PLANE WAVE SOLUTIONSOF MAXWELL'S EQUATIONS

CHARACTERISTICS OF PLANE WAVE SOLUTIONS:
For the record, let us once again restate the form of the macroscopic Maxwell's equations
in the time domain which isvalid in the high frequency or optical regime.

R E(r.1)=- %é(m):- n])ﬂltﬁ(F,t) [I-14]

N- B(F,t)=m K" H(F t)= m)g](F,t) +% IS(F,t)g+eO n&% E(Ft)  [I-1b]
N é(r,t):eio[r(r,t)- RoB(r ) [1-1

N sB(F,t) =m NH(F,t)= 0 [1-1d]

The most general phenomenological tensorial representation of the linear dielectric response
of a given materia which incorporates dissipative and anisotropic effects may be
written in the time domain as

R 1) =€ A (JtoC, (7, t- t E, 7, 19 [1-24
or in the frequency domain as
P(Fw)=e,@ c.,F.w)E(F.w) [1-20)

where

Cop (T, W)= (yttee, (7t -t exp[jw (t- t§] = Cyit ., (7t )expliwt]  [1-3]
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Neglecting anisotropy, the macroscopic, optical regime Maxwell's equations in the
frequency domain for alinear, isotropic mediamay be written

~~

N E(F,w)=N" e *(f,w) D(F,w) =- jwB(F,w) = - jwmH (F,w) [lI-4a]

N- B(F,w)=m N H(f,w)=m J({F,w)+jwme(f,w)E[f,w) (-4
=m J(F,w)+ j w mD(F, w

N e(r,w) E(F,w)=R>D(F,w)=r(F,w) [I-4c]

NsB(F,w)=m R ({F,w)=0 [1-4d]

Consider the possibility of a plane wave solution within a uniform medium -- i.e. e(F , W) °g(w).

z
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of theform

(F,w) = E(w)exp( it >k exp[ xkX +y Kk, + zkz)]

m.

so that the spatial partial derivatives smplify to

%(E(?,W):E(W ﬂ—exp( jr><k) w) [- JK]GXIO( Jf"k)
%/ (F,w) = E(w —exp( jF>42)= [ JK,]eXp( Jr"k)

Therefore

and Maxwell's equationsin achar ge/current free region become

—

- ik E(F,w) =- jw mH(F,w)
- ik H(F,w) =] w e(w) E(F,w)
- j K>xE(F,w) =0
- jkH(F,w)=0

Operate through on both sides of Equation [I-8a] with the operator "k * "

[1-5]

[1-62]

[1-6b]

[I-6c]

[I-7&]

[1-7b]

[1-84]
[1-8b]
[1-8c]

[1-8d]
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K™ [k E(F.w)]=w m k" F(F,w)

and using the "bac-cab" rule! and Equation [I-8b] this becomes

k [OE(F,w)] - [kk] E(F, w) = -w? m,e(w) E(

or finaly

[Rxﬁ] E(F,w)=w’m, ew) Ef,w) b KK =w? m e(w)

Substituting into Equation [1-8a)

A w)= v m) k[k E(F.w)] = JeWw)/m [k E(F,w)

so that thewave impedance is given by

h(w) :|E(F,W)|/|F|(F,W)| =/m/e(w) .

[1-9]

[1-Ob]

[1-9c]

[1-10]

[1-11]

Thus, the complete expression for an €l ectromagnetic plane wave propagating in adirection

k is

E(,t) = E(W)exp[- j (? K - Wt)]

A ) =[hw)] [k E(F,w)

[1-124]

[1-12b]
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. ELECTROMAGNETIC INTERFACIAL CONTINUITY CONDITIONS:
The previous section gives acompl ete plane wave solution within a particular uniform,
linear, isotropic medium. The key remaining problem is to find how that solution may be
extended into a second uniform, linear, isotropic medium. The conditions for extending
the solution across an interface between two materials are give by consideration of the
appropriate integral forms of Maxwell's equations -- viz.

