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Abstra
tPredi
tability is by observation a lo
al notion in 
omplex dynami
al systems. Itsspatio-temporal stru
ture is asso
iated with a 
ow, or transfer in dis
rete 
ases,of information that redistributes the lo
al predi
tability within the state spa
e of
on
ern. This 
ow or transfer is formalized with respe
t to relative entropy within aframework of a system with many 
omponents, ea
h signifying a lo
ation or a stru
-ture. Given a 
omponent, the me
hanism governing the evolution of its predi
tability
an be 
lassi�ed into two groups, one due to the 
omponent itself, another due to atransfer of information from its peers. A measure of the transfer is rigorously derived,and an expli
it expression obtained. This measure possesses a form remnis
ent ofthat we have obtained before with respe
t to absolute entropy in Liang and Kleeman(2007b). Properties have been explored and dis
ussed; parti
ularly dis
ussed is theproperty of asymmetry or 
ausality, whi
h states that information transfer from one
omponent to another 
arries no hint about the transfer in the other dire
tion, in
ontrast to the transfer of other quantities su
h as energy. This formalism has beenapplied to the study of the s
ale-s
ale intera
tion and information transfer betweenthe �rst two modes of the trun
ated Burgers equation. It is found that all the 12transfers are essentially zero or negligible, save for a strong transfer between thesine 
omponents from the low-frequen
y mode to the high-frequen
y mode. That isto say, the predi
tability of the high-frequen
y mode is 
ontrolled by the knowledgeof the low-frequen
y mode. This result, though from a highly idealized system, hasinteresting impli
ations about the dynami
al 
losure problem in turbulen
e resear
hand atmosphere-o
ean s
ien
e, i.e., the subgrid pro
esses may to some extent be pa-rameterized by the large-s
ale dynami
s. We have also dis
ussed how this study 
anbe adopted to investigate the propagation of un
ertainties in 
uid 
ows, whi
h hasimportant appli
ations in problems su
h as atmospheri
 observing platform design.Key words: Information transfer, predi
tability, 
ausality, relative entropy,Frobenius-Perron operator, dynami
al 
losure, ensemble predi
tionPreprint submitted to Elsevier S
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tober 2007



1 Introdu
tionIn his pioneering work, Lorenz (1963) shows that predi
tion of the state of anonlinear dynami
al system is impossible beyond a 
ertain time limit if thesystem is intrinsi
ally 
haoti
. This raises a severe issue in philosophy (e.g.Leiber, 1998), and sin
e then the problem of predi
tability has re
eived enor-mous attention, in both theoreti
al dynami
al systems (see Li
htenberger andLiberman, 1992, and referen
es therein) and applied �elds su
h as atmosphere-o
ean s
ien
e (e.g., Carnevale and Holloway 1982; Farrell 1990; S
hneider andGriÆes 1999; Smith et al. 1999; Shukla 1998; Kleeman 2002; Kleeman et al.2002; Kalnay 2003; Tribbia and Baumhefner 2004; Kleeman and Majda 2005;Kleeman 2007). The past dea
ades have seen a surge of interest in ensem-ble fore
ast (e.g. Leith, 1974; Epstein, 1969; Ehrendorfer and Tribbia, 1997;Palmer, 2000; Miller and Ehret, 2002; Kalnay, 1997; Moore, 1999; Kirwan etal., 2003; Lermusiaux, 2006; Kleeman, 2007); the fundamental s
ienti�
 thrustis predi
tability.Classi
ally predi
tability is a global 
on
ept over the whole system. But inrealisti
 problems, parti
ularly in problems with high dimensional systems,people have observed that it generally varies from pla
e to pla
e. For exam-ple, Palmer (1988) �nds that his numeri
al weather model has di�erent pre-di
tability for di�erent 
ow regimes; Farrell(1990) shows that predi
tabilityis stru
ture dependent, and in the linear limit the most unpredi
table stru
-ture 
an be identi�ed; Kleeman (2002) realizes the predi
tability di�eren
ebetween the El Ni~no modes; Tribbia (2005) and Kleeman (2002, 2005, 2007)have studied the predi
tability evolution in physi
al spa
e. In other words, pre-di
tability is by observation a lo
al 
on
ept, varying in physi
al spa
e and/orphase spa
e as it evolves in time.The spatio-temporal stru
ture of predi
tability implies a 
ow, or transfer indis
rete 
ases, of information that redistributes predi
tability from one pla
eto another within the dynami
al system of 
on
ern. This 
ow or transfer isimportant in that it determines how predi
tability in one pla
e is altered dueto other pla
es, how un
ertainties propagate in the system, and hen
e helpsto identify the sour
e region(s) of unpredi
tability. An immediate appli
ationis in observing platform design. In atmospheri
 s
ien
e, for example, it hasbeen argued that observations should target at these sour
e lo
ations (Tribbia2005; Kleeman 2007), in order for a weather fore
ast system to in
rease itsfore
ast skill.The above problem may be formalized within a framework of dynami
al sys-tems with many 
omponents, ea
h 
omponent standing for a physi
al lo
ation� Courant Institute of Mathemati
al S
ien
es, 251 Mer
er St, New York, NY 10012Email address: sanliang�
ims.nyu.edu (X. San Liang,).2



