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Unless specified otherwise, assume the alphabet Σ = {a, b}

PROBLEM 1 (4+4+4+4+4 points)

For each of the following languages, determine whether the language is regular or non-regular, and
prove your answer.

(A) {anban : n ≥ 1}
(B) {a3nb5m : n,m ∈ N}
(C) {anbm : n ≥ m}
(D) {a2n : n ∈ N}∗
(E) {w ∈ Σ∗ : w contains exactly one of the substrings ‘alan’, ‘matheson’, or ‘turing’}, where Σ is
the English alphabet (in lower case)

PROBLEM 2 (3+3+3+3+3+3 points)

Classify the following sets as finite (in which case state the cardinality), countably infinite, or
uncountably infinite. Give a brief justification. (A proof is not necessary.)
(A) {∅}
(B) The set of syntactically valid computer programs in the programming language Python
(C) Q×Q (where Q is the set of rational numbers)
(D) {R ⊆ N : all numbers in R are prime}
(E) {(x1, x2, . . .) : each xi ∈ N and for all i, xi ≤ xi+1}
(F) {(x1, x2, . . .) : each xi ∈ N and for all i, xi ≥ xi+1}

PROBLEM 3 (6 points)

Show that a DFA with n states accepts an infinite language if and only if it accepts some string of
length at least n.



PROBLEM 4 (6+6+2 points)

Consider the language F = {aibjck : i, j, k ≥ 0 and if i = 1 then j = k}.

(A) Show that F is not regular.
(B) Show that F acts like a regular language in the pumping lemma. In other words, give a pump-
ing length p and demonstrate that F satisfies the following conditions: if s is any string in F of
length at least p, then s may be divided into three pieces, s = xyz, such that

(i) for each i ≥ 0, xyiz ∈ F
(ii) |y| > 0
(iii) |xy| ≤ p

(C) Explain why the results from parts (A) and (B) do not contradict the pumping lemma.

PROBLEM 5 (Challenge 2 points)

Let L be the language of prime numbers in binary. That is L = {10, 11, 101, 111, 1011, 1101, · · · }.
Prove that L is not regular. (Hint: Fermat’s little theorem states that, for any prime p and positive
integer x that is not a multiple of p, xp−1 mod p = 1. )