OF (7. 1) xdl :-%(‘l\ﬁ(?,t) xd A [11-1a]
N\, _'_ N\T/ g ﬂ NN\ "/, -
gyi(r. 1)l _ml(r,t)mA+ﬂ—to(r,t)><dA [11-10]
Applying these equations to the small thought loop that spans the interfacial surface, as
illustrated below
"Thoughttbop
Medium 1 -{ \ /DZ
[e11517 I‘T]] Interface
N
i Medium 2
DL [€;.5,, M]
it isseen that Equation [11-1a] yields
GF(F.t)xdl b {E,(F.1)- E,(F.0} DL P O [11-2]

unless I§(?, t) ispathologically large over theloop. Similarly, it is seen that Equation
[11-1b] yields

PAGE 5

R. Victor Jones, October 23, 2002



PLANE WAVE SOLUTIONS OF MAXWELL'S EQUATIONS PAGE 6

ey (. 0>l b {H,(F,1)- H,(F, 0} ¥ DL P O [11-3]
unless J(F, t) and/or D(F, t) arepathologically large over the loop.

In words and in general, the tangential component of the electric
field strength E(7,t) and the magnetic field strength H(f,t) are

continuous across an interfacial surface between two materials
unless electric current density J(F, t), the magnetic flux density

B(F,t), or the electric flux density D(F,t) are pathologically
large near that interfacial surface.

[1l. THE FRESNEL EQUATIONS:
Consider then a plane wave incident on aplanar interfacial surface.

The Spatial Configuration:2

:

PL&ME OF INTERF & CE

2 Note: In this figure we have taken the plane of reflection to be identical to the plane of incidence. While

assumed here for simplicity, this important identity is establish in the analysis below.
R. Victor Jones, October 23, 2002
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The Mathematical Representation of Fields:
In abstract vector form, the incident field is given by3

Em={Er- h, k™" AP exp(- jk, k™)

H'™ :{H}FC +h; k™ ETC} exp (- j k k™) i
thereflected field is given by
E ={E¥-h, k™" A} exp(- j k k™F)
. B R . R [111-2]
A ={A +h k™ E¥} exp(- j k k™)
and the transmitted field is given by
Eva = {Eﬁra” - h, k™ Fllf""”} exp ( ik, R"‘"‘”ﬁ) -3

|:|tran — {H’ltlran + hél Rtran . Et/\ran} exp (_ J kz Rtranx—r»)
In coordinate form these equations become:
Einc = {Elf\ncy - hl[_ COS(, X +Sinqinc ’2] ’ [Hl||ncgl]} eXp[' J kl(- X €O + ZSinqinc)]

N | | [111-1b]
finc :{H|I|HC§,+ hl'l[_ COSy; . X + Sinqinc 2] ! [E'A”C}A/]} eXp[' J kl (' XCOQ, + ZSinqinc)]

m

e ={Ei‘3f§/- h,[cosq, X +sing, 2] [Hlfffy]} exp{ j K, (Xcosq +zsinqref)]

- A A ! ’ [111-2b]
A ={H#§ +h;*[cosq X +sing,, 2] [EXY]} exp[- j k (xcosg, +zsing,y)]

3 A note on notation: The subscripts ™ and || refer to the polariztion of the electricfield taken with respect to the

plane of incidence. The N field components are also called transverse dectric or TE components and the ||

field components are called transverse magnetic or TM components.
R. Victor Jones, October 23, 2002
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E"an - { Es\rany - hZ[_ COS{ o )2+Sinqtran 2] ’ [tha”y]} eXF{- J kz (- XCOSQren + zs nq”an)]

- [111-3b]
A = {Hi9 + 1] - 00t X SN0, 2] [} exp]- ] K (- 00+ 28N0 )]
Or expanding out the cross-products:
Em = {EL“°§/ +(h, H}*)[ cost,e 2+ sing,, x]} exp|- j k, (- xcosq,, +zsing,,.)|
-1
Hr :{H;I“ V- (h;* EX)[cosd,. Z+sing,, 2]} exp[- j k(- xcosq,,, +2zsing;,,)| e
g :{E“ffy + (b, H* - cost,g 2 +sing,4 §<]} exp[- j k, (xcosq,y +2sing,y)]
I1-2
e :{Hﬁef“ ; (hil Eie“)[- oSO, Z+ SiNQ, f(]} exp[- j k; (xcosg, +zsingq )] HHl-2cl
Etran - { Et\rﬁng‘/ + (h2 Hilran)[cosqtran z +Sinqtran 5\(]} eXF{- J kz (- XCO +ZSinq"a“)]
[111-3c]

