Consider a lossless transmission with wavenumber b(w) and characteristic impedance
Z_(w) which is periodically loaded with a shunt admittance Y(w).
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From transmission line theory, we know that we can write the spatial dependence of the
voltage and current phasors as

V(zw) =V,(w) exd- j bw)z +V. (w)exd +j b(w)Z] [1-1a]

I(z,w):Z'l(W){V ) exp]- jbW)7 -V (w) ex+jb(w)z]} . [1-1a]
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The propagation from one shunt admittance to the next is most conveniently expressed in
matrix form as
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whered isthe periodic spacing of the admittances. Thus, if V., and | are, respectively,
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That isto say, using the ABCD matrix defined in thisway, we may write
V..=AV_ +BI_ [ 1-5a]
and ... =CV_+DI_ [1-5b]
From Equation [ 1-5a] we may write
|m:M and |m+1:Vm+2' AV [1-6]
B B
which when substituted into Equation [ 1-5b ] yields
- [A+D]V,,, +[AD- BC|V, =0 [1-7a]

We can show that [ AD- BC] =1 sothat Equation [ I-7b] reducesimmediately to 1

Since[ AD- BC] =1, we have the inverse relationship
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and from Equation [ 1-4 ] we see that
A+D=2cosbd+ )Y Z sinbd . [1-8]

Drawing on past experience, we look for solutions of the form V, =V, exp(j nf) which
are possibleif and only if

exp[jf W)] +exp[- j f w)]=2cosff (w)] = Aw)+ D{w) [1-9a]
or
cosf (w) = cogb(w)d] + %Y(W) Z () sin[b(w)d] . [1-9b]

For purely reactive loading Y(w) = j B(w) so that
cosf (w) =cogb(w)d] - —;B(W) Z(w)sin[b (w)d] . [1-10]
For wave propagation through the periodic system, f must be real or we must have

|cosf | :‘cos[b (w)d] - %B(W) ZC(W)sin[b(w)d]‘ £1 . [1-11]

Thus, there may be frequencies at which propagation is not possible!
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Condition embodied in Equation [ I-11] for a capacitively loaded line.

We can get further insight into wave propagation in a periodic system by examining one
particularly ssmple case. To that end, we first re-expressing Equation [ [-11 ] in the
form

cos|f (w)] = sedq(w)] cogb (w)d +q(w)] [1-12]

where tanlafw)] © Biw) Z.fw)/2 and sedatw)] =./1+(Bw) Z_(w)/2)’ .



write

bd = cos [cosg cosf +p n)|-q+p n . [1-13]

wheren is someinteger. The development of a pass band or forbidden gap with
increasing values of the B(w) Z (w) product is clearly shown in the follow set of

dispersion relationships -- i.e. Equation [ [-13]:
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Since all theinformation iscontained intheregion f £p , the dispersion relationships are usually
plotted in this so-called reduced zone -- viz
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