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Abstract

A method for the identification of complex non-linear
dynamics of a multi-link robot manipulator using Runge–
Kutta–Gill Neural Networks (RKGNNs) in the absence
of input torque information is proposed. The RKGNNs
constructed using shape adaptive radial basis functions
(RBF) are trained using an evolutionary algorithm.
Due to the fact that the main function network is dev-
ided into sub-networks to represent detailed properties
of the dynamics of a manipulator, the neural networks
have greater information processing capacity and they
can be tested for properties such as positive definite-
ness of the inertia matrix. Dynamics of a three-link
manipulator are identified using only input-output po-
sition and their velocity data, and promising control
results are obtained to prove the ability of the proposed
method in capturing highly nonlinear dynamics of a
multi-link manipulator in an effective manner.

1 Introduction

The ability to grasp the full dynamics of manipula-
tors accurately is of much importance in judging the
robustness of model-based control strategies such as
computed torque controllers. The problem often en-
countered in the identification of dynamics of multi-
link industrial manipulators is the lack of knowledge
of necessary data such as input joint torques or the
gains of the servo controllers. Identification of inertia
parameters using the least-squares algorithm has been
investigated in [1]. Yet these methods need the input
joint torque information which needs special hardware
changes in an industrial manipulator. Identification of
dynamics of manipulators using ANNs has been stud-
ied in [2], [?]. These methods suffer from several draw-
backs: one is the tendency of backpropagation algo-

rithms to converge to local minima, another is that
in some of these methods the trained NN depends on
the sampling time width of the training data and the
other is that these methods do not make use of the
inherent structure of the dynamics of manipulators.
Moreover the simulation results are shown only for
two link manipulators, where the nonlinearities of the
dynamics are relatively simple compared with the ac-
tual industrial manipulators. Therefore the ability of
these methods to accurately grasp the dynamics of a
manipulator with high degrees-of-freedom is question-
able.

The proposed method synthesizes a function NN
consisting of sub-networks, so that the sub-networks
represent the components of the dynamics of the ma-
nipulator [3], to catch full dynamics of a manipula-
tor. Shape adaptive RBFNNs have been used for each
sub-network. The proposed method uses RKGNNs,
which is an extension version of Runge-Kutta Neural
Networks (RKNNs), for the identification of the dy-
namics, because RKNNs are capable of identifying the
changing rates of the states accurately due to the state
space interpolation between one sampling interval [4].
Furthermore, this method only needs one state infor-
mation to predict the next state and the trained NN
of the function is independent of the sampling time
width unlike in direct mapping NNs. Weights of the
NNs are optimized using a new evolutionary algorithm
[5].

Simulation studies are carried out for a three-link
robot arm. It is assumed that the servo controller
can be represented by a Proportional Derivative (P-
D) controller and the reference input of joint angle, its
velocity, and their output data obtained from the P-D
controller are used for the system identification stud-
ies. The RKGNNs are trained only using these data
for two trajectories and the identified model is used
to build two computed torque controllers for the re-
spective trajectories and the manipulator is controlled
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for a third trajectory using a fuzzy membership based
model selection method. Promising results are ob-
tained to prove the ability of the proposed method in
capturing highly nonlinear dynamics of a multi-link
manipulator in an effective manner.

Rest of this paper is organized as follows: In section
2, a brief introduction to the basic components of the
dynamics of a multi-link robot manipulator and the
problems in a practical dynamics identification study
is given. In section 3, the RKGNNs and the struc-
ture of the function NNs are explained. In section
4, the features of the evolutionary algorithm used for
this study are elaborated. In section 5, the controller
design procedure is explained, section 6 gives a discus-
sion of the results, and some concluding remarks are
given in section 7.

2 Identifying the Dynamics of a Ma-
nipulator

2.1 Manipulator dynamic model and its
properties

Dynamics of a manipulator is given by

τ = M(θ)θ̈ + V (θ, θ̇) + G(θ) + F (θ) (1)

where τ ∈ �n is the joint torque vector, θ, θ̇, θ̈ ∈
�n are the joint angle, angular velocity, and angular
acceleration vectors respectively, M(θ) ∈ �n×n is the
inertia matrix, V (θ, θ̇) ∈ �n is the centrifugal and
Coriolis force vector, G(θ) ∈ �n is the gravity force
vector, and F (θ) ∈ �n is the friction vector, where n
is the number of joints of the manipulator [3].

It is well known that the rigid dynamics of equation
(1) has the following properties.

Property 1—Boundedness of the Inertia Matrix: The
inertia matrix M(θ) is symmetric and positive definite
and satisfies the following inequalities:

m1‖y‖2 ≤ yT M(θ)y ≤ m2‖y‖2, ∀y ∈ �n, (2)

where m1 and m2 are known positive constants and
‖ · ‖ denotes the standard Euclidean norm.

