PUL SE PROPAGATION ON A
DISPERSIVE TRANSMISSION LINE

PRELIMINARIES -- A REVIEW OF SOME BASIC CONCEPTS AND METHODS:
Let us consider the propagation of a typica signaling voltage pulse V(z, t) aong a
transmission line. At some particular position, the time variation of the voltage across
the line might look like the following:

voltage

Gaussian Pulse

To avoid unnecessary complications, we assume that theline is matched -- i.e. we
consider only traveling waves -- so that we may, in general, write
+¥
V(zt)= (\)/(W)exp[-j b(w) Z] exp[jw t] dw [1-1]

-¥
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In most instances we know V(zref , t) at some particular reference position z= z_ aong the

line, so we may write
— expjb W) ef]O/ o) exp[- jwt]dt . [1-2]

For example, for a Gaussian pulse or "burst" of the form

| é 140
VG(O, t):VO exp{JWO t] eng;_?fBH' [1-3a]

at z= 0 we know that the frequency spectrum is given by

vV, (w) = Jt_ explt tw 'ZWO) % [1-3b]

In most cases of interest, the spectrum of the pulse essentially vanishes outside of some
relatively narrow frequency range in the vicinity of some center frequency, say, w, and,

therefore, the pulse may be usefully represented in the time domain as follows:

V(zt)= exp{ j[b )z-w t]}
+¥ [1-4]

, O/(W - w,) exp{- i [b(w)- b(vvo)] z} exp[j (w - wy) t] d(w - w,)

-¥

Aswe has seen in earlier discussion, ideal or nondisper sive transmission lines have
linear dispersion relationships -- i.e. b(w) =w/v, where v, is afrequency independent

phase velocity -- and, thus,
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V(z1)= ilb(w,) t p (Dw) Siow - 2%ap -5
z, —exp{-J[ W,)Z- W, ]}9/ W expgj Wgt-v—fy W [1-5]

p 2

To account for dispersion, we Taylor expand b (w) about the center frequency of the pulse
- Viz

db(w) 1d’b(w)

o) =) + TG )+ 5 700

Of course, such an expansion only makes sense if the line has relatively small dispersion.
Fortunately, mathematical convenience here matches demands of practicality since highly
dispersive lines are essentially useless in communication. For convenience and by
convention, we may recast this equation as

bw) » bwo) +v,* (W= w,) +b (w - w,)’ [1-6b]
2
where v :M and b:i&(\:’) . Substituting this expression into
g dw |, 2 dw” |,

Equation [1-4], we obtain

V(zt)= exp{- i[o(w,) z- w, t]}
Yol [ - we) b - v el (w - wo)d(w- wg)
which may be written

V(zt)= exp{- j[b(wo) z- Wot]} U(z 1) [1-7b]

where
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+¥

U(z 1) = o)/ fw- Wo)exp{- j[v&;]l (W-w,)+b(w - WO)Z]Z} exp|j (w- wo)t]d(w- w,)

-¥

which isthe basis for both the integral and differential equation approaches to wave
propagation on dispersive transmission lines.

PUL SE DISPERSION DIFFERENTIAL EQUATION
Later we shall return to Equations [I-7] and [1-8] which represent the basis for the integral
equation approach to wave propagation in dispersive media, but first we derive a

differential equation which isthe basis for the differential equation approach. To thisend
we differentiate the expression for U(z, t) -- viz.

+¥

'ﬂlZU(Z,t) = O/(W - Wo){'j [Vél (W - wy)+b (w - WO)Z]}

-¥

’ exp{-j[vg;l (W- w,)+b (W - WO)Z] z} exp[j (w- Wo)t]d(W- W)

Therefore, we see that U(z, t) satisfies the following differential equation:

1u(z,t) +v€;11U(z,t) =j bﬂ—zzu(z,t) [11-2]
1z It It
For minimal dispersion -- viz. if b:%dzdb—v\s\zlv) »0 -- then Equation [lI-2]
becomes 0
ﬂlzu(z,t)+v;%U(z,t):0 [11-3]

which is the basic wave equation for minimally dispersive media with the genera
solution
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U(z 1) =U(z- v, t) [11-4]
é G’
where v, = éw U isthegroup velocity of the pulse.
’ é dw wzwoé

When limitation to fir st order dispersion is an adequate approximation -- viz. when
1d%b (w)

3w’ » 0 -- the treatment of Equation [11-2] isfacilitated by defining anew set of

W=W

variables which transform us into a coordinate system which moves with the "group” -- i.e.
what might be called the surfer's coordinates. Let

t=t-t,- ,'(z- z) and V=2z- z [11-5]

where z, = v, t, sothat

T o=t owo™e T oyt
ﬂzU(Z’t)_ﬂVU(\/’t)ﬂz+ﬂtU(V’t)‘ﬂz e
-6
l 1 i
:ﬂ—VU(V,t)(l)+ﬂ—tU(V,t)(-vgl)
Tz y=2umt) e Ly
it v 1t 1t Mt
and q 0 : [11-6b]
:ﬁu(\/,t)(o)+ﬂTu(\/,t)(1)
Therefore, Equation [11-2] becomes
1° -1 _ i
bﬂtZU(\/,t)ﬂﬂVU(v,t)—o [11-7]
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Amazingly, this pulse dispersion equation is the, so called, parabolic
equation that we saw earlier in connection with beam propagation -- viz.
the paraxial wave propagation equation.

