
AM 221: Advanced Optimization Spring 2014

Prof. Yaron Singer Lecture 18 — April 7th, 2014

1 Overview

The methods we discussed until now were focused on optimizing objectives for which feasible solu-
tions were in Rn. We will now start talking about combinatorial optimization where the solutions
lie in {0, 1}n.

1.1 Combinatorial Optimization

Until now we focused on optimization over continuous domains, i.e. domains where the variables
xi took variables in R or [0, 1]. But we’ve also seen some problems such as Knapsack and Max-
Cover where we were required to optimize the functions over discrete domains. Let’s review these
problems.

Problem 1 (Knapsack). Given n items e1, . . . , en each ei with cost ci ∈ R and value vi ∈ R,
and a budget B ∈ R, the goal in the knapsack problem is to find a subset of items S∗ s.t.
S∗ ∈ argmaxT∈F

∑
i∈T vi where F := {T ⊆ {e1, . . . , en} :

∑
i∈T ci ≤ T}.

The knapsack problem can also be written as a solution to an integer program with variables
x1, . . . , xn, and vectors v = (v1, . . . , vn), c = (c1, . . . , cn).

max vTx (1)

s.t. cTx ≤ B (2)

xi ∈ {0, 1} ∀i ∈ [n] (3)

Problem 2 (MaxCover). . We are given some universe of elements U and subsets T1, . . . , Tn of
elements of U and are asked to find K subsets whose union has the largest cardinality. That is find
S∗ ∈ argmaxS∈F | ∪i∈S Ti| where F = {S ⊆ [n] : |S| ≤ K}

We can formulate the MaxCover as the following integer program (see lecture 8 for more details):
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Figure 1: A depiction of a set cover.

max

m∑
i=1

zi

s.t. zj ≤
∑
i∈Sj

xi, ∀i ∈ [m]

n∑
i=1

xi ≤ K,

xi ∈ {0, 1}

We can write both Knapsack and MaxCover as the following optimization problems:

max f(x)

s.t. x ∈ F
x ∈ {0, 1}n

Note that the above notation implies selecting a subset of elements S from N = {e1, . . . , en}:
ei ∈ S ⇐⇒ xi = 1.

Our discussion of mathematical optimization followed the following form: we formulated abstract
objectives of mathematical optimization (e.g. minimizing a linear program, maximizing a lin-
ear program, minimizing a convex function, maximizing a concave function, minimizing a convex
function function under constraints, etc.) discussed fundamental mathematical properties of these
mathematical programs, and developed algorithms and methods for solving these optimization
problems. In the homework assignments we modeled some of the problems we faced, programmed
the algorithms, fed data, solved the optimization problem, and drew some conclusions.

Our conclusion until now that linear programs can be solved efficiently and convex optimization
problems can be solved efficiently. Should maximizing submodular functions under cardinality or
knapsack constraints be any different?

So why should problems over discrete domains be any different? Both Knapsack and MaxCover
are examples of submodular maximization. In the same way that we were able to obtain general
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results for optimization of convex functions, we will see how we obtain provable guarantees for
submodular functions, under various constraints. Before we do this however, we will need to
discuss the limitations of efficient computation.

2 Efficiency of Computation

It’s worthwhile to stop for a second and ask ourselves: why did the programs we wrote in our
homework assignments terminated during our life time? There are so many different potential
solutions to the optimization problems we explored, how did our algorithms know how to find the
right solution quickly? To formally discuss this we will give a mathematical definition for what we
mean by quickly.

Definition 3. O(g(n)) := {f(n) : ∃c, n0 s.t. 0 ≥ f(n) ≤ c · g(n) ∀n ≥ n0}.

Definition 4. An algorithm runs in polynomial time if there exists some constant c s.t. the
running time of the algorithm is O(nc), where n is the size of the input.

The running time of the algorithm is the number of machine operations it performs on an instance,
in the worst case over all possible inputs. The size of the inputs is the number of bits that are
needed to represent it. For example, if we have a graph with n nodes and m edges, we can represent
it as a list of m node pairs; we need to label its nodes which requires log n bits for every node and
therefore we would need 2 ·m · log n bits, and since m ≤ n2 this is O(n2). Since the definition of
polynomial-time algorithms does not specify the constant (i.e. it simply needs to be independent
of the size of the input, n) for a graph with n nodes a polynomial-time algorithm is an algorithm
which runs in time that is polynomial in n.

Theorem 5. For any linear program, there exists a polynomial-time algorithm that can find an
optimal solution, if one exists.

The proof for the above theorem is due to Leonid Khachiyan’s ellipsoid algorithm from 1979. This
breakthrough result had a deep impact on computer science theory as we will soon discuss. The
simplex algorithm due to Dantzig in 1947 actually runs in exponential time in the worst case.
Nevertheless, it runs well in practice. The framework of smoothed analysis developed by Spielman
and Teng in recent years gives a new perspective on analysis of algorithms, which nicely explains
this kind of phenomenon.

Theorem 6 (informal). Minimizing a convex program within any desirable accuracy level ε > 0 of
can be done in polynomial in the size of the input and polylogarithmic in 1/ε.