Hv" = {Hﬁ""”f/- (h;" EX™)[costy Z +iNQ, 2]} exp[- j K, (- xcost)q, + zsinqtran)]
Applying any kind of continuity conditions at the interface requires that
Uit = ine Law of Sinus [I11-4a]
K, Sing,,, =k; sing,,. Law of Snell [111-4b]
Applying, in particular, the continuity conditions discussed in the previous section -- viz.
Y], =], ad [A:] ., =[F?].., [111-5]
at theinterface, requiresthat

Einc +Eref = Etran

h;* cosqy,,, [EX° - EX'] =h,' cos, [EX] [111-6]

R. Victor Jones, October 23, 2002



PLANE WAVE SOLUTIONS OF MAXWELL'S EQUATIONS PAGE 9

and that
inc ref — ran
H™+H" = H 7]
hl COQ; [HI||nC - H||rer:| = h2 COSQ4n [than
These two sets of equations yield the Fresnel Reflection Equations
ref AA -1 o -1 l‘J
E" —_ g]l Cosqmc h2 Cosqtran - [|||-8a]

X &, cosq,, +h, 0080, U

and
ref A )
H|| — qll COSqinc "~ h2 Cosqtran u

= ¥ [111-94]

H|I|nc g.l 1 COSC] nc + h 2 COSqtran L

Since hll S-ﬂqinc = h2-ls.nqtran

ef - . .
EX _ COQjpc SINQyay - COSY 0, NG — Sln(qtran ~ qinc)

inc . . .
E'\ Cosqincgnqtran +C03:1trangnqinc SIn(Qtran +qinc)

[111-8b]
and

H,* _ COS0ljpe SINGly, - COSYlyan SNy _ te( G - Gen) [111-9b]

H |i|nc COSq . s NQine + COSYry, S NG tan(Qinc + qtran)

These equations taken together with first equations from Equations [I11-6] and [I11-7] yield
the Fresnel Transmission Equations -- i.e.

EtA-fan _ 2 C0SQ;,. SING, [111-10]
E. COsq;,, s NQyan T COQyran S NGinc

and
H"tran — 2 Cosqincs.nqinc [”I_ll]

inc : :
H|| COSqincS n q inc + Cosqtran S nq tran

R. Victor Jones, October 23, 2002
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FAMOUS FRESNEL REFLECTION CURVES ( n,/n, =h,/n, = [e,[e, =15)

0.2 / & 1
‘I\l_\aim (fraction of 7/Z) -
0.6
0.4
0.2
0 0.2 0.4 0.6 0.8 1
B, (fraction of m/2)
The minimum (zero) in H,® /[ H;"® occurs at the Brewster angle where
tan(g e + goe ) b ¥ [111-124]
or Uom o0 =12 - Qg [111-120]
or (from Snell's equation)
tangie*® =h,/h,=n,/n = fe,[e . [111-12c]

R. Victor Jones, October 23, 2002
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Total Internal Reflection
Reconsider Equation [I11-3c] and use Snell's law to write the exponentia factorsin the

form

Er :{E‘:a”y +(h, H™)[cOSTyan Z +SiNGy f(]} exp[j XK - K sinzqmc] exd - j zkssing,,,]  [111-13]

When sing, > k/k =n,/n°sing™, E"™, the solution in medium 2, is

attenuated!

incident
beam

(VT ¢

Reconsideration of Equation [I11-8a] and [I11-9a] shows that the magnitude of the
crit

reflection coefficients are one when sing, . >sing,, --Viz.

