STRUCTURES (INCLUDING RESONATORS) BY RAY
OPTIC ANALYSIS

Consider a prototypical periodic guiding lens system (or an equivalent resonator).

|- d

Using the ABCD matrix, we may write>
re,=Ar, +Brg [V-14]
r¢,=Cr_ +Drg¢ [V-1b]

From thefirst equation -- i.e. Equation [V-14] -- we may write

5 For theillustrated structure

¢\ Bu_él dué 1 Ouél dué 1 Ou_d1-d/f)Q1-d/f)- d/f, d(2-d/f,)d
&c b & &' 1HD 1HE T W& gff--yE-yf,  1-d/f,
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rrg::(rmﬂ -A rm)/B and rrg:+1:(r m+2 Arm+1)/B

and substitute into the second equation -- i.e. Equation [V-1b] -- we obtain

-(A+D)r ., +(AD-BC)r =0

[V-24]
We (or rather you) can show that [ AD- BC]=1 sothat
-(A+D)r,,,+r,=0. [V-2b]
Again we (or you) can also show that
2 & 0o o]
A*D 4.4, & % 428 d° [V-3]
2 f, f, 2ff, 210 2t 0
Look for bounded solutions of theform r_ =r, exp(i nf ) which are possibleif and
only if
exp(if ) +exp(-if)=2cosf = A+D=2b or cosf =b [V-4]
Therefore propagation is stable -- i.e. the rays are confined -- when |b|£1 so that
0eF. 998 40 [V-5]
g' 2fg 21,0

Thus, the stability of rays propagation in a periodic system may be usefully characterized in
terms of thevariablesu, =1- — and u, = 1-

1

— asfollows:
2
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STABILITY OR CONFINEMENT DIAGRAM FOR PERIODIC SYSTEMS
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