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Abstract— In this paper, we obtain the scaling laws of the channel is illustrated The two transmitters, Tx 1 and
sum-rate capacity of a MIMO X-channel, a 2 independent Tx 2 operate independently, and each wishes to send
sender, 2 independent receiver channel with messages frommessages to each of the two non-cooperating receivers
each transmitter to each receiver, at high signal to noise
ratios (SNR). The X-channel has sparked recent interest Rx 1 and ,RX 2. The mes.sages a.re numbelred 11,12, 21
in the context of cooperative networks and it encompasses and 22, with the convention that indices will follow the
the interference, multiple access, and broadcast channets form (Tx# Rx#). We note that the MIMO interference
special cases. Here, we consider the case with partially g0 channel is embedded in the MIMCX channel and
erative transmitters in which asymmetric side-information may be obtained by eliminating the cross-over messages

(in the form of a codeword) is available at one of the trans- .
mitters. It is proved that when there are M antennas at all 12 and 21. The messages 11, 12, 21 and 22 will be

four nodes, the sum-rate scales lik@M log SNR which is in ~ Simultaneously transmitted at the rafes, R12, R21 and
sharp contrast to [[43£ |, 22£] log SNR for non-cooperative R, respectively. The sum-rate achieved by this tuple is

X-channels [14], [11]. This further proves that, in terms of  jofined to beR %11 + Ryp + Roy + Rop

sum-rate scaling at high SNR, partial side-information at - " .
one of the transmitters and full side-information at both _ln Fig. 1(2), Fhe _MlMO CjOgn't'V(EX'Channel is de-
transmitters are equivalent in the MIMO X-channel. picted. There, side informatiofi about the messages or
encodings of Tx 1 are available to Tx 2. The side infor-
mation .S could be one of many things: (i) message 11
(i) message 12 (iii) both messages 11 and 12. Motivated
by the Gaussian noise channel and dirty-paper coding
Cooperation in wireless networks has sparked mugechniques, the side information could also be a (iv)
recent interest in the research community. Having wirgéodeword of Tx 1. Depending on the different types and
less nodes cooperate at the transmitting and/or receiviagiounts of side-informatiofi available at Tx 2, different
end, can, for example, improve rates, diversity, or poweegions, and different multiplexing gains will be possible
utilization. How much gain cooperation provides depender the cognitive X channel [6], [11]. Fig. 1(3) shows
on a number of factors, including the signal to nois8 MIMO broadcast channel in which both Txs share all
ratio (SNR) and the amount of side information at th#heir messages (full, symmetric side-information, or full
transmitters. In this work, we look at the value of partia¢ooperation) [16], [1] witl2 M transmit antennas and two
transmitter cooperation, in terms of the scaling law of th@dependent Rxs witd/ antennas each.
sum-rate in the MIMOX -channel at high SNRL. The multiplexing gain of the channel depicted in Fig.
The multiplexing gain of the sum-rate of the MIMO1(?) (i = 1,2, 3) is defined as the limit of the ratio of the
X-channel has been recently studied [14], [11], [12[naximal achieved sum-rat&; in the capacity regio@;,
[15]. The MIMO X-channel is a simple 2 transmitterl0 thelog(SNRY’ as the SNR- oo, or
(2 Tx), 2 receiver (2 Rx) channel in which each Tx - max Rj(SNR)
has a message for each Rx. Its s_tudy is of theoretical M= SN'FLOO log(SNR)
interest, as it encompasses classical channels such 33 . . . .
. . e multiplexing gain of the channel of Fig. 1(1)
the interference, the multiple access and the broadcf’;]\st .
: : ! as been recently studied [11], [14], [15]. The MIMO
channels. While the classical MIMQ' channel forbids . . :
: S interference channel embedded in channel (1) is known
cooperation between the two T, in this work we allow fo

. : . o fo achieve a multiplexing gain af/ [12]. This channel
transmitter cooperation, in the form of transmitse- h d
information. as no cross-over messages (messages 12 and 21). Inter-