EV _ 0~ ]S~ (fo/k) ul,J= exp.lt- j 2tan'1‘§ S G (kz/lg)z%'; [111-14a]
El,\nc 8C0&:Iinc + J \/Sinzqinc - (k2/k1)2 H t g CO&qmc .
and
H“ref _ gcogqinc - J \/(Iﬂ/kZ)2 Sinzqmc - 1::::: eXF]t } J Ztanlg (k1/k2)2gn2qinc - 15‘; [|||-14b]
N oosn + i \J(k/k,) sima,. - 16 T
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IV. A DIFFERENT "TAKE" ON THE FRESNEL EQUATIONS:
Equations [I11-1c] through [111-3c] may be rewritten in the following form:

éinc = {Eincs‘/ + Hinc (h Cosqmc) Z+ Hlllnc(hl Sinqinc) )’Z} eXp[' Jkl (-

Hmc _{ |nc Emc h Cog:]mc) - Ei"nc(hl_l Sir-]qinc) )2} exp[- J ki (_ XCOSqinc + ZSinqinc)]
@ <{Eg- H9 (0, co0,) 2+ Hi* (1 sina.) 7 exp]- |k (xcosa, + 25ina, )
H { jd§/+ E¥(h;* cosq ) 2- E¥(h;*sing,y ) X } ex;{ j k; (xcosq +zsmqref)]
Er= ={ E“a”y +H™(h, oS0 g,) Z +H}™(h, SiNG) X} X~ j K, (- XCOST, + Z8iNG,, )
Hen { - E™(h;' cosq,,, ) 2- EX (h;" sing,,,) 2} exp[- j K, (- XCOSUya, + ZSINGy, )]

Notice: I f h. =h/cosq is interpreted as the

characteristic impedance of a wave polarized perpendicular to
the plane of incidence (TE wave) which is propagating at an
angle g with respect to the normal of an interfacial plane and

if is interpreted as the characteristic

impedance of a wave polarized parallel to the plane of
incidence (TM wave) which is propagating at an angle g with
respect to the normal of an interfacial plane, then the whole

analysis of specular reflection fits neatly into transmission line
theory.

In particular, a re-interpretation the famous transmission line equation for the
voltage reflection coefficient

X COS:]inc + ZSi r]c]inc )]

[1V-14]

[IV-1b]

[1V-1c]
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G\/(ZW): ( [|V-2]

yields an equation for the electric field strength reflection coefficient at the interfacial plane
for TE waves
ht\ra” B hi’r‘m — hZ/COSqtran " hl/ COSl;,

.. - V-3
i+ N h,/c0S0yy +hy/ COST, o

which isin precise agreement with Equation [I11-8a] -- i.e.

E'E‘ef — g‘ll_lcosqinc " hél Cosqtrang
EX  éh, cosq,, +h, c0sq,q,C

Similarly, are-interpretation the equally famous transmission line equation for the current
reflection coefficient

Y(zw) - Y (w)
W)= - V-4
yields an equation for the magnetic field strength reflection coeficient at the interfacia plane

for TM waves

_Yny™ - Y _ yh, cosqy, - Yhy/cosg,, [IV-5]

G Yn < yn™ ~ Yh, cosq,., +1/h,/cosa,

which isin precise agreement with Equation [I11-9a] -- i.e.

of , N
H||r _ g’]lcosqinc - h2 COSqtranl',J

n u .
H |I|nc 51 1 Cosqnc + h 2 Cosqtran u
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V.

PARALLEL PLATE WAVEGUIDE:
Consider the propagation of a plane wave between two parallel perfectly conducting planes.

PAGE 14

[

O X
; -~
A \/“i’f/k/
/< >
/ i
y
Perspective view
Combining Equations[111-1c] and [111-2c], the electric field strength of the TE wavein the
region between the plates may be written
E. =J [E¥ exp(j x k cosq,,.) +E exp(- j xk cosq,,)] exp(- j zk, sinq,) [V-1]
At x =0 thefield parallel to the surface of a perfect conductor must be zero so that
Ex = - E\* and, therefore,
E. =y E™ [exp(j xk cosq,.)- exp(- j x k, cosq,)] exp(- j zk sing,,) V-2l
=y 2j EX°sin(x k, cosq,,.) exp(- j z b)
where b = k sing,,.. Attheupper surface--i.e. x =d -- thefield paralléel to the surface of
aperfect conductor must also be zero so that
d k, cosq,,. = np wheren=1,2,3, ... [V-3]

and, therefore,

avd

MY

Sideview
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bre, =k sing,,, =k’ - k' cos’a = k7 - (np/d)’  wheren=1,23, ...  [V4]

which is the dispersion relationship for TE waves in a parallel plate
waveguide with "cutoff" frequencies at

wH" = (np/d) ( [m, el)_1 wheren=1,2,3,... [V-5]

oo o i oo

fr)