or a stru
ture. This way what we are dis
ussing is essentially about the infor-mation transfer between dynami
al system 
omponents, a 
on
ept whi
h hasbeen of interest for de
ades in 
ommuni
ation, nonlinear time series 
oheren
eanalysis, neuros
ien
e, to name a few (Kaneko 1986; Vastano and Swinney1988; Rosenblum et al. 1996; Arnhold et al. 1999; S
hreiber 2000; Abarbanelet al. 2001; Kaiser and S
hreiber 2002). The available formalisms in
lude thedelayed mutual information (Vastano and Swinney 1988) and the more sphis-ti
ated transfer entropy by S
hreiber (2000). In relation to this study, theseempiri
al/half-empiri
al formalisms have been applied to the investigation ofthe information 
ow in weather fore
asts (Kleeman, 2007). Re
ently the no-tion of information transfer has been put on a rigorous footing in the 
ontextof dynami
al systems (Liang and Kleeman 2005; Liang and Kleeman 2007a,b;hereafter LK05, LK07a, LK07b, respe
tively). The resulting measure of thetransfer is qualitatively 
onsistent with the 
lassi
al formalisms but is based onrigorous derivations. Expli
it expressions have been obtained for 
ontinuousdynami
al systems, and for two well-studied mappings, the baker transforma-tion and the H�enon map. These results, most of them unique to the Liangand Kleeman formalism, agree well with what one may expe
t by physi
alintuition.The Liang and Kleeman formalism is with respe
t to Shannon entropy, orabsolute entropy as one may refer to. The predi
tability of a dynami
al sys-tem, however, is measured by relative entropy. Relative entropy is also 
alledKullba
k-Leibler divergen
e; it is a measure of the di�eren
e between twoprobability distributions. Kleeman (2002) points out that, in order to mea-sure the utility of a fore
ast, one should ask how mu
h additional informationis added rather than how mu
h information it has. Relative entropy providesa very natural measure of this information addition, should one probability isset as the initial distribution. Kleeman (2002) also argues in favor of relativeentropy be
uase of its appealing properties, su
h as its invarian
e on nonlineartransformations, its nonnegativity (Cover and Thomas, 1991). In the 
ontextof a Markov 
hain, it has been proved that it always dre
reases monotoni-
ally with time, a property usually referred to as the generalized se
ond law ofthermodynami
s (ibid). The 
on
ept of relative entropy is now a well a

eptedmeasure of predi
tability (e.g., Kleeman, 2002; Kleeman et al., 2002; Tang etal. 2006; Barlas et al., 2006).Our problem here is therefore fundamentally on how information is trans-ferred with respe
t to relative entropy. The purpose of this study is to developa formalism for this information transfer. The development parallels what wehave done in LK06b, and the resulting transfer will be referred to as informa-tion transfer with respe
t to relative entropy, or simply information transferwhen no 
onfusion arises. In the literature the term \information 
ow" is alsoseen (e.g. Tribbia 2005; Kleeman 2007; Majda and Harlim 2007) for the samemeaning. We re
ognize that it might be more appropriate to use \transfer"3



for dis
rete systems, but it indeed forms a 
ow when the system 
omponentsare asso
iated with lo
ations in physi
al spa
e. We will use the two in the textwithout distinguishment.In the following se
tion, we �rst present a 
on
eptual framework for this study,then give the 
on
ept a formal de�nition. An expli
it formula is derived forthe information transfer of 
on
ern; the detailed derivations are supplied inse
tions 3, 4, and 5. Properties of the formulation are investigated and dis-
ussed (se
tion 6), and an appli
ation presented (se
tion 7). This study issummarized in se
tion 8.2 De�nition and mathemati
al frameworkThe problem 
an be put in the framework of an n-dimensional dynami
alsystem:dx1dt =F1(x1; x2; :::; xn); (1)dx2dt =F2(x1; x2; :::; xn); (2)... ...dxndt =Fn(x1; x2; :::; xn): (3)for state variables x = (x1; x2; :::; xn). We want to understand how the pre-di
tability of one 
omponent of x is altered by another, namely, how informa-tion is transferred between two 
omponents with respe
t to relative entropy.Here F = (F1; F2; :::; Fn) is written in an autonomous form, but as one will seethrough the derivations hen
eforth, autonomy is not essential. For simpli
ity,the above equation set may also appear in the text in a ve
torial form,dxdt = F(x): (4)Denote by X = (X1; X2; :::; Xn) 2 
 the random variables 
orresponding to(x1; x2; :::; xn), where 
 is the sample spa
e, and let � = �(x1; x2; :::; xn) bethe joint probability density of X. Assume
 = 
1 � 
2 � :::� 
n; (5)(
i is the sample spa
es of Xi, i = 1; 2; :::; n), and write4




jn � 
j � 
j+1 � :::� 
n; j = 1; 2; :::; n� 1 (6)throughout for notational 
onvenien
e. Further assume that � vanishes at theboundaries of 
, i.e., the extreme events have a measure of zero in the prob-ability spa
e. These assumptions have been justi�ed for real problems in ourprevious studies (LK05, LK07b). For many problems of interest, 
 = Rn . Inthis 
ase, the assumption of vanishing � at boundaries automati
ally holds,sin
e � is 
ompa
tly supported.In LK05, LK07a,b, we have developed a formalism of information transferwith respe
t to absolute entropyH = � Z
 � log � dx: (7)In this study, we will follow the same route of development but with respe
tto relative entropyD = D(�kq) = Z
 � log �q dx = �H � Z
 � log q dx: (8)In the de�nition, q is a density at some �xed time. Usually it is the initialdensity or density in the equilibrium state; in this study, let it be the initialdensity to avoid any 
onfusion that may arise. With respe
t to D, we are
on
erned with the information transfer between two 
omponents. Withoutloss of generality, one need only 
onsider the transfer from X2 to X1; if not,the variables may always be reordered to make so. We hen
e need the marginalrelative entropy of X1:D1 = Z
1 �1 log �1q1 dx1 = �H1 � Z
1 �1 log q1 dx1; (9)where�1 = Z
2n � dx2dx3:::dxn; q1 = Z
2n q dx2dx3:::dxn; (10)are the marginal densities, andH1 = � Z
1 �1 log �1 dx1 (11)5