. . ) estingly, when cross-over information is present, as in the
The three channels shown in Fig. 1 illustrate three o P

multiuser MIMO channels with different amounts of 2Throughout this work the term MIMO will denote that there ae
transmitter side-information. In Fig. 1(1), the MIM@®- antennas at each of the four nodes Tx 1, Tx 2, Rx 1 and Rx 2. lerord
to simplify results we will sometimes séi/ = 1, in which case we
drop the word MIMO.
1Although the achievable rate region we derive is for genehain- 3Note that the usual facto% is omitted in any rate expressions, but
nels, the multiplexing gain results hold only for Gaussiaise channels, rather the number of times the sum-rate looks likg(SNR) is the
hence we will often omit the term Gaussian for brevity. multiplexing gain.
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Vessage 22 an interference channel with asymmetric side-information
(crema o QR between Txs is called aognitive radio channel (also
Fig. 1. Three2 x 2 MIMO X-channels whose multiplexing gains areKNOWn as an interference channel with degraded message
contrasted here. All Rxs decode independently. (1) MIMGchannel sets in [13], [17]). Like the cognitive radio channel,
with one message from each Tx to each Rx and no side-infomati non_causal asymmetric side-information is assumed at
(2) MIMO cognitive X -channel with asymmetric side-informatiof: .
Tx 2 could be given (i) message 11 (i) message 12 (iii) botissage ©ON€ Of the transmitters. We note that the channel under
11 and 12 or (iv) one of Tx 1's codewords. Tx 1 knows none of Txconsideration could be motivated by situations other than
2's messages. (3) MIMO Broadcast chanrel/ transmitting antennas  cognijtive radios and secondary spectrum sharing. In our
delivering messages to two independ@értantenna Rxs. . . . . .
figures, we denote side-information usingauble arrow.
When speaking of a cognitiv& channel one must
explicitly specify the side informatior$. This side in-
formation could be one of a number of possibilities: (i)
MIMO X-channel of (1), the multiplexing gain lies in themessage 11, (ii) message 12, (iii), messages 11 and 12,
range [ (ZM CH#Y] [11], [14], possibly improving upon or (iv) a codeword. In [11] the multiplexing gain of the
the MIMO interference channel. The MIMO broadcastognitive MIMO X channel when the side information is
channel of Fig. 1(3) is known to have a multiplexinga single message (cases (i) and (ii)) was recently shown to
gain of2M, equal to the number of transmit, and receivee in the rangg¢=Y [ ) [Tlwhere the lower bound was
antennas. In the broadcast channel, full, symmetric Bhown to be achieved through zero-forcing techniques
side-information is used, that is, both Tx 1 and Tx 2 knowlone. When both messages 11 and 12 are known at Tx 2,
all messages of the other. In this work, we show that suthe channel contains the 2 Tx antenna Gaussian MIMO
full transmit side-information is not strictly necessaoy t broadcast channel, which is known to contain 2 degrees of
achieve the same sum-rate scaling2df. We show that freedom (which can be obtained by setting messages 21
if the asymmetric side-informatiof is either cases (iii) and 22 to have constant rates, and by using zero-forcing).
or (iv) then the MIMO cognitiveX -channel also achievesIn this work we consider case (iv), where the single
a sum-rate scaling 02M as SNR - oo. The cases (i) codeword M1 (encoding message 11) from Tx 1 is given
and (ii) are considered in [6], [11]. to Tx 2. We are interested not only in the multiplexing
] S ] gain in case (iv), but also in the resulting achievable rate
In this work, we assumeon-causal side-information, region; specifically what rates the cognitive user Tx 2 can
Wh_lch may be either symmetric or asymmetric, but r&upport as SNR o.
quires that all messages are known fully before transmis-q physical channel is an interference channel [2]
sion starts. This is in sharp contrast to the work [10]yit direct channel coefficients of 1 and cross-over coef-
in which similar 2 Tx, 2 Rx channels with causal sideficients ofay, andap:. The M-dimensional transmitted
!nforma'uon are considered. In [10] it is sh_own that eVeandom variablest; [ X; and X, [ X, are received
!f both the Txs a_nd Rxs may cooperate using n0|_sy_l|nk_§,5 the signalsy; [Y; and Y2 [Y, in the sets
ina c_:ausal fashlon_(alth_ough f_ull_duplex transmlssmn iSccording to the conditional distributions(y: |1, z2)
permitted) the multiplexing gain is always limited to 1andp(y2|:v1,x2). Unlike the interference channel which
whenM = 1. Thisis in sharp contrast to when non-causg{5s two messages: 11 and 22, in the MINMOchannel
side-information is present, resulting in a multiplexinghere are four messages: 11, 12, 21 and 22, which are
gain of 2. encoded asMi1, Mio, Moy and Ma, respectively, and
In section I Wéurt_hertransmitted aXl andX,. We consider an additive
eWhite Gaussian noise channel,

%
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This paper is structured as follows.
define the MIMO cognitiveX channel and demonstrat
an achievable rate regi_on for_ case (iv), which we use to V1= X1 +anXo+ N (1)
shovy that the multiplexing gain of the sum-raFe is 2M._ In Yy = a1a X1 + Xp + N, 2)
section Il we explore the effect of cross-over information
on the multiplexing gain: we define and demonstratshere N; [CNI(0, N1) and N, [NI(0, N;) are indepen-
that the multiplexing gain of the cognitive interferencelent and we assume individual average transmit power
channel (where no cross-over messages are presentydastraints ofP; (P2) on X; (Xz resp.).