Property 2—Skew Symmetry: The inertia and centrifugal-
Coriolis matrices have the following property:

yT

(
1
2
Ṁ(θ) − C(θ, θ̇)

)
y = 0, ∀y ∈ �n, (3)

where Ṁ(θ) is the time derivative of the inertia matrix
and V (θ, θ̇) = C(θ, θ̇)θ̇.

2.2 The new concept for effective dynam-
ics identification

The proposed method attempts to identify the dy-
namics involving only the reference input of the joint

angle, its velocity, and their output information, using
the RKGNNs trained by an evolutionary algorithm.
This needs rearranging of the dynamic equation (1)
to form an ordinary differential equation (ODE) of
the form

ẋ = f(x). (4)

Given the dynamics of the manipulator as in equation
(1), the state vector x can be defined by x = [θ θ̇]T .
Then the ODE given by (4) can be formed using x
and the dynamics defined by equation (1) as[

θ̇

θ̈

]
=
[
0 I
0 0

] [
θ

θ̇

]
+
[

0
M−1(θ){τ − V (θ, θ̇) · · ·}

]
(5)

The right-hand side of the above ODE gives the
rate of change of the states given by the left-hand side.
Therefore for this family of ODEs, RKGNNs may very
accurately identify the right hand side.

3 RKGNN and the Structure of Func-
tion NNs

3.1 RKGNNs for the dynamics identifica-
tion of manipulators

The basic structure of a RKGNN is depicted by
Fig. 1. From Fig. 1, it can be seen that the pre-
diction of the next state involves one previous state
information and the sampling width is external to the
function NN model. One other feature is that all four
NN models given by Nf in the RKGNN are the same.
Therefore finding the optimum weights for one Nf is
all that is required to identify the system.

The RKGNN algorithm contains the following steps.
Step 1:

k0 = hNf (x(i)),

x(1)(i + 1) = x(i) +
1
2
k0,

q1 = k0,

Step 2:

k1 = hNf(x(1)(i + 1)),

x(2)(i + 1) = x(1)(i + 1) + α(k1 − q1),

q2 = βq1 + ek1,

Step 3:

k2 = hNf (x(2)(i + 1)),

x(3)(i + 1) = x(2)(i + 1) + d(k2 − q2),

q3 = γq2 + gk2,
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Step 4:

k3 = hNf(x(3)(i + 1)),

x(4)(i + 1) = x(3)(i + 1) +
1
6
k3 − 1

3
q3,

x(i + 1) ≡ x(4)(i + 1),

In this case, h is the time step width, d = (
√

2+1)/
√

2,
e = (2 −√

2), g = (2 +
√

2), α = (
√

2 − 1)/
√

2, β =
−2 + 3/

√
2, and γ = −(2 + 3/

√
2).

Since information about the controller is unknown,
a torque network is constructed that will grasp the
dynamics of the controller.

N f
hx( )i 1

2 N f
h N f

h

k0

q1

k1

N f
hα

β

γ

k2

1
6

k3

q2

q3

e

g

d

1
3

x( )i +1
Σ Σ

Σ

ΣΣ

Σ

Σ Σ

−− −

14point

Figure 1: Alternative structure of the 4th-order
RKGNN by the function NNs Nf

.

It is very important to note that in the proposed
method, the function NN Nf (·) as shown in Fig. 2
contains components for the identification of each com-
ponent of the dynamic equation (1). The construction
of sub-networks of each of these component networks
involves the construction of shape adaptive RBFNNs.

The input-output mapping relationship of the RBF
in this application is given by

φl(y; ȳl, σl) = exp{−[(y − ȳl)
T (y − ȳl)/σ

2
l ]} (6)

where y ∈ �n and ȳl ∈ �n is the input vector and the
vector of centers of the RBF, σ2

l is the variance of the
lth RBF. Therefore the output at the kth output node
of the sub-network Nsub(·) with m inputs is given by

[Nsub(y)]k =
N∑

l=1

Wklφl(y; ȳl, σl), k = 1, · · · , m (7)

where N is the number of RBFs that construct the
sub-network and Wkl is the weight from lth RBF to
kth output node.

