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Unless specified otherwise, assume the alphabet Σ = {a, b}

PART A (Graded by Joe)

PROBLEM 1 (2+2+2+2+2 points)

Translate the following languages from set notation with English description to regular expressions,
or vice versa:

(A) ((a ∪ b)∗a) ∪ ((a ∪ b)∗b)
(B) (((a ∪ b)a)∗ ∪ ((a ∪ b)b)∗)(a ∪ b)
(C) L = {w ∈ Σ∗ : w has no more than 2 b’s}
(D) L = {w : w has length 3}
(E) L = {w ∈ Σ∗ : w has no consecutive b’s}

PROBLEM 2 (6+6 points)

(A) Prove that if R is a regular expression that contains no occurrences of ∗, then L(R) is finite.
Note: You may assume (without proof) basic facts about finite sets for this problem; however,
explicitly state any such assumptions you make. [Hint: use structural induction on R.]
(B) Prove or disprove: every regular expression that does contain an occurrence of ∗ generates an
infinite language.
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Unless specified otherwise, assume the alphabet Σ = {a, b}

PART B (Graded by Colin)

PROBLEM 1 (12 points)

(A) Construct a DFA for L = {w ∈ Σ∗ : there are an even number of a’s and an even number of b’s in w}

(B) Convert your DFA for L to a regular expression using the GNFA construction described in
lecture and in Sipser (p. 66, Lemma 1.60 in the Second Edition). Show the steps of the construc-
tion. As you go along, use basic simplifications, such as (a ∪ ε)∗ → a∗ to make the REs simpler.

PROBLEM 2 (1+1+1+1+1+1+1 points)

Classify the following sets as finite (in which case state the cardinality), countably infinite, or
uncountably infinite. Give a sentence of justification.
(A) The set of syntactically valid Python programs
(B) Q×Q (where Q is the set of rational numbers)
(C) ∅
(D) {∅}
(E) The set of finite languages over the alphabet {a, b}
(F) Letting P be the prime numbers, the set {R : R ⊆ P}
(G) {(x1, x2, . . .) : each xi ∈ N and for all i, xi ≤ xi+1}
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Unless specified otherwise, assume the alphabet Σ = {a, b}

PART C (Graded by Bo)

PROBLEM 1 (1+1+10 points)

Let Σ and ∆ be alphabets. Consider a function ψ : Σ → ∆∗. Extend ψ to a function from Σ∗ → ∆∗

using the inductive rules:

ψ(ε) = ε

ψ(wσ) = ψ(w)ψ(σ) , for any w ∈ Σ∗, σ ∈ Σ

(A) For example, consider Σ = {a, b} and ∆ = {a, b, c, d} and let ψ(a) = ccb, ψ(b) = dda. What is
ψ(aba)?
(B) Any function ψ : Σ∗ → ∆∗ defined from a function ψ : Σ → ∆∗ in this way is termed a
homomorphism.

Now for a language L and homomorphism ψ, define

ψ(L) = {ψ(w) : w ∈ L}

For example, we can extend ψ as defined in (A) to languages. If L = {bb, aa, ba}, then what is
ψ(L) in this case?
(C) Prove that the set of regular languages is closed under homomorphism. That is, if L is regular
and ψ is a homomorphism, then ψ(L) is regular.

PROBLEM 2 (Challenge! 2 points)

Let L\A = {x : wx ∈ A for some w ∈ L}. Show that if A is regular and L is any language,
then L\A is regular.