1, in contrast to the multiplexing gain of 2 seen in the Standard definitions of achievable rates and regions
cognitive X channel. These results allow us to comparare employed [4], [5] . Although our achievable rate
the achievable rate regions of the cognitive and cognitivegion will be defined for finite alphabet sets, in order
X channels in section IV at various SNRs. We conclude determine an achievable region for the Gaussian noise
in section V. Due to space limitations, most of the proofshannel, specific forms of the random variables described
are deferred to [6]. in Thm. 1 are assumed. As in [3], [7], [9], Thm. 1 can



readily be extended to memoryless channels with discre N1 N1
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We now outline an achievable rate region for the ,,,,~x.@ — @ v x @ — @ v
Gaussian MIMO cognitiveX -channel with the codeword  Powerp. — =225 PowerP = ——
Mj; as asymmetric side information (case (iv)), whick o) Gognitive X Chanmel, 2 b) Cognitive Channel V2

will be used to demonstrate a sum-rate scaling law ¢ case (i)

2M. From now on we present results for case (iv).. - . o .
Additive Gaussian noise interference channels with

. . ) .2,
The capacity region of the Gaussian MIMO broadcagfyss:over parameters; », 021, transmitted encodingX, X

channel [16] is achieved using Costa’s dirty-paper codir\rfgégiveex est‘iéen% l;{(finsaw(ijtﬁ V\Eg; grggﬁﬂmﬁ’lx aéf;% nnzél_affgﬂ .

techniques [3]. In the MIMO cognitive(-channel, at TX messages encoded &1, M12, M2y, Ma2. M1y is the partial

1, the encodingd/;; and M1, may be jointly generated, and asymmetric message knowledge<at (b) Cognitive chan-

for example using a dirty-paper like coding scheme. Thé,%':t_w" messages encoded s, Mz2. X1 IS the asymmetric

p g y-pap 9 e-information known aXs.

is, one message may treat the other as non-causally known

interference and code so as to mitigate it. At Tx 2,

not only may the encodingd/,; and M»> be jointly in order to guarantee finding an-sequencemy, in

designed, but they may additionally use the codewotbe desired bin that is jointly typical with angiven

M1 asa-priori known interference. Thus, Tx 2 could(may, m21). u

encodeM>;, so as to potentially mitigate the interference

Y, will experience fromMi; as well asMo;. Let Ry1 . . . .

be the rate from\fy; — Y3, Rip from Myp — Yy, Roy A. MIMO Cognitive X -channel multiplexing gain is 2M

from M>; — Y7 and Ry, from My — Ya. We use the above achievable rate region to show
Theorem 1: Let Z = (Y1, Ya, X1, Xo, My1, My, that the sum-rate of the MIMOX-channel withpartial

Moy, M>y), and letP be the set of distributions o asymmetric side-information has a multiplexing gai@ M .

that can be decomposed into the form
Corollary 2: Consider the MIMO additive Gaussian

p(maz|maz)p(ma2)p(ma1)p(maz|maa, mo1) X-channel with partial asymmetric side-information de-
p(ralmas, maz)p(ralmas, ma1, mz2) () scribed in egns. (1), (2) and Fig. 2(a) wifh = P, =
py1lzs, z2)p(y2le, 22), P. Then
where we additionally require p(mi2,m22) =  maxRyi + Ris + Ra; + Ras
p(ma2)p(myz). For any Z [P, let S(Z) be the Jim. logP =2M, 4
set of all tuples(Ri1, Ri2, R21, R22) of non-negative
real numbers such that: where themax is taken over al(R11, Riz, Ro1, R22) [
Cx—cog, Where Cx—cog is the capacity region of the
Rii < 1(Mi1; Y1|Ma) — 1(Mys; Mi2) MIMO cognitive X-channel.
Rai < 1(Mz1;Y1|Mi1) Proof: We sketch the proof fon/ = 1, and defer
Ri1 +R21 < 1(M11,M21;Y1) — 1(Mi1; M12) details, as well as the more involved proof for genéral

to [6]. Roughly speaking, the gener#l case is proven

R < I (M12;Y2|M . . .
R;z < |EM;§; ijfig —1(Ma2; Mi1, May) by evaluating the same mutual information terms of Thm.
Rio + Ros < 1(Mi2, Mas; Ya) — 1 (Maz; Mi1, May) 1, as done fo/ = 1, with the added complications (such

as matrix inversions) that arise from considering vectors
rather than scalars.