3.2 The anatomy of the function NN

3.2.1 Torque network
The structure of the torque network is depicted by

Fig. 3, where two sub-networks for the identification
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Figure 2: Basic concept of the function NN to identify
each component of the dynamic equation.
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Figure 3: Torque network for identifying the propor-
tional and derivative gains in a P-D servo controller.

of proportional and derivative gains of the actual con-
troller are employed. The angular error vector given
by (θd−θ) and the angular velocity error vector given
by (θ̇d− θ̇) are given as inputs to the proportional and
derivative networks respectively to produce a suitable
torque vector for the robot manipulator, where θd is
the desired angular trajectory and θ̇d is the desired
angular velocity. If detailed information of the con-
troller is known, the structure of the network can be
altered accordingly.
3.2.2 Inertia network

The structure of the sub-networks of the inertia net-
work is designed such that they identify the diagonal
and upper triangular components of the inertia matrix
of the dynamic equation. This helps to make sure that
the inertia matrix is symmetric and positive definite.
The block diagram of the inertia sub-networks can be
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Figure 4: Inertia network considering the symmetry
of the inertia matrix.
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Figure 5: Velocity network consisting of the centrifu-
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seen in Fig. 4.
3.2.3 Velocity network

The velocity network set which includes centrifu-
gal and Coriolis components are shown in Figs. 5.
Basically the output of the velocity network is given
by

V (θ, θ̇) = B(θ)[θ̇θ̇] + C(θ)[θ̇
2
] (8)

where B(θ) is a matrix of size n× n(n − 1)/2 and

[θ̇θ̇] = [θ̇1θ̇2 θ̇1θ̇3 · · · θ̇n−1θ̇n]T . (9)

C(θ) is a matrix of size n× n, and

[θ̇
2
] = [θ̇2

1 θ̇2
2 · · · θ̇2

n]T . (10)

3.2.4 Gravity network
The gravity network consists of one RBF network

with n RBFs and n outputs.

4 The Evolutionary Algorithm Used for
Training the Networks

4.1 The representation

The individuals are defined based on real valued
vectors in the form

a = (x,σ) (11)

to deal with continuous parameter optimization prob-
lems. Here x ∈ �nx is the object variable vector and
σ ∈ �nx is the strategy parameter vector used for the
mutation of individuals.

4.2 Recombination

In the proposed method, arithmetical crossover is
adopted with a relatively small probability (e.g., 0.2).

4.3 Mechanism of mutation

A chaotic mutation mechanism was adopted [5].

4.4 Adaptive strategic moves based on the
local knowledge

In this method, a short-term memory of np previous
best individuals is kept. Then in each generation, µp

strategic moves are made as

xs
ij(k + 1) = Uij(BL, BU )x∗

ij(k)−
np∑

r=1

x∗
ij(k − r) (12)

where i = 1, · · · , µp, j = 1, · · · , nx, µp is set to be
a lower percentage of the population size µ, nx is
the total number of object variables in an individual,
xs

ij(k + 1) is the jth element of the ith strategic esti-
mate of the solution, x∗

ij(k) is the best solution of the
current generation, x∗

ij(k−1), · · ·, x∗
ij(k−np) are best

solutions upto np previous generations. Uij(BL, BU ) is
a uniform random number generator with lower bound
BL and upper bound BU , resampled anew for each
prediction.

Then depending on the fitness ranking of the pop-
ulation, the lowest µp individuals are replaced by the
new estimates.

5 Controller Design Procedure

5.1 Training the RKGNNs

The RKGNN was trained using the evolutionary
algorithm described in section 4, with the objective
function subjected to constraints [6]. Please note that
in the evolutionary algorithm, BU = BL + 1. The
constrained optimization method in [6] is augmented
in this application to give relative weightage to each
constraint as given by

J =

(
1
tN

tN∑
i=1

‖θd(i) − θ(i)‖ + ‖θ̇d(i) − θ̇(i)‖
)

+
st

2


 3∑

j=1

λj[g+
j (θ)]2


 (13)

where tN is the total time span of the trajectory, g+
j (θ) =

max{0, gj(θ)} is the additional penalty function for
the jth constraint satisfaction, st is a log penalty pa-
rameter such that st = 10 + log(i + 1), and λj is the
augmenting parameter for the jth constraint to depict
the relative importance of the constraints. Three con-
straints are considered: one is that the inertia matrix
estimated by the NN should be positive definite and
the other two are the bounds of the inertia matrix. In
the dynamics identification of a manipulator, the first
constraint is very important to guarantee the stability
of the model-based controller. Therefore the values of
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Figure 6: The structure of the computed torque con-
troller.

the augmenting parameters selected were λ1 = 1000,
λ2 = 1, and λ3 = 1.