the marginal absolute entropy. Following the argument of LK07b, the me
h-anisms governing the time evolution of D1 
an be 
lassi�ed ex
lusively intotwo groups: one from a modi�ed system with the e�e
t of X2 ex
luded, an-other from the 
omponent X2. This latter me
hanism is the very informationtransfer from X2 to X1. Correspondingly dD1dt , the time rate of 
hange of D1,
an be de
omposed as the 
hange of D1 with x2 frozen instantaneously as aparameter, denoted as dD1n2dt , plus the time rate of information transfer, T2!1.We then
e have the following de�nition.De�nition 1 For system (4), the information transfer from X2 to X1 withrespe
t to relative entropy, T2!1, is de�ned as the di�eren
e between the timerate of 
hange of the marginal relative entropy of X1, dD1dt , and the time rateof 
hange of the marginal entropy of X1 with x2 frozen instantaneously as aparameter, dD1n2dt , i.e.,T2!1 = dD1dt � dD1n2dt : (12)The units of T2!1 vary, depending on the base of the logarithm in D1 that isused. The 
ommon units are nats per se
ond for base e and bits per se
ondfor base 2.The whole problem is now 
onverted to the derivation of dD1dt and dD1n2dt . Inthe following se
tion dD1dt is derived. The 
hallenge 
omes from the derivativeof D1n2, whi
h we defer to se
tion 4. For 
onvenien
e, the notation n2 in thesubs
ript of D1n2 will be extended to any nj to signify that 
omponent j isfrozen, or that 
omponent j is ex
luded from a set of n independent variables.For example,�n2 = �n2(x1; x3; :::; xn) = Z
2 �(x) dx2; (13)�n1n2 = �n1n2(x3; :::; xn) = Z
1�
2 �(x) dx1dx2: (14)This 
onvention will be used throughout the paper without further 
lari�
a-tion.3 Time rate of 
hange of D1Theorem 2 For the system des
ribed in se
tion 2,6



dHdt =E(r � F); (15)dH1dt = Z
 log �1 � �(F1�)�x1 dx; (16)dD1dt =� Z
 log �1q1 � �(F1�)�x1 dx; (17)where E is the operator of expe
tation with respe
t to the density �.ProofSee Appendix A.Eq. (15) was obtained in LK05; it states that the 
hange of absolute entropyin a system is totally 
ontrolled by the divergen
e of the 
ow, or the 
on-tra
tion/expansion of the phase spa
e. Noti
e that R
 �(F1�)�x1 dx = 0 by theassumptions introdu
ed before (vanishing density at boundaries and 
artesianprodu
t form for 
). So Eq. (17) 
an be be equivalently written asdD1dt = � Z
  1 + log �1q1! � �(F1�)�x1 dx: (18)Later on we will have opportunity to use (18).4 Time rate of 
hange of D1 with x2 as a parameterTheorem 3 For the dynami
al system des
ribed in se
tion 2, the time rate of
hange of the marginal relative entropy of X1 with x2 frozen instantaneouslyas a parameter isdD1n2dt = � Z
  1 + log �1q1! �(F1�n2)�x1 �2j1 dx+ Z
 �(F1�1 log �1q1 )�x1 �2j1 dx;(19)where�2j1= �2j1(x1; x2; x3; :::; xn) = ��n2�n1n2; (20)�2j1=�2j1(x1; x2) = Z
3n �2j1 dx3:::dxn; (21)7



This theorem 
annot be proved as that for Theorem 2 using the Liouvilleequation (
f. Lasota and Ma
key, 1994) 
orresponding to (4), as the dynami
sis 
hanged upon freezing x2. In LK07b, we approa
h the problem by dis
retiz-ing (1)-(3) or (4), �nding how D1n2 in
reases from time t to time t + �t, andthen take the limit as �t! 0. In the following the same strategy is adopted.Dis
retization of the 
ontinuous system (4) results in a mapping � : 
 �! 
,x 7! y su
h that� : y = x+�t F(x); (22)i.e., an approximation of (4) up to the �rst order of �t. To avoid 
onfusion,here x(t+�t) has been written as y = (y1; y2; :::; yn); this 
onvention will bekept throughout. In 
omponent form, the mapping is
� = (�1;�2; :::;�n) : 8>>>>>>>><>>>>>>>>:

y1 = x1 +�t � F1(x);y2 = x2 +�t � F2(x);... ...yn = xn +�t � Fn(x): (23)
Corresponding to � that maps the state from t to t+�t, there is an operatorsending the density of the state variables from t to t+�t. This is the Frobenius-Perron operator, or F-P operator for short. Formally, the F-P operator, writtenas P, 
orresponding to a transformation � : 
 7! 
 is a map P : L1(
) 7!L1(
) su
h that, for any ! � 
,Z! P�(x) dx = Z��1(!) �(x) dx:It 
an be viewed as the dis
rete form of the Liouville equation for density �.See Lasota and Ma
key (1992) for more details. Liang and Kleeman (LK07b)have showed that the mapping � and its asso
iated F-P operator P possesssome interesting properties, whi
h here we brie
y summarize.(1) As �t goes to zero, � and its individual 
omponents are always invertible,and ��1 : 8>>>>>>>><>>>>>>>>:

x1 = y1 ��t � F1(y) +O(�t2);x2 = y2 ��t � F2(y) +O(�t2);... ...xn = yn ��t � Fn(y) +O(�t2): (24)
8