The above statement is informal since we are not specifying what exactly we mean by “convex
program”. Roughly, we mean a program that meets the conditions for optimality we discussed,
and one where we have access to oracles that give us the derivatives of the function. We will discuss
oracle access to functions later in the course. The proof to the above theorem is by analyzing the
convergence of the gradient ascent algorithm we learned in class. The proof is due to Krzysztof
Kiwiel in 1985 and similarly to the ellipsoid algorithm had a huge impact on computer science
theory.
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3 A Glimpse into the Beautiful Theory of Computation

3.1 Reducibility

A fundamental concept in computability is that of reducibility: the equivalence of two problems,
under polynomial-time computation. To see a concrete example, we will consider the maximum
matching in bipartite graphs and the max-flow problems.

Definition 7. Given an undirected graph G = (V,E):

1. A matching is set of edges E′ ⊆ E s.t. (u, v) ∈ E′ =⇒ (u,w) /∈ E′ ∀w ∈ V : (u,w) ∈ E.

2. A maximum matching is a matching E′ s.t. for any other matching E′′ we have |E′′| ≤ |E′|.

3. A maximal matching is a matching E′ s.t. ∀(u, v) ∈ E \E′ : E′ ∪ (u, v) is not a matching.

Definition 8. A graph G = (V,E) is bipartite if ∃U,W ⊆ V : U ∩ W = ∅, V = U ∪ W and
E = {(u,w) : u ∈ U,w ∈W}.

Matching in bipartite graphs. Consider the following problem: given a bipartite graph, we
wish to find the maximal matching in the graph. The problem can be formulated as the following
mathematical program:

max
∑

(u,v)∈E

xu,v

s.t.
∑

v:(u,v)∈E

xu,v ≤ 1

xu,v ∈ {0, 1}

Again, this optimization problem is different from the problems we are used to dealing with since
the condition on the variables x(u,v) is that they are integral, i.e. x(u,v) ∈ {0, 1} rather than
x(u,v) ∈ [0, 1] as we have usually seen. Throughout our discussions however, we have seen some
integer programs. In the second homework assignment we saw the problem of Maximum-flow:

Max-Flow. Let N = (V,E) be a network with s, t ∈ V being the source and the sink of N
respectively. The capacity of an edge is a mapping c : E → R+, denoted by cuv or c(u, v). It
represents the maximum amount of flow that can pass through an edge. A flow is a mapping
f : E → R+, denoted by fuv or f(u, v), subject to the following two constraints:

1. . fuv ≤ cuv, for each (u, v) ∈ E (capacity constraint: the flow of an edge cannot exceed its
capacity)

2.
∑

u:(u,v)∈E fuv =
∑

u:(v,u)∈E fvu, for each v ∈ V \ {s, t} (conservation of flows: the sum of the
flows entering a node must equal the sum of the flows exiting a node, except for the source
and the sink nodes)
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The value of flow is defined by |f | =
∑

v:(s,v)∈E fsv, where s is the source of N . It represents the
amount of flow passing from the source to the sink. The maximum flow problem is to maximize
|f |, that is, to route as much flow as possible from s to t.

In the second homework assignment we formulated the above problem as a linear program, which
we know can be solved efficiently.

A solution to Maximum matching on bipartite graphs. The problem of maximum match-
ing on bipartite graphs can be solved as follows. Given a bipartite graph G = (U ∪W,E) we will
turn it into an instance to the Max-Flow problem: we add nodes s, t and edges (s, u), ∀u ∈ U
and (w, t), ∀w ∈ W , in addition we put a capacity of 1 on all edges in the new graph. It is not
hard to see that a maximum flow in the new graph is equivalent to a maximum matching in the
bipartite graph.

So in some sense, the maximum matching problem on bipartite graphs is no more difficult as the
problem of maximum-flow on graphs. Let’s formalize this idea.

Definition 9. A problem Q is poly-time reducible to problem Q′ (written as Q ≤p Q
′) if we can

solve problem Q given a polynomial-time black-box algorithm to problem Q′.

3.2 NP-completeness

Definition 10. A decision problem is a problem that has “YES” or “NO” answers.

That is, decision problems are problems where we simply check whether there exists a feasible
solution. An example of a decision problem is:

• “Given an instance to the Knapsack problem, does there exist a set of items whose total
value is at least ` and total cost is no greater than B?”

• “Given an instance to the MaxCover, does there exist a family of subsets whose union is of
cardinality at least ` and total number of sets in the family is at most K?”

• “Given an instance to the matching problem on bipartite graphs, does there exist a matching
with at least ` edges?”

• “Given an instance to the max-flow problem, does there exist a flow in the graph with value
at least `?”

These problems are the decision problem variants of our problems. Note that the optimization
problems can be solved by checking all possible 2n values of the decision variants through binary
search, which requires log 2n = n steps. So, if we can solve the decision variant efficiently (say in
polynomial time of O(nc) for some constant c), we can solve the optimization variant efficiently (in
polynomial time of O(nc+1)), and vice versa.

Definition 11. P is the class of decision problems solvable through a poly-time algorithm.

Definition 12. An algorithm verifies a solution X to an instance I of a decision problem if it
outputs “YES” when the solution is feasible or “NO” when the solution is infeasible.
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Definition 13. NP is the class of decision problems whose solution can be verified in poly-time.

Theorem 14. P ⊆ NP .

Proof. Given a problem in P, solve it and use that as a certificate.

Definition 15. A problem Q is NP-Complete if:

1. Q is in NP, and

2. ∀Q′ ∈ NP,Q′ ≤p Q

In some sense NP-completeness gives us a certificate that a problem is computationally hard. In
the next lecture we will show how to prove that a problem belongs to this class of hard problems,
and discuss methods for dealing with computational intractability, which is the main theme for the
remainder of the course.
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