The constraints are given by

g1(θ) : −Γ(θ) ≤ 0 (14)

g2(θ) : m1‖y‖2 − yT M(θ)y ≤ 0, ∀y ∈ �n (15)

g2(θ) : yT M(θ)y −m2‖y‖2 ≤ 0, ∀y ∈ �n (16)

where Γ(θ) is the minimum principle minor of the in-
ertia matrix, m1 = 1.23 and m2 = 1.45. The trained
function NN was used to control the manipulator us-
ing the computed torque controller as shown in Fig.
6, where θd, θ̇d, and θ̈d are the desired angle, angular
velocity, and angular accelerations of the three joints,
and θ, θ̇, and θ̈ are their respective following data.
The addition of the descrete time dependent function
ψ(k) = (1 − exp(−0.03k)), where k denotes the sam-
pling point, is important here. This function allows
to damp the initial transients of the input torque pro-
duced by the controller due to the fact that the iden-
tified dynamics do not perfectly match the actual dy-
namics of the manipulator.

Computed torque controllers were developed for two
trajectories marked 1 and 2 as shown in Fig. 7.

Then for a new reference trajectory, fuzzy mem-
bership based dynamic model selection method was
adopted to control the manipulator.

Note that in the torque network, the number of
RBFs used were 3 in each sub-network; in the inertia
network, the number of RBFs used were 10, in each
sub-network to identify the dynamics as accurately as
possible; in the velocity network, the number of RBFs
used were 3 in each sub-network; and the gravity net-
work consists of 3 RBFs.

5.2 Fuzzy membership based dynamic model
selection to control the manipulator

Define the premise variables for the identified tra-
jectories at the kth sampling time step as,

zi(k) = [zi1(k) zi2(k) · · · zip(k)]

= [θi1 θi2 θi3 θ̇i1 θ̇i2 θ̇i3] (17)
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Figure 7: The trajectories used for training and the
new reference trajectory.

and that for the new reference trajectory be given as

zr(k) = [zr1(k) zr2(k) · · · zrp(k)]

= [θr1 θr2 θr3 θ̇r1 θ̇r2 θ̇r3] (18)

where i=1, 2, p=6, and r denotes the reference trajec-
tory.

Let the grade of membership of zr(k) in the fuzzy
set Mij , i = {1, 2}, be given as

Mij(zr(k)) = exp
(
ln(0.5)(zij(k) − zrj(k))2γLj

2
)
(19)

where Lj is the distance between the jth premise vari-
ables of two adjacent trajectories for which the dynam-
ics are identified, γ is a constant set to be 0.66, that
governs the width of fuzzy sets.

Then the control rule for the general case is given
by,

IF imax = max[w1(z(k)) · · · wq(z(k))]
THEN τ = [τ ]imax

where

wi(z(k)) =
p∏

j=1

Mij(z(k)) (20)

Here, q denotes the number of preidentified models

6 Results

Figure 7 shows the original two trajectories used
for training the RKGNNs, marked 1 and 2, and the
reference trajectory used to control the manipulator.
The manipulator was controlled using fuzzy member-
ship based selection of an appropriate dynamic model
from these two identified NNs at any given time. Figure
8 shows the trajectory-1 and the control result ob-
tained using the computed torque controller as shown
in Fig. 6. Figure 9 shows the trajectory-2 and the
control result obtained using the computed torque con-
troller as shown in Fig. 6. Figure 10 shows the ref-
erence trajectory used to control the manipulator and
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Figure 8: Control result for the trajectory-1.
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Figure 9: Control result for the trajectory-2.

the fuzzy membership based control result. It can be
seen that the dynamics identified using only the refer-
nce input of joint angle, its velocity, and their output
data, can be effectively applied to control a manipula-
tor for a given desired trajectory, using the proposed
method. This demonstrates the effectiveness of the
combination of the RKGNNs, the architecture of the
function NN composed of RBFs, and the evolutionary
algorithm used to identify the dynamics of a multi-link
manipulator.
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Figure 10: Control result for the new reference trajec-
tory.

7 Conclusions

The Runge–Kutta–Gill neural network (RKGNN)
has been developed and it was applied for identify-
ing the complex dynamics of manipulators with higher
degrees-of-freedom. It is very useful, because it re-
duces the burden of deriving the complex dynamic
equations for such manipulators. The adoption of
RKGNNs makes the long-term prediction of the states
very accurate due to its property of interpolation of
states within one sampling interval and estimating the
rate of change of states accurately. This method is
advantageous in the practical situation where input
torque information is unknown.

Simulation studies were carried out to identify the
dynamics of a three-link manipulator subject to dy-
namic constraints using only reference-input angle and
angular velocity and their output data. The identified
dynamics for two refernce trajectories were used to
control the manipulator for a new reference trajectory
using maximum fuzzy membership based model selec-
tion method. Promising results have been obtained
to prove the effectiveness of the proposed method to
identify the highly non-linear dynamics of a multi-link
manipulator.
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