) . . First, note that the multiplexing gain of the MIMO
. Proof: The codebook ge”ef‘?‘“o”' encoding, d.eco%'roadcast channel, whose capacity region outer bounds
ing schemes and formal probability of error analysis ar

deferred to th o i i 61 Heuri t(?urs, with 2 transmit antennas and single receive antennas
clerred fo e manuscript in-preparation [6]. Heuris At the Rxs is 2. We will in fact prove that 2 is achievable
cally, notice that the channel frofW/y1, M>1) - Yi

is a multiple access which employs dirty paper codin?%smg the scheme of Thm. 1. To do so, we specify
[3], reducing the rateRy, by (M M) (ke in rms for the variables, and then optimize the dirty paper

. ; N coding parameters, similar to Costa’s technique [3]. The
Gel'fand-Pinsker [8] coding). Similarly, for the MAC : o .
(Mip, M) — Y5 the encodingsMyp and Map are Gaussian distributions we assume on all variables are of

. S . X . : the form
independent (this is true in particular in the Gaussian case

of interest in the next subsection, and so we simplify _

our theorem by ensuring the conditigifmaz, mo) = mll _ 3” +yili 3” :ﬁ\\//gg'gug
p(m12)p(m22)) so that the regular MAC equations hold. MZ - UZ UZ N N(0: P;j)
The rateR;;, is subject to a penalty af(Maz; M11, Mo1) May = Uag + y2(U2r +@12U11)  Uze ~ A(0, P22)

Any element in the closure ofz {55(7) is achievable.



XK =Un + Ui negligible interference td;. Setting3 =1, ord =0 is

_ 15)P - .
Xz = Uz1 + Uz + 4/ 22y, also crucial in order to ensure the sum-rate to Rx 2 given
Y, = (1 + ag; (1;@132) Up1 + Ups + ag1 (Uag + Usp) + Ny N (6) is not Killed by Tx 1's transmissions. |

Yo = (a12 + (1;@&) Uir +ai2Ur2 + (U21 + U2z) + Na.
IIl. THE COGNITIVE INTERFERENCE CHANNEL

where Py = Pi1 + P and 8P, = Py + Poo. In the previous section we demonstrated that the

Here the variabled/;1, Ui, Us1, Us, are all indepen- scaling law of the sum-rate of the MIMO cognitive
dent, encoding the four messages to be transmitted. Thechannel, withpartial transmitter side-information is
3 parameter divides power at Tx 2P is used in 2M, which is optimal in the limit as SNR- oo. In
transmitting its own messagesi»: and my,, while the this section we investigate whether partial asymmetric
remainder of the powell — 5)P; is used to reinforce side-information is always equivalent to full symmetric
the message encoded as; of Tx 1. The rateskR, = transmitter side information in terms of sum-rate scaling
R11+ Ry, and Ry, = Ry, + Ryp to each Rx are calculatedas SNR— oo. To do so we look at another channel with
separately and each is maximized with respect to tf@rtial asymmetric side information at the transmitters:
relevant dirty-paper coding parameteg (for Tx 1, and the recently explored cognitive interference channeb(als
~2 for Tx 2). The bounds of Thm. 1 may be evaluated blgnown as the interference channel with degraded message

combining the appropriate determinants of sub-matricésts [13] or the cognitive radio channel [5]), shown in

of the overall covariance matri¥[@@T] where © L—IFig. 2(b). We consider the same additive Gaussian noise

(M1, Mar, Maa, Mao, Y1, Y5). The six bounds of Thm. 1 c_hannel asin (1_), (2). The only difference with the cogni-
are evaluated explicitly in [6]; we simply demonstrate thV€ X -channel is the absence of cross-over messages 12
resulting expressions for the sum-rate to R#z1,as well and 21. We will see that while partial asymmetric side

as to Rx 2,R; in the expressions (5) and (6) resp. In Ordé’pformation in theX-channel results in the same sum-

L . ?/7(1_3),;2 rate scaling as a fully cooperative (at the transmitters)
to simplify the expressions, we have get Puu °  X-channel, the opposite is true of partial asymmetric side

. 1.
\gef%ulstearch for the.’l anhda}iz tgat Jo'gtly olpt|m|ze information in the interference channel: at high SNR its