(2) The Ja
obian of �, J , and its inverse, areJ =det " �(y1; y2; :::; yn)�(x1; x2; :::; xn)# = 1 +�tr � F +O(�t2); (25)J�1=1��tr � F +O(�t2): (26)(3) The F-P operator P 
an be expli
itly written out:P�(y1; :::; yn)= � ���1(y1; :::yn)� ���J�1���= �(x1; x2; :::; xn) ���J�1��� ; (27)be
ause of the invertibility of � (
f. Lasota and Ma
key, 1994).When x2 is frozen, the mapping � is modi�ed, resulting in a new transforma-tion:
�n2 : 8>>>>>>>><>>>>>>>>:

y1 = x1 +�t � F1(x)y3 = x3 +�t � F3(x)... ...yn = xn +�t � Fn(x) (28)
whi
h maps (x1; x3; x4; :::; xn) to (y1; y3; y4; :::; yn) with x2 as a parameter. Cor-responding to �n2 there is an F-P operator. Write it as Pn2. Pn2� is the jointdensity at time t+�t with x2 frozen as a parameter at time t, and(Pn2�)1(y1) = Z
3n Pn2�(y1; y3; :::; yn) dy1dy3:::dynthe 
orresponding marginal density of Y1 = X1(t + �t). (Note (Pn2�)1 hasdependen
e on the parameter x2.) From LK07a and LK07b, the marginalabsolute entropy for X1 evolved from H1 with 
ontribution from X2 ex
ludedsin
e time t isH1n2(t+�t)= Z
 (Pn2�)1(y1) log (Pn2�)1(y1)� �(x2jx1; x3; :::; xn) � �3:::n(x3; :::; xn) dy1dx2:::dxn;where y1 = x1 + �t F1(x), �3:::n = �n1n2, �(x2jx1; x3; :::; xn) the 
onditionaldensity of X2 on (X1; X3; :::; Xn). By the same argument, we haveD1n2(t+�t)= Z
 (Pn2�)1(y1) log (Pn2�)1(y1)q1(y1)9



� �(x2jx1; x3; :::; xn) � �3:::n(x3; :::; xn) dy1dx2:::dxn (29)To evaluate D1n2(t+�t), the key is the evaluation of the F-P operator asso
i-ated with the modi�ed mapping �n2:Proposition 4(Pn2�)1(y1) = �1(y1)��t � Z
3n �F1�n2�y1 dx3:::dxn +O(�t2): (30)ProofSee Appendix B. With this proposition, we are ready to prove the Theoremof this se
tion.Outline of the proof of Theorem 3Substitute (30) into (29), and express the x1 in �(x2jx1; x3; :::; xn) as a fun
tionof y1 (from the inverse map ��1n2 ). Then 
ompute D1n2(t+�t)�D1(t)�t . Eq. (19)follows as �t! 0. Refer to Appendix C for the lengthy detailed derivation.5 Information transfer with respe
t to relative entropyTheorem 5 For the system des
ribed in se
tion 2, the information transferwith respe
t to relative entropy from X2 to X1 isT2!1=� Z
  1 + log �1q1! �  �F1��x1 � �F1�n2�x1 �2j1! dx� Z
 ��x1 F1�1 log �1q1! � �2j1 dx; (31)where�2j1= �2j1(x1; x2; x3; :::; xn) = ��n2�n1n2;�2j1=�2j1(x1; x2) = Z
3n �2j1 dx3:::dxn;and �2j1 may be viewed as a generalized 
onditional density of X2 on X1.ProofSubtra
t (19) from (18) and the result follows.10



Note the transfer rate of relative entropy is in a form similar to that forabsolute entropy. One 
hanges log �1 in the equation (50) of LK07b into log �1q1and multiplies the whole formula by (�1), and he obtains Eq. (31). Re
allingthe de�nition of relative entropy (8), this is just one may expe
t.Above is the transfer from X2 to X1. Following the same pro
edure, it is easyto arrive at the transfer from Xj to Xi, for any i; j = 1; 2; :::; n, i 6= j. Onemay repla
e the index 2 by j, and 1 by i in (31), and make the 
orrespondingmodi�
ation for �2j1 and �2j1 to obtain the formula. But the easiest way is tore-arrange the order of (1)-(3) su
h that j is in the se
ond slot and i in the�rst. This way the rate of transfer is expressed in the same form as (31).6 PropertiesThe rate of information transfer (31) possesses some interesting properties.The �rst one is the 
on
retization of the transfer asymmetry as emphasizedby S
hreiber (2000). It readsTheorem 6 For the system de�ned in se
tion 2, if F1 is independent of x2,then T2!1 = 0. In the mean time, T1!2 does not need to be zero, unless F2 isindependent of x1.ProofIf F1 is independent of x2, in (31) the �, �2j1, and �2j1 
an be integratedseparately with respe
t to x2. Observe thatZ �dx2= �n2;Z �2j1dx2= Z ��n2�n1n2dx2 = �n1n2;Z �2j1dx2= Z �Z �2j1dx3:::dxn� dx2 = Z �n1n2dx3:::dxn = 1:So integrating (31) on
e with respe
t to x2 givesT2!1=� Z  1 + log �1q1! �  �F1�n2�x1 � �F1�n2�x1 ! dx1dx3:::dxn� Z ��x1 F1�1 log �1q1! � �n1n2 dx1dx3:::dxn=� Z ��x1  F1�1 log �1q1 �n1n2! dx1dx3:::dxn=0: (32)11



The following theorem relates Theorem 3 to the 2D results of LK05:Theorem 7 When n = 2, dD1n2dt = �E ��F1�x1 �� E �F1 � log q1�x1 � :ProofBy de�nition, when n = 2,�2j1 = �2j1 = �(x2jx1) = ��1 ;and �n2 = �1;So dD1n2dt =� Z
  1 + log �1q1! �F1�n2�x1 �2j1 dx+ Z
 �(F1�1 log �1q1 )�x1 �2j1 dx=� Z
  1 + log �1q1! �F1�1�x1 ��1 dx+ Z
 �(F1�1 log �1q1 )�x1 ��1 dx=� Z "��F1q1 �q1�x1 � ��F1�x1 # dx=�E  �F1�x1 !� E  F1� log q1�x1 ! :Q.E.D.7 Appli
ation with the trun
ated Burgers-Hopf systemAs an example of appli
ation, we re-
onsider the trun
ated Burgers-Hopf sys-tem (TBS) examined in LK07b, a system �rst introdu
ed by Majda and Tim-ofeyev (2000; 2002) to study a sto
hasti
 s
heme of parameterization of theunresolved pro
esses in numeri
al weather fore
asts. It is obtained through aGalerkin trun
ation of the invis
id Burgers equation. If only two modes are re-tained, the TBS is redu
ed to the following 4-dimensional autonomous system(see LK07b):dx1dt =F1(x1; x2; x3; x4) = x1x4 � x3x2 (33)12



