
AM 106/206: Applied Algebra Prof. Salil Vadhan

Problem Set 5

Assigned: Wed. Oct. 28, 2009 Due: Wed. Nov. 4, 2009 (1:10 PM sharp)

• You may submit your problem sets in the AM106 in the Maxwell–Dworkin basement, or
electronically by email to am106-hw@seas.harvard.edu.

• Aim for clarity and conciseness in your solutions, emphasizing the main ideas over low-level
details.

• If you use LATEX, please submit both the source (.tex) and the compiled file (.pdf). Name
your files PS5-yourlastname.

• AM206 students should do the problems marked [AM206-X], and need not do the ones marked
[AM106-X]. AM106 students need not do the problems marked [AM206-X], but may do so in
place of the corresponding [AM106-X] problem (but not [AM106-Y] for Y 6= X) if desired.

Problem 1. (Cautions with Normality and Factor Groups)

1. Give an example of a group G and normal subgroup N such that G/N ×N � G.

2. Give an example of a group G and subgroups N and H such that H CN CG, but H 6C G.

Justify your answers.

Problem 2. (Orders in Factor Groups)

1. Find all elements of order 10 in Q/Z.

2. Show that if H is a finite, normal subgroup of G, and aH has order k in G/H, then a has
order kd in G for some divisor d of |H|. (Hint: consider ak|H|.)

Problem 3. (Homomorphisms) Which of the following are homomorphisms ϕ : G→ H? For
those that are homomorphisms, determine the kernel and the image of ϕ.

1. G = H = {polynomials f(x) =
∑d

i=0 aix
i of degree at most d with real coefficients ai ∈ R}

under addition. ϕ(f) = f ′′ − f ′′′, where f ′′ and f ′′′ are second and third derivatives of f .
(Recall that for a polynomial g(x) =

∑k
i=0 aix

i, the derivative is the polynomial g′(x) =∑k
i=1 ai · i · xi−1.)

2. G = H = as in Part 1. ϕ(f) = the antiderivative of f that passes through (0, 1), i.e. the
unique polynomial g such that g′ = f and g(0) = 1.

3. G = Z∗315, H = Z∗45, ϕ(x) = x6 mod 45. (Hint: use the Chinese Remainder Theorem on both
G and H.)
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Problem 4. (Normal Subgroups and Factor Groups)

1. Recall from Problem 1 on Problem Set 4 the subgroup S1 = {a+ bi|a2 + b2 = 1} ≤ C∗. Is S1

normal in C∗? If so, determine the factor group C∗/S1.

2. Find all normal subgroups H of S3. For each, determine the factor group S3/H.

Above “determine the factor group” means identify a familiar group that is isomorphic to G/H
(and justify that it is isomorphic).

Problem 5. (Disjoint Normal Subgroups)

1. [AM106-A] (Gallian 10.56) Prove that ifH andK are normal subgroups ofG andH∩K = {ε},
then G is isomorphic to a subgroup of G/H ×G/K.

2. [AM206-A] Let G be a group with three normal subgroups H1, H2, H3 such that Hi∩Hj = {ε}
and HiHj = G for all i 6= j. Prove that H1

∼= H2
∼= H3 and that G is abelian.

Problem 6. (Strong Generating Sets) The sequence T1 = {(14), (34), (23), (124)}, T2 =
{(14), (34)}, T3 = {(14)}, T4 = ∅, constitutes a strong generating set for the permutation group
G = 〈T1〉 ≤ S4 with respect to base (β1, β2, β3) = (2, 3, 1). Use the algorithm described in class to
calculate |G|, and determine whether the permutations (123) and (234) are in G.
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