
AM 106/206: Applied Algebra Prof. Salil Vadhan

Problem Set 6

Assigned: Wed. Nov. 4, 2009 Due: THU. Nov. 12, 2009 (1:10 PM sharp)

• You may submit your problem sets in the AM106 in the Maxwell–Dworkin basement, or
electronically by email to am106-hw@seas.harvard.edu.

• Aim for clarity and conciseness in your solutions, emphasizing the main ideas over low-level
details.

• If you use LATEX, please submit both the source (.tex) and the compiled file (.pdf). Name
your files PS6-yourlastname.

• AM206 students should do the problems marked [AM206-X], and need not do the ones marked
[AM106-X]. AM106 students need not do the problems marked [AM206-X], but may do so in
place of the corresponding [AM106-X] problem (but not [AM106-Y] for Y 6= X) if desired.

Problem 1. (Integral Domains and Fields) What is the characteristic of each of the following
rings? Which are integral domains? fields? Justify your answers.

1. Z6[x]. (Polynomials with coefficients taken modulo 6.)

2. [AM106-A] Z7[
√

5]. (Elements are of the form (a + b
√

5) with a, b ∈ Z7, addition defined by
(a + b

√
5) + (c + d

√
5) = ((a + c) mod 7) + ((b + d) mod 7)

√
5, and multiplication defined by

(a + b
√

5)(c + d
√

5) = ((ac + 5bd) mod 7) + ((ad + bc) mod 7)
√

5.

3. [AM106-A] Z11[
√

5]. (Defined similarly to previous item.)

4. [AM206-A] Characterize when Zp[
√

k] is a field for an arbitrary prime p and integer k. Your
characterization should take the form of “Zp[

√
k] is a field if and only if the equation ‘· · · = · · ·’

(in one variable x) has no solution in Zp.”

Problem 2. (Group of Units, Gallian 12.22) Let R be a commutative ring with unity, and
let R∗ denote the elements of R that have multiplicative inverses. By problem 2 on problem set 2,
R∗ is a group under multiplication. R∗ is called the group of units in R. (Note that this definition
is consistent with the notation we used for the groups Z∗

n, R∗, Q∗, etc.) Determine Z∗, R[x]∗, and
Z[
√

2]∗.
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Problem 3. (Characteristic and Order of Finite Fields)

1. Show that if R is an integral domain of nonzero characteristic p, then every nonzero element
of R has additive order p.

2. Use the classification of finite abelian groups to show that if F is a finite field of characteristic
p, then the order (i.e. size) of F is pn for some n ∈ N.

Problem 4. (Idempotents) An idempotent in a ring R is an element a such that a2 = a. For
example, 0 and 1 (in a ring with unity) are always idempotents.

1. Show that in an integral domain, the only idempotents are 0 and 1.

2. Find a ring with an idempotent other than 0 or 1.

3. Show that if all elements of a ring are idempotents, then the ring is commutative. (Hint: look
at a = b + c.)

Problem 5. (Subrings and Ideals) For each of the following rings R and S ⊆ R, determine
whether S is a subring of R, and whether S is an ideal in R. For those that are ideals, find a finite
set of generators for S. Justify your answers.

1. R = Q, S = Z.

2. R = Z× Z, S = {(a, b) : b even}.

3. R = Z[i], S = {a + bi : b even}.

4. R = Z[x], S = {p(x) : p(0) mod 10 = 0}.

5. R = Q[x], S = {p(x) : p(2) = 0 and p(3) = 0}.

6. R = Q[x], S = {p(x) : p(2) = 0 or p(3) = 0}.
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