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PART A (Graded by Nick)

PROBLEM 1 (1+1+1+1+1+1 points)

Let A = {1, 2, · · · , 10} and B = {a, b, c, d, 7, 8, 9}.
(A) What is A ∩B?
(B) What is |A ∪B|?
(C) Give three examples of elements of A×B.
(D) What is |A×B|?
(E) Give three examples of elements of P (A).
(F) What is |P (A)|?

PROBLEM 2 (2+2+2+2 points)

Let N = {0, 1, 2, . . .} be the set of natural numbers. For each of the following functions f : N→ N,
state whether f is (i) one-to-one, (ii) onto, (iii) bijective. Briefly justify your answers.
(A) f(x) = x mod 2
(B) f(x) = bexc, where byc denotes the largest integer less than or equal to y.

(C) f(x) =

{
x + 1 if x is even
x− 1 if x is odd



PROBLEM 3 (3+4 points)

For a string, x, let xR be the reverse of x (e.g., (abc)R = cba) and let xi be the concatenation of i
copies of x (e.g., (abc)2 = abcabc).

(A) Provide an inductive definition of xi.
(B) Prove by induction that (xR)i = (xi)R. (Hint: Use the fact that (xy)R = yRxR.)
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PART B (Graded by Bo)

PROBLEM 1 (7 points)

Joe the painter has 2013 cans of paint. Show that at least one of the following statements is true
about Joe’s paint collection:
(i) Among the cans, there are at least 5 with the same color.
(ii) Among the cans, there are at least 504 different colors of paint.

PROBLEM 2 (2+4+3 points)

Let V be the set of vertices and E be the set of edges in the directed graph G below. Define a
vertex v ∈ V to be reachable from a vertex u ∈ V if u = v or there is a directed path from u to v;
i.e., there is a sequence of edges (x1, x2), (x2, x3), . . . , (xk−1, xk) in E with x1 = u and xk = v.

(A) What is the set of all vertices reachable from c?

(B) Show that reachability is not an equivalence relation on the graph G.

(C) What is a set of edges you can add to make reachability an equivalence relation on G?
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PROBLEM 3 (Challenge! 2 points)

Define the Fibonacci numbers recursively as follows, where Fi indicates the ith number:

F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2

Show that for n ≥ 3, Fn is equal to the number of strings over alphabet {a, b} of length n− 2 with
no two consecutive b’s.