dx2dt =F2(x1; x2; x3; x4) = �x1x3 � x2x4; (34)dx3dt =F3(x1; x2) = 2x1x2; (35)dx4dt =F4(x1; x2) = �x21 + x22; (36)where (x1; x2) are the 
osine and sine 
omponents of the �rst mode, and(x3; x4) the 
omponents of the se
ond mode, respe
tively. This system is in-trinsi
ally 
haoti
, with a low-dimensional attra
tor; see Majda and Timofeyev(2000; 2002) and Abramov et al. (2003) for details. We now study the informa-tion transfers with respe
t to relative entropy between the four 
omponents,and 
ompare the results to those in LK07b.The key to the 
omputation of the information transfer (31) is the estimationof the joint density of (X1, X2, X3, X4) as a fun
tion of time. This may beobtained through solving���t + �(F1�)�x1 + �(F2�)�x2 + �(F3�)�x3 + �(F4�)�x4 = 0; (37)the Liouville equation 
orresponding to Eqs. (33)-(36). A more eÆ
ient wayis, instead of solving � dire
tly, estimating the density with the ensembles gen-erated at ea
h time step from ensemble predi
tion of (33)-(36), as s
hematizedin Fig. 1. The ensemble is formed with the traje
tories randomly distributed in
Random draw of 

ρ
Ensemble of

X(t)

∆(t+ t)forward to 

Integrate the system 

∆(t+ t)
Ensemble of
XBin counting∆(t+ t)ρ

(t)ρ
X based on (t)

Fig. 1. Numeri
al s
heme to solve the joint density �. Instead of obtaining �(t+�t)dire
tly from �(t) by solving the Liouville equation, a detour is made through en-semble predi
tion of the TBS system.the beginning, through solving (33)-(36) using the se
ond order Runge-Kuttamethod with a time step size �t = 0:01. A typi
al 
omputed traje
tory is plot-ted in Figs. 2 and 3; it shows an invariant manifold or strange attra
tor limited13



within some �nite domain. If we write 
d = [�d; d℄�[�d; d℄�[�d; d℄�[�d; d℄,
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Fig. 2. A traje
tory of (33)-(36) starting from from t = 0 at x(0) = (40; 40; 40; 40). Itis attra
ted into a domain as shown after t = 1:5 (the part prior to t = 1:5 not plot-ted). (a) and (b) are proje
tions in subspa
es x1-x2-x3 and x2-x3-x4, respe
tively.
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Fig. 3. As Fig. 2, but for proje
tions on 2D planes.the strange attra
tor lies within 
25. So a �nite domain may be 
hosen for the
omputation, albeit � is de�ned on R4 . We 
hoose it be 
30, a domain slightly14



larger than 
25. This domain is then uniformly partitioned into 30�30�30�30bins, with a spa
ing of 2 in ea
h dimension. A huge ensemble of initial 
on-ditions of size 404 = 2:56� 106 is �rst generated, through drawing randomlya

ording to a preset distribution �0(x). We adopt an ensemble size of 404instead of 304 to ensure more than one draw per bin on average. Suppose xis initially distributed as a Gaussian N(�;�), with a mean � = (�i) and a
ovarian
e matrix � = (�ij), i; j = 1; 2; 3; 4, and suppose �ii = �2i , and �ij = 0if i 6= j. The parameters �i and �2i (i = 1; 2; 3; 4) are open for experiments.With these initial 
onditions, Eqs. (33)-(36) are integrated forward. At everytime step we obtain an ensemble ofX, and therefrom a joint density � throughbin-
ounting.The transfers Tj!i, i; j = 1; 2; 3; 4; i 6= j, now 
an be 
omputed straightfor-wardly by evaluating (31). As in LK07b, there are 12 series to 
ompute. Noti
ethat in (35) and (36), the evolutions of x3 and x4 do not depend on x3 andx4, so T3!4 = T4!3 = 0 by Theorem 6. The 
omputed results agree with thisinferen
e. The other transfers have only numeri
al solutions, and may varywith the initial distribution. We have 
ondu
ted experiments for di�erent �2iand �i in generating the initial ensemble. It is found that the varian
es �2i donot a�e
t mu
h the �nal results, so in these experiments we keep �2i = 9 �xed,only allowing � to vary. Fig. 4 displays the results for the experiment with� = (9; 9; 9; 9). They 
orrespond to those shown in the Figure 3 of LK07b.Like the latter, most of the transfers are essentially zero. One of the nonzerotransfer is T3!2. See Fig. 4b; also see Fig. 5 for a 
lose-up. It is negativethrough the time, with a time average of �3:8. This is in 
onsistent with theT3!2 in LK07b, whi
h is positive (refer to the de�nition of relative entropy(8) for a relation between D and H). The di�eren
e is that here it is not a
onstant, but os
illates throughout; another di�eren
e is that it is far smallerin magnitude than its 
ounterpart in LK07b.The largest di�eren
e between the result here and that in LK07b is that thereare two nonzero transfers here, and the dominant one is T2!4, as shown inFig. 4d. In fa
t, T3!2 is almost negligible in 
omparison with T2!4, whi
haverages to 20 and is nearly 
onstant through the time. So it is T2!4 that makesthe 
ounterpart of the T3!2 in LK07b. This is remarkable, as T2!4 and T3!2stand for information 
ow in the opposite dire
tion between the two modes|
omponents (x1; x2) stand for the lower frequen
y mode in the trun
ation,while (x3; x4) for the higher mode (refer to LK07b for the derivation of (33)-(36)). In the present study, the 
omputed results shows that information 
owsprimarily from the lower mode to the higher mode, though weak information
ow in the opposite dire
tion has also been identi�ed (T3!2).The above result is very robust. Experiments with di�erent � on [�9; 9℄ �[�9; 9℄ � [�9; 9℄ � [�9; 9℄ have been 
ondu
ted, all yielding a T2!4 large inmagnitude, ex
ept that � = 0 whi
h makes all the transfers vanish. T2!415
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(d)Fig. 4. Information transfer between di�erent pairs of 
omponents with� = (9; 9; 9; 9). The series prior to t = 2 are not shown be
ause some traje
to-ries are still outside the 
omputational domain by that time.
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Fig. 5. A Close-up of T3!2 in Fig. 4b.may be positive or negative, indi
ating that X2 may in
rease or de
rease thepredi
tability of X4. Plotted in Fig. 6 is the result of an experiment with� = (9; 9;�9;�9). The 
omputed T2!4 is approximately �20. In some of theexperiments, dis
ernible small T3!2 as that in Fig. 5 may also be identi�ed; inothers it is not signi�
antly di�erent from zero. For example, in both Figs. 4band 6 they are not zero (�4 on average), though very small in 
omparisonto T2!4; By observation it is found that when �1 = �2 < 0, T3!2 vanishes,leaving T2!4 the only transfer. An interesting observation is that, if T3!2is not zero, it always appears with a sign opposite to T2!4. Figs. 4 and 616



