ELECTROMAGNETIC RADIATION -- THE BASICS

A RESTATEMENT OF MACROSCOPIC MAXWELL'S EQUATIONS IN THE
FREQUENCY DOMAIN -- VALID FOR LINEAR, LOCAL, ANISOTROPIC MEDIA
IN THE OPTICAL REGIME.

N E(Fw)=R"&"(Fw)D(f,w)=-iwB({F,w)=-iwmH(f,w) [1a]

N~ B(F,w) =m N" H(F,w)=m J(F,w)+iwm, &F,w)>E(Fw) (6]
=m J(F.w)+iw m D(F,w)

N se(r,w) <€ ,w)=R>D(Fw) =r (F,w) [1c]

N sB(F,w) =m NH(Fw)=0 [1d]

HELMHOLZ EQUATIONS FOR THE FREQUENCY DOMAIN VECTOR AND
SCALAR POTENTIALSIN A UNIFORM, LINEAR, | SOTROPIC DIELECTRIC
First, we define the (Magnetic) Vector Potential as

A, w) =% é(r,w)=—nlb R AFwW) [2]

which, by design, automatically satisfies one of Maxwell's equation -- viz. [ 1d | --
since

divcurl { anything } = N> { anything } =0 [3]

Next, we introduce the (Electric) Scalar Potentia in the form

E(fw)=-iw A(fw)- Rf (F,w) [4]

which, by design, automatically satisfies another Maxwell equation -- viz. [ 1a] --since
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curl grad{ anything } =R~ K { anything } =0 [5]

Therefore, for uniform, isotropic media of Equation [ 1b] becomes?

N~ N~ AFw) =m I(Fw)+w? n])e( w)A(F,w) - iwm, e(w) Rif (F,w)

= RROA®F ) - KP A(Fw) oal

and Equation [ 1c ] becomes

-iw e(W)RA(F,w) - e(w) R (Fw) = r (F,w). [6b]

N =A(F,w) is as yet undefined. For our purposes, the most convenient and/or
revealing development isin terms of the so called L orentz gauge inwhich

N >A(F,w) =-iwmew)f (F,w) [7]

-- to simplify Equations[ 6a] and [ 6b]. Thus

el

2 A(Fw)+w?mew) AFw)=- m J(F,w) [6a]

and

N2F (7w ) +w? mye(w) f (F,w) =- e(—lw)r(?,w) [6b]

Therefore, both A(F,w) and f (F,w) satisfy inhomogeneous (and homogeneous)

Helmholz equations!

1 Herewe use the vector identity N (RI ’ \7) =K (RI ><\7) - (KI >&’|)\7

which follows from a’ (6 6)25(51 T) - E(EIXq).

R. Victor Jones, October 23, 2002
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APPENDIX: ON SPHERICAL WAVES

We need to establish that spherical waves are valid solutions of Maxwell's equation (or, more
precisely, of the inhomogeneous Helmholtz equation derived from Maxwell's equations)

NPA(F,w) +K* A(F.w) =- mJ(F,w) [A-1]

1. Letusfirstlook for solutionsin "current-free" region so that

NA(F,w) +k* A(Fw) =0 [A-2]
Our goal isto find a solution which depends only on the magnitude of the observer's

position vector and, thus, we look for solutions in the form

)

Afw)=2a r [ A-3]

where r =Jf] and a isaconstant vector. To seeif thisform of solution works, we need

to find div grad g(rr’w)é. To that end, we first use the "chain rule" to find grad gf(rr,w)é
- Viz.
grad éf(rw u_méf rw u_[ﬁ r]ﬂ éf(r,w)u
Er H & r H dr 8 r H
él d 1 ‘ LA-4]
- u
_[N r] é—raf(r,W)- Ff(r,W)g
However

R. Victor Jones, October 23, 2002
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U =R[ey 7]

X X yy 77

:\/X2+y2+22+\/X2+y2+22+\/X2+y2+22

so that
RPA(F.w) = N RA(Fw) =R ﬁgaf el
L= =& (rw)u
=aN K x .
Er H
> = I,\él d 1 -
=aN ?r g—rmf(r,w)- Ff(r,w)%
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[A-5]

[A-6]

[A-7]

R. Victor Jones, October 23, 2002
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Therefore  NPA(F,w) +k* A(Fw)=0  becomes

_é d? 0 € f(rw)o
a ~—flrw) +k® 4 =0 A-8a
@_ r_2 ( )H 8 r H [ ]
d? )
or Wf(r,w)+k f(rw)=0 [A-8b]

Therefore, we see that the homogeneous Helmholtz equation has two independent solutions
- Viz.
A(r,w)=ac+g—uexp L 4+ 3C g—p[—]ex . kré [A-9]

ac.elikly g

g - H Outwardly propagating spherica wave
ac gexp -:J kI ; U] Inwardly propagating spherical wave

2. To determine the constant in the outwardly propagating spherical wave, we now_study
the behavior of the inhomogeneous equation in the vicinity of the
singularity --i.e. at r = 0 -- where the source of the wave must be located. To cope with

the singularity, we integrate the inhomogeneous equation over a small sphere of radius R
centeredat r = 0.

GOVA(FW)AV +K* GRA(F W)V =-m GHIFw)dv  [A-10]

vol. of sphere vol. of sphere vol. of sphere

If we use Gauss theorem to transform the first term on the left hand side

R. Victor Jones, October 23, 2002
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AaSNAFW) +K  @AFwAv=-m GHFwav  [A-11]

surf. of sphere vol. of sphere vol. of sphere

and substitute the outwardly propagating spherical wave form

g el )
[deNr]d méﬁlr‘—r]%wz ab |C§eXp J r%dV—-m axi(Fw)av [ A-12a]

surf. of sphere vol. of sphereI vol. of sphere

| eexp| - -
c & E?M“R dW+K C, i) | > J KWy = m afadFwlav  [A-120]
surf. of sphered r 8 r vol. of sphereT 8 r vol. of sphere

Therefore in the limit that the radius of the small sphere goes to zero

-4pC.=-m ggaxi(Fw)|av [A-13]

vol. of sphere
R® 0

S0 that

AFw)=-2 1 i3 ]dvg—[—]eXp' kT

ap 1 r

R® 0

[A-14]

R. Victor Jones, October 23, 2002