Solution of Pulse Dispersion Equation

For convenience, we restate here Equation [I1-7} the first-order pulse dispersion
equation -- viz.

ﬂ 2
Tt ?

1

b U(V,t)+jﬂ—VU(V,t):O.

Let uswrite a Fourier transform for this modulation in terms of "surfer time" --i.e.

UVit) = (P (vw) exp(jwt) dw [11-84]

-¥

where

U(v,w):z—t Pt expl- jwt)dt . [11-84]

-¥

Thus, the pulse dispersion equation reducesto an ordinary differential equation -- viz.

j d_dvU(V’W) =bw? U(V,w) [11-9]

for the Fourier transform and thus we have the ssmple solution

U(V,w) = U(0,w) exp(- j bw® V) . [11-10]
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Thus, we see that the dispersion changes the phase of each spectral component
of the pulse by an amount that depends on the frequency and the propagated

distance. The general solution may be written as

u(v, ):+c‘)J(O,W) exp[j (wt - bw? V)] dw

where

+¥

U(o,w):z—l Y0t t) e jw (t- L) d(t- to).

P

-¥

L et us suppose that we have a"chirped” Gaussianat V=0 --i.e.

€ 4. icas.t ol
u(o,t- to):exp§-§ JCQ? b d
e 2 Pet, o§

so that -- see Equations [I-3a] and [1-3b] above --

to

R Py ooy

where C >0 characterizes an "up-chirp” and C< 0 a"down-chirp" pulse.

[11-114]

[11-11b]

[11-124]

[11-12b]
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A voltage

T

A
il

A Gaussian pulse with a frequency " down-chirp”

Inverting the transform, we see that

é t 2 VIR - j o)t U
UVt )=¢ 2 ( - [1-13
WO =g eV o 2fre 2ovie o 1

or rationalizing
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i U
T T
e t?2 u i t 2 [}
UV,t)=¢ 0 Gexp i - —— y
Mg 2n 0 o i, 88, 2bCW0" @ 2pvOl
: °§1 tZ o 81 t2 g io

I L u

ik 2bV<1+c2>

’exp: & ] b ;/

%o ae+2bV0ﬂ|

ts & dp

Hence, the pulse width broadening factor at agiven position zis given by

t(V) _ \/ae 2bCW0° @bV Jae cve’

% .2
ty 81 t; o é—z L2 +g__ [-14]

where L, =t;/2b.

[11-13b]
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"up-chirp”

"down-chirp”

C=0

"zera-chirp"

PULSE BROADEMING FACTOR
o

n.5 1 1.5 z
RELATIVE DISTAMCE {z/Lg)

The spatial evolution of the pulse width of chirped Gaussian pulse
2
(For "normal dispersion" --i.e. :TTsz >0)

[I1.  PULSE DISPERSION INTEGRAL EQUATION
We now return to the integral equation approach to dispersive wave propagation. Recall
that from Equation [1-8]

+¥

U(z t) = C\)/(W Wo)exp{- j[vél (w-w,)+b(w - WO)Z]Z} exp[j (w - Wo)t]d(W- w,),

-¥

but from Equation [1-2] we know that

V(w) = 2_1p exp[j b (W) z,d] c\)/(zm,t) exp[- j w t] dt
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or that

V(W- WO) :% exp{j [v@;1 (w - wo) +b(w - WO)Z] zrd} (\)J(Zra, t) exp[- ] (W - WO) t] dt . [111-1]

Therefore,

+¥
N\

J1 . f
zt: — z,t¢exp-jw-wotdt¢y
92 Al ) b . [1-2]

exp{ j [ H(w - wg)+ b(w- w,)’ ](z- zra)} exp[j (W-Wo)t] d(w - w,)

If we reverse the order of integration, we obtain

+¥

U(z )= (2. .9 dte

. [111-34]
5o ol 0w bl ] (e 2 ) e () - 1] -

or
+¥

U(z 1) = (.. t9[ "integral” ] dtc. [111-3b]

where

+¥

.-integral":% S\)axp{ﬂ WG[(t- tg- v;*(z- zrd)]} exp[ jbwé (z- zrd)] dwe . [111-44]

To make use of the sur fer coor dinates defined earlier, we write
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+¥

"integral":% _;fxp{ﬂ W(ft +(t, - t@]} exp(- j bwé V) dw.

%), V=2- z, and 7 =2,
completing the square -- viz.

where t =t- t,- v*(z-

i
"integral" :i expi+j bV
2p ¥

and, then, using the standard form

Oexp[ u2] du=Jp/a

we obtain

(to-t¢)

o
tegral" = —
"integr ’ expl TR )l;

Finally, we see that

+¥

_’ 1 N ! é(te- t,)-t U0 H
U(z t) = DV 9J(z )exprjbvez—bvui;dd.

or

PAGE 12

[111-4b]

We evduate this integra by

L& (L - tgo’ dw
2bV ga{) "
[111-5]
[111-6]
[11-7]
[111-84]
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+¥

U(z 1) = (P(z.. tg hlte- t - t,) dta [111-8b]
-¥
where
_ &te- t,)- t ol
h(t¢-t - to)— [4pbV exp; ] bku%. [111-9]

Thus, the "impulse response” -- i.e. the response for asharp spike at t¢=t, -- is given by

& 2.0
U(z 1) = |—2—  expet] ——x. [11-10]
i4pbV € ' 4bVe
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