give two su
h examples. That is to say, if the lower frequen
y mode in
reasesthe predi
tability of the higher frequen
y mode, then the latter de
reases thepredi
tability of the former; vi
e versa. This result is very interesting and hasimportant impli
ations for realisti
 problems, though the TBS is just a highlyidealized model. We will give some dis
ussion in the following se
tion.
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Fig. 6. Same as Fig. 4, but with � = (9; 9;�9;�9). Transfers other than T2!4 andT3!2 are not signi�
antly di�erent from zero.8 Dis
ussion and 
on
lusionsInformation transfer, or information 
ow as 
alled, with respe
t to relative en-tropy was formulated to study how predi
tability varies lo
ally as a dynami
alsystem evolves. The resulting measure of transfer (31) is in a form similar tothat with respe
t to absolute entropy, but for two terms modi�ed in the for-mula. Properties have been explored and dis
ussed. Given a 
omponent, if itsevolution is independent of another, then there is no information 
owing fromthe latter, while in the same time the transfer in the opposite dire
tion neednot be zero. In other words, between two 
omponents, information transfer inone dire
tion 
arries no impli
ation of that in the other dire
tion, in 
ontrastto the transfer of other physi
al properties su
h as energy [28℄. This is thevery property of asymmetry or property of 
ausality emphasized in [44℄.The formalism was applied to the study of the information 
ow between the�rst two modes of a trun
ated Burgers equation. It is found that all the 12transfers are essentially zero, save for a strong transfer between the sine 
om-ponents from the low-frequen
y mode to the high-frequen
y mode (T2!4),plus a weak transfer from the high-frequen
y 
osine 
omponent to the low-frequen
y sine 
omponent (T3!2). The latter is very small in 
omparison to theformer, and may vanish in some 
ases. But, interestingly, if it does not vanish,it always 
arries a sign in opposite to that of the former. In other words, ifknowledge of the low-frequen
y mode in
reases the predi
tability of the high-frequen
y mode, the feedba
k, if any, is always to redu
e the predi
tabilityof the low-frequen
y mode, and vi
e versa. As a whole, the information 
owfrom the low-frequen
y mode is dominantly important; the 
ow in the oppo-site dire
tion is in general negligible. That is to say, the predi
tability of thehigh-frequen
y mode is 
ontrolled by the low-frequen
y mode.17



The above 
ausal relation between pro
esses on di�erent frequen
ies or s
alesis very important in that it gives impli
ation on one of the major problems inturbulen
e resear
h and atmosphere-o
ean s
ien
e, i.e., the parameterizationof unresolved or sugrid pro
esses in numeri
al models. In a turbulent 
ow,there is a 
ontinuous spe
trum of pro
esses of all s
ales, but even with themost powerful 
omputers to date it is impossible to resolve all the s
ales. Thesystem is therefore not 
losed. The unresolved pro
esses must be represented,or parameterized, with the resolved dynami
s to ful�ll the 
losure. The aboveresult with the TBS implies that this kind of parameterization seems to work,as the predi
tability of the small-s
ale (high-frequen
y) mode is 
ontrolled bythe large-s
ale (low-frequen
y) mode. Of 
ourse, one 
annot draw 
on
lusionsfrom su
h a highly idealized system, although originally the TBS was intro-du
ed as a prototype of the atmosphere for the study of dynami
al 
losure(see Majda and Timofeyev, 2000; 2002).The importan
e of the inter-s
ale information transfer is not only out of theabove pra
ti
al 
on
ern; it is also an important physi
al problem in nature. Forexample, the North Atlanti
 Os
illation (NAO), the dominant mode 
ontrol-ling the wintertime 
limate of the North Ameri
a and Europe, is believed to bedriven by the synopti
 eddies with a time s
ale of several days to weeks. Howthe NAO intera
ts with the eddies in the stormy boreal winters is a 
ontinuing
hallenging problem in the atmospheri
 resear
h be
ause it is highly nonlin-ear in nature. Compounding the problem is that the intera
tion is essentiallytwo-way. That is to say, while the eddy-driven origin is an issue, the NAO also
auses the growth and de
ay of the eddies. This work is expe
ted to be usefulin the investigation of these problems, parti
ularly in the investigation of the
ausal relation in a quantitative way.Another important problem 
on
erns how un
ertainty, and hen
e predi
tabil-ity, propagates in physi
al spa
e. This is a problem naturally arising in �eldssu
h as material s
ien
e, nanote
hnology, and atmosphere-o
ean s
ien
e whereensemble predi
tion is used. This question a
tually may be posed for any prob-lems governed by a partial di�erential equation (PDE). To illustrate how itmay be approa
hed, 
onsider a Burgers equation. A dynami
al system of largedimensionality 
an be formed by dis
retizing the spa
e. The di�eren
ing maybe ful�lled using a three point s
heme. The resulting ODEs are then
e 
on-ne
ted to ea
h other through the grid. Ea
h ODE is tagged with the lo
ation inphysi
al spa
e, as well as a 
omponent in the system. The information transferbetween the 
omponents then form a 
ow of information in the spa
e. Spe
i�-
ally, an ODE is 
onne
ted to two other ODEs in the immediate neighborhood;it does not depend on other 
omponents. So for ea
h point in the spa
e, thereare two transfers from ahead and ba
k. By drawing these transfers, one ob-tains a 
ow forward and a 
ow ba
kward, revealing how predi
tability 
hangesdue to un
ertainty propagation. Theoreti
ally this 
an be done, but pra
ti-
ally it is hampered by the formidable 
omputational job in evaluating the18



