Bayesian nonparametric methods are naturally well
suited to functional data analysis: The case of
functional classification using DPMs
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When input data are continuous and we desire to take into account the inherent functional nature of
these data, we often need to explore them using functional data analysis (FDA) [1]. In this work,
a nonparametric Bayesian approach combining generative models and functional data analysis is
presented for classifying functional data which arise naturally in a wide variety of applications. In
a recent work [2], the authors have developed a generative classifier for vectorial data based on
hierarchical Bayesian models and Markov chain Monte Carlo (MCMC) methods. Here, we show
how to build on it a new supervised functional classifier, by merging with the functional approach
in [3] based on Dirichlet Process Mixtures of Gaussian Processes (DPMGP). While generalizing
learning methods from finite (vectorial) to the infinite-dimensional (functional) case is not always
feasible, we show that hierarchical Bayesian classification methodology can be naturally extended
from vector to functional settings. We provide theoretical and practical motivations to our approach
which relies both on Dirichlet process mixtures and Gaussian processes [4, 5]. By assuming that the
model parameter prior distribution is a mixture of Dirichlet processes, our method has the advantage
of describing accurately a large class of probability distributions. The specification of the priors on
the model parameters is, in our case, guided by mathematical and practical convenience.
Modeling functional data with Gaussian processes. Consider a supervised classification problem of functional data with K classes denoted as C1 , ..., CK , each containing a set of training
data (functions) Xk = {x1,k (·), . . . , xNk ,k (·)}, k = 1, . . . , K. These functions are assumed to
rely on a covariate t ∈ Rd , while the function itself takes its values in R. A practically important assumption is that a continuous signal xi,k (·) is known through a set of observed points
i,k
d
{xi,k (ti,k
} ∈ R where ti,k
p ), p = 1, · · · , T
p ∈ R . Note that neither the sampling coordinates
ti,k ’s nor the number of samples T i,k ’s are assumed to be the same for all the signals. We assume
each xi,k (·), i = 1, . . . , NK is a realization of a Gaussian process (GP) and has the following
generative model
xi,k (·) ∼ GP(xi,k (·); mi,k (·), Ki,k (·, ·))
(1)
A Gaussian process is characterized by its mean function mi,k (·) : Rd → R and its covariance
function Ki,k (·, ·) : Rd × Rd → R, and its outcomes are functions. Following the work of Shi [5],
we will assume that the functions xi,k (·) are generated from zero-mean GPs, that is, mi,k (·) ≡ 0,
and we consider covariance functions having the form
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Ki,k (s, t;θi,k ) = a0 + a1
sq tq + a2 exp −
bq |sq − tq |
(2)
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with (d + 3)-dimensional parameter θi,k = {a0 , a1 , a2 , b1 , · · · , bd }, for (s, t) ∈ Rd × Rd . The
parameters θi,k belong to a space Θk , i = 1, . . . , Nk . In the following, to keep the notations short,
we use θk to denote the set of parameters {θ1,k , · · · , θi,k , · · · , θNk ,k } for class #k.
1

Bayesian supervised classification framework.
Let Lk (xk |θk ) denote the likelihood of observing xk , assumed to belong to class Ck . If we assume that xk is observed through a set of T
samples (therefore, a T -dimensional vector), then its likelihood is a T -dimensional multivariate normal distribution NT such that L(xk |θk ) = NT (xk ; θk ), where |K(·, ·; θk )| denotes the determinant
of K(·, ·; θk ). Now, following the Bayesian methodology, let p(θk |Xk ) be the posterior probability
density function (pdf) for θk given the training data set Xk ofR class Ck . A new observation function x
can be classified thanks to the predictive pdf p(x|Xk ) = Lk (x|θk )p(θk |Xk )dθk , k = 1, . . . , K.
By assuming the classes have the same prior probabilities of occurrence, the Bayesian maximum a
posteriori (MAP) classifier assigns x to the class b
k = arg maxk p(x|Xk ). To compute p(x|Xk ) for
a given class Ck , the distribution p(θk |Xk ) has to be estimated: this is the aim of the training phase
in Bayesian supervised classification. In this work, a nonparametric hierarchical model is used to
model each signal parameters θi,k pdf, yielding p(θi,k |φk ) where φk is a set of hyperparameters
with prior pdf p(φk ) (see, e.g., [2] for details). The posterior pdf of the class parameters θk is given
by
Z
Z
p(θk |Xk ) = p(θk , φk |Xk )dφk = p(θk |φk )p(φk |Xk )dφk
(3)
To sum up, we use a parametric model for the GP covariance Ki,k (·, ·), then we adopt the Bayesian
framework and place a prior directly on the parameters of Ki,k (·, ·). Dirichlet Process Mixture
(DPM) are suitable tools to model prior knowledge over parameters. This allows for a flexible
nonparametric modeling framework. Therefore, in the following, p(θk |φk ) is assumed to be a DPM.
Hierarchical DPM prior for the model parameters. A DPM model can basically be thought of
as a simple mixture model given by the mixed pdf θi,k ∼ p(θi,k |φi,k ) and prior φi,k ∼ G(φi,k )
where G itself is the random outcome of a Dirichlet Process DP(G0 (ϕk ), α) (that is, a probabilistic
distribution over probabilistic distributions). In summary, we have :
θi,k |φi,k ∼ p(θi,k |φi,k )
φi,k |G

∼ G(·)

G|ψk ∼ DP(G0 (ϕk ), α)
where ψk = {α, ϕk } is the hyperparameter vector, with ϕk a given parameter vector for G0 . The
advantage of applying the DP prior [6] to hierarchical models has been addressed extensively in the
statistics literature, mostly in recent years, see for example [7]. By integrating over G through the so
called polya urn representation, we see that the joint distribution of φk = {φ1,k , · · · , φNk ,k } may
be factored into a product of successive conditional distributions of the following form:
φi,k |φ−i,k , ψk ∼

1
α + Nk − 1

Nk
X
j=1,j6=i

δφj,k +

α
G0
α + Nk − 1

(4)

where φ−i,k denotes φk \φi,k . This factorization implies that φi,k has discrete, though infinite,
support.
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