! h 2" _ovvltlaver,lnotlcmgt 1 depen SO%V\?VIZL sum-rate scales like the interference channel. In other
we heuristically select, to maximizeR,, as (8) €N \words, although partial side-information may help the

we substitute_this/l into the bounds on Rx 1's tOt.al SUMinterference channel in a mediuBNR-regime [5], [13],
rate we obtain the bound (7). Notice that an importan high SNR, one cannot improve the scaling law of

car!celllatlorl occt:)ur_s n (tjhe denominator of (7) when ”}‘ﬁe sum-rate. The Gaussian cognitive interference channel
optimal~, Is substituted. considered here is the same channel as that of [13], where
B Pii(L + ab) Py its capacity reg?on_ is derived for the casg; < 1, and
= Pra(L+ az)? + a§1P22 N, Y2 = m §um-r_ate capacity is found far,; > 1. The next theorem

(8) isa direct result of [13].
Although we could maximizeR, with respect toy,, we Theorem 3. Consider the Gaussian interference chan-

use a simpler and more heuristic approach and simghg! where Tx 2 has non-causal knowledge of the message
minimize the denominator of the sum-rak = Ry, + Of Tx 1, described in eqns. (1), (2) and Fig. 2(b) with
Rz, with respect tov,, which yields~, as in (8). It 1= P2 = P. Then

is interesti_ng to note that this is exac_tly the _sa_me_c_zlirty i Max(r, r,) el + Rz 9
paper coding parameter as Costa derives. It is intuitively oM log P J )
pleasing, and although it does not strictly maximizg

with respect toy,, as we will see shortly, it performsmherfﬁkcorrezgo.ndtito the “’ﬁes fro_m thﬁs ourr::e 0 |
sufficiently well in the limit of large SNR, thus performs e X, andt 1S the capacity region of the channel.

: . - O
asymptotically optimally. If we fixP, (does not scale . .
with P), set3 = 1 (or § = 0) and let Py = Pip = The proof of this result is deferred to work [6], and

Py all scale like P, subject toPiy + P, = P and employs eqgns. (24), (25) and Corollary 4.1 of [13].

P,1 + P,» = P, then the bound on the total sum rate to

both RXSR11 + R1p + Rp1 + Ry, scales like2 log P. This IV. COMPARISON OFCOGNITIVE AND COGNITIVE X

can be seen by noting thas remains fixed and; — 1 CHANNEL REGIONS AT VARIOUSSNRS

asP - oo. KeepingPs, fixed was crucial for achieving In this section, we numerically evaluate the capacity
the log P scaling in R;. Intuitively, this is because of region of the cognitive channel of Fig. 2(b) and [13] and

the asymmetric message knowledge; the interference @ampare it with the achievable region of the cognitive

2 causes the Tx 1 is not mitigated. KeepiRg constant X channel described in Thm. 1 and Fig. 2(a) under our
still allows Tx 2 to dirty paper code, or mitigate thechoice of variables, as well as the MIMO broadcast chan-
interference caused b¥/;; and M1 to Rx 2's signal nel with 2 Tx antennas and 2 single antenna receivers. In
Y2, while causing asymptotically (8311, P12, P21 — o) doing so, we highlight the dependence of the rate region,

71
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2 2
Ri1 + Ro1 < % log,, ( (P11)(P11(1+a218)" + P1o + 0131 (P21 + Po2) + Ni) ) 5)

Y2P12(P11(1 + @210)2 + 02, P2z + N1) — 2y1P11P12(1 + a2160) + P11 (P12 + a2, P22 + Ny)

o 1
(P11(a12 + 0)% + a3y P1p + Po1 + Pag + Na)(0F P1a(Pag + v3(a12 + 0)2 P11) + P11 Paa)

(P11 + 7§ P12) (73 ((Pag + N2) (P21 + a?,) + P11 P162) + v2(—2P2(P11(a12 + 0)2 + P21)) + Pag(P11(a1z + 0)2 + Py1 + Ng))

(6)

A

1
Ry + Rgg = 3 logg @

1 Pii(1+ a10)? + Pio + a3, (Po1 + Poy) + N1 )(Pii(1 + a10)% + a3, Poy + N
R11+R21s§Iog2 <( 11.( 210) 12 + 051 (P21 + Po2) 1)(Pra( 210) 51 P22 1)> %

(0, P2y + N1)(Pr1(1 + ap0)? + Pip + a3, Pop + N1)

Achievable rate regions for channels Achievable rate regions for channels Achievable rate regions for channels
atSNRO, a,,=0.2,a,,=0.8 at SNR 10, 321=0'2’ a12=0.8 at S| = =0.8
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Sumrate R,
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Fig. 3. Comparison of the cognitive interference and thentg X channels at various SNRs.
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