joint density in (31). For example, 
onsider a �ve-dimensional joint density.Allowing 10 draws for ea
h dimension, this totals to 105 ensemble members.While ensembles of this size might be feasible for Burgers equation, in dealingwith realisti
 problems usually one 
an only handle ensembles of size in theorder hundreds or even tens. To over
ome this diÆ
ulty, we need simplify therigorously derived formula (31), usually through problem-spe
i�
 approxima-tion. In a forth
oming paper, a systemati
 simpli�
ation will be reported inthe 
ontext of geophysi
al 
uid dynami
s, and an example of realisti
 o
eanproblem presented on how this study may be applied (Liang and Kleeman,2007).A
knowledgments The author learned about the 
on
ept of information 
owfrom Ri
hard Kleeman. Ri
hard also read through an early version of thismanus
ript and his 
omments are sin
erely appre
iated.A Proof of Theorem 2Eqs. (15) was originally obtained in LK05. It 
an be proved with the aid ofthe Liouville equation���t +r � (F�) = 0 (A.1)
orresponding to the dynami
al system (4) (
f. Lasota and Ma
key 1994).Multipli
ation of (A.1) by �(1 + log �) gives��� log ��t =F � r(� log �) + �(1 + log �)r � F= [log �r � (F�) + F � r�℄ + �r � F=r � (� log �F) + �r � F:Integrate over 
 = 
1 �
2 � :::�
n and noti
e the assumption of vanishing� at the boundaries. This results indHdt = Z
 �r � F dx = E(r � F):To prove (16), �rst integrate (A.1) with respe
t to (x2; x3; :::; xn) over 
2n toget the evolution equation for �1: 19



��1�t + Z
2n �(F1�)�x1 dx2:::dxn = 0: (A.2)Multiplying �(1 + log �1) and following the same pro
edure as above, oneeasily obtains (16).By de�nition the marginal relative entropy of X1 isD1 = �H1 � Z
1 �1 log q1 dx1;where q1 is independent of time. Take derivative on both sides with respe
t tot to getdD1dt = �dH1dt � Z
1 ��1�t log q1 dx1:Substitute (A.2) for ��1�t and (17) follows. Q.E.D.B Proof of Proposition 4This is a result obtained in LK07b; we rewrite the proof here for 
ompleteness.We know from se
tion 4 that � and its 
omponents are invertible. �n2 is hen
ealso invertible, and its inverse is
��1n2 : 8>>>>>>>><>>>>>>>>:

x1 = y1 ��t � F1(y1; x2; y3; :::; yn) +O(�t2);x3 = y3 ��t � F3(y1; x2; y3; :::; yn) +O(�t2);... ...xn = yn ��t � Fn(y1; x2; y3; :::; yn) +O(�t2); (B.1)
and J�1n2 =det "�(x1; x3; :::; xn)�(y1; y3; :::; yn) #=1��tXi 6=2 �Fi�xi +O(�t2): (B.2)By (27), 20



Pn2�(y1; y3; :::; yn) = � ���1n2 (y1; y3; :::; yn)� ���J�1n2 ��� : (B.3)So (Pn2�)1(y1)= Z
3n �n2(y1 ��t F1; y3 ��t F3; :::; yn ��t Fn)�� ���J�1n2 ��� dy3:::dyn +O(�t2)= Z
3n �n2(yn2 ��t Fn2) ���J�1n2 ��� dy3:::dyn +O(�t2); (B.4)where Fn2 = (F1; F3; :::; Fn) is understood as fun
tions of (y1; x2; y3; :::; yn).Make 
hange of variables, xi = yi ��t � Fi(y1; x2; y3; :::; yn), for i = 3; 4; :::; n.The Ja
obian asso
iated with this transformation isJ3n=det " �(y3; y4; :::; yn)�(x3; x4; :::; xn)#=1 +�t nXi=3 �Fi�xi +O(�t2); (B.5)whi
h gives���J�1n2 ��� � jJ3nj = 1��t�F1�x1 +O(�t2): (B.6)With these substituted (B.4) be
omes(Pn2�)1(y1) = Z
3n �n2(y1 ��t F1(y1; x2; x3; :::; xn) � ���J�1n2 ��� � jJ3nj dx3:::dxn= Z
3n �n2(y1 ��t F1(y1; x2; x3; :::; xn) �  1��t�F1�x1 ! dx3:::dxn +O(�t2)= "�n2(y1; x3; :::; xn)��t��n2�y1 F1# 1��t�F1�x1 ! dx3:::dxn +O(�t2)= �1(y1)��t � Z
3n "�F1�x1 �n2(y1; x3; :::; xn) + F1��n2(y1; x3; :::; xn)�y1 # dx3:::dxn+ O(�t2): (B.7)Sin
e x1 and y1 are inter
hangeable up to an order of �t, the two terms in thebra
ket 
an be 
ombined, with the residual going to the higher order terms.That is to say, 21