Ad or

ha

2 10 15 20

Again combining Equations [111-1c] and [l11-2¢], the electric field strength of the TM wave
in the region between the plates may be written

E” =7 (h, cosq,,,) {H”"‘C exp(j x k, cosq,,. ) - Hy™ exp(- j xk; cosqinc)} exp(- j zk sing,,,)

f - . : . . [V-6]
*+X (hl aninc) {HI||nc eXp(J X kl Cosqnc) + leleff exp(' J X k1 COSqinc)} eXp(- 1z klaninc)

At x =0 thefield parallel to the surface of a perfect conductor must be zero so that
H,* =H,"* and, therefore,

R. Victor Jones, October 23, 2002
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E, =22jH," (h, cosq,,)sin(xk, cosa,)exp(- j zb) Vs
+X 2H* (h,sing;,) cos(x k, cosq,,) exp(- j zb)

where b = k sing,,.. At the upper surface-- i.e. X =d -- again the field parallel to the
surface of a perfect conductor must also be zero so that

d k, cosq,. = np wheren=0,1, 2,3, ... [V-7]
and, therefore,
bry. =k, Sing,,. = K - k7 cos’q,, =k’ - (np/d)’ wheren=0,1,2,3,...  [V-§]

which is the dispersion relationship for TM waves in a parallel plate
waveguide.

o i o cf.i|3 o 3

or

ha

Note that the TMg mode is a bona fide mode of propagation which does not
have a " cutoff” frequency!
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VI. DIELECTRIC SLAB WAVEGUIDE:
Consider the propagation of waves "trap in" or "guided by" adielectric dab of thickness d.

Initsfull generality thisis moderately complicated problem, but arather simple ray optics
model of the propagation is sufficient to yield dispersion relationships for the various
possible modes of propagation. To obtain such relationships, consider the total internal
reflection of a sequence of plane waves asillustrated below.

|nc Q
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In order for the multiple reflected wave to be sel f-consistence the following, relatively
obvious, phase condition must hold:4

Df ., +Df ,,+ 2k dcosg,. =m2p where m=0,1,2, 3,... [VI-1]

X

where Df _, and Df ,_, are, respectively, the phase shifts associated with the reflections at
the upper and lower dielectric boundaries.

For TE-modes of propagation Equation [I11-14a] gives the phase shift at the boundary
(called inthetradethe TE Goos-Hanchen shift) and Equation [VI-1] becomes

é ;2 H) critl:,l
—16\/S'n Qinc - SIN"Qjp¢

-2tan U+k dcosg,. =mp [VI-2]
e Cosqinc g

crit o

where sing;,, © k,/k, =n,/n, = [e,/ € . Therefore, the self-consistence relationship
for TE isgiven by

JSn’dy, - SfaR énk dcosg, P

COg:]inc @ 2 2 g

[VI-3]

where k,=w/c=2p/l ,. Thisisatranscendental equation in the single variable cosq,,. .

Its solutions yield the allowed bounce angles, (qmc)m , of possible modes and, hence, the
allowed propagation constantssince b = k; sing,,, Theleft and right sides of this equation
may be plot as a function of cosg,, with n, k,d=n, 2p (d/l ,) and sing™ =n,/n, asa
parameters. The intersections of such curvesyield the allowed bounce angles as illustrated
below

4

Thisequation is adirect generalization of Equations[V-3] and [V-7] which figurein our analysis of parallel
plane waveguides.
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10 10
8 8
& &
4 4
2 2
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
CO5 By Cos By,
LHS and RHS of Equation [V1-3] LHS and RHS of Equation [V1-3]
for n, (d/I ,) =0.5 and cosg’ = 0.5 for n, (d/I ,) =1.0 and cosg™ = 0.5

0 0.1 0.z 0.3 0.4 0.5 0 0.1 0.z 0.3 0.4 0.5
Co5 By, CO5 By,
LHS and RHS of Equation [VI-3] LHS and RHS of Equation [VI-3]
for n, (d/I ,) =1.5 and cosq™ = 0.5 for n, (d/I ,) =2.0 and cosq’™ = 0.5
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