(Pn2�)1(y1) = �1(y1)��t � Z
3n �F1�n2�y1 dx3:::dxn +O(�t2):Q.E.D.C Proof of Theorem 3Subtra
t D1(t) from (29) to get�D1n2 =D1n2(t+�t)�D1(t)=��H1n2 � Z
 (Pn2�)1(y1) log q1(y1) � �(x2jx1; x3; :::; xn)��3:::n(x3; :::; xn) dy1dx2:::dxn + Z
 �1(x1) log q1(x1) dx1���H1n2 �D� + Z
 �1 log q1 dx1: (C.1)In this equation, �H1n2 has already been obtained in LK07b. We need to
ompute D�. Note x1 and y1 
oexist in the expression, the latter being x1 +F1�t. Perform a Taylor series expansion around (y1; x2; x3; :::; xn) to get ridof x1:�(x2jx1; x3; :::; xn) = ��n2 (x1; x2; :::; xn) = ��n2 + � ��n2�y1 � (�F1�t) +O(�t2)= �(x2jy1; x3; :::; xn) + ��n22 ��n2�y1 F1�t� 1�n2 ���y1F1�t +O(�t2)= �(x2jy1; x3; :::; xn) + �(x2jy1; x3; :::; xn) � � log �n2�y1 F1�t� 1�n2 ���y1F1�t +O(�t2); (C.2)where the variables without independent variables expli
itly written out areta
itly supposed to be fun
tions of (y1; x2; x3; :::; xn) With this expansion and(30) from Proposition 4,D�= Z
 log q1(y1) � 0B��1(y1)��t Z
3n �F1�n2�y1 dx3:::dxn1CA� �(x2jy1; x3; :::; xn) + �(x2jy1; x3; :::; xn) � � log �n2�y1 F1�t� 1�n2 ���y1F1�t!22



��3:::n(x3; :::; xn) dy1dx2:::dxn +O(�t2)= Z
 log q1(y1)�1(y1) � �(x2jy1; x3; :::; xn) dy1dx2:::dxn+�t Z
 log q1(y1) � �1(y1) � "�(x2jy1; x3; :::; xn)� log �n2�y1 F1 � 1�n2 ���y1F1#��3:::n(x3; :::; xn) dy1dx2:::dxn��t Z
 log q1(y1) � 0B� Z
3n �F1�n2�y1 dx3:::dxn1CA � �(x2jy1; x3; :::; xn)��3:::n(x3; :::; xn) dy1dx2:::dxn+O(�t2)� (I) + (II) + (III) +O(�t2):Now evaluate the three terms one by one. For 
onvenien
e, all the y1 arerepla
ed by x1. This is legitimate as now y1 is an dummy variable. The �rstterm is(I)= Z
 log q1 � �1 � ��n2 � �n1n2 dx= Z
1 �1(x1) log q1(x1) dx1: (C.3)At the se
ond step, we �rst integrate �(x)�n2 with respe
t to x2 (all other partsare independent of x2) to get 1, then take the integral with respe
t to x3; :::; xnand eliminate �n1n2.For the se
ond part,(II)=�t Z
 log q1(x1)�1(x1) " ��n2 � log �n2�x1 F1 � 1�n2 ���x1F1# �n1n2 dx=��t Z
 �1 log q1 � �n2� � ��=rhon2�x1 � F1 � ��n1n2�n2 dx=��t Z
 F1�1 log q1 � ��x1  �n1n2��n2 ! dx: (C.4)Using the notations (20) and (21):�2j1 = �n1n2��n2 ;�2j1 = Z
3n �2j1(x) dx3:::dxn 23



simpli�es the above formula to be(II)=��t Z
 F1�1 log q1 � ��2j1�x1 dx=�t Z
 �(F1�1 log q1)�x1 � �2j1 dx: (C.5)The third term (III) may be equally simpli�ed,(III)=��t Z
 264log q1(x1) � 0B� Z
3n �F1�n2�x1 dx3:::dxn1CA375 � �2j1(x) dx:(integration by parts)The part in the square bra
kets is independent of (x3; :::; xn). So integration
an be performed on �2j1 with respe
t to (x3; :::; xn), whi
h gives(III)=��t Z
1�
2 log q1(x1) � 0B� Z
3n �F1�n2�x1 dx3:::dxn1CA ��2j1(x1; x2) dx=��t Z
 log q1 � �F1�n2�x1 ��2j1 dx: (C.6)Combining (I), (II), and (III), one hasD�= Z
1 �1 log q1 dx1 +�t Z
 �(F1�1 log q1)�x1 �2j1 dx��t Z
 log q1�F1�n2�x1 �2j1 dx+O(�t2):So �D1n2=��H1n2 �D� + Z
 �1 log q1 dx1=��H1n2 ��t Z
 �F1�1 log q1�x1 �2j1 dx+�t Z
 log q1�F1�1n2�x1 �2j1 dx+O(�t2):24



Letting �t! 0, it be
omesdD1n2dt =�dH1n2dt � Z
 �F1�1 log q1�x1 �2j1 dx+ Z
 log q1�F1�1n2�x1 �2j1 dx: (C.7)By the Eq. (48) of LK07b,dH1n2dt = Z
 (1 + log �1)�F1�n2�x1 �2j1 dx+ Z
 F1�1 log �1��=�n2�x1 �n1n2 dx= Z
 (1 + log �1)�F1�n2�x1 �2j1 dx+ Z
 F1�1 log �1��2j1�x1 dx= Z
 (1 + log �1)�F1�n2�x1 �2j1 dx� Z
 �(F1�1 log �1)�x1 �2j1 dx: (C.8)In arriving at the last step, integration by parts has been performed togetherwith the assumption of vanishing boundary density. Substituting (C.8) ba
kto (C.7), one �nally arrives at (19). Q.E.D.Referen
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