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1 Overview

In the previous lecture we started talking about combinatorial optimization. In general, we
would like to know whether problems that were are interested in can be solved efficiently (i.e.
in polynomial-time). Today we will introduce a new continue discussing the concept of NP-
completeness, NP-hardness, approximation algorithms and submodular functions.

2 Submodular Functions

Notation disclaimer. We will consider functions over a set of elements N = {e1, . . . , en}. We
will sometimes write [n] where [n] = {1, . . . , n} and use instead of N . Also, we may write j ∈ S
rather than ejinS, when it’s clear from the context. Lastly, for an element e ∈ N we will write
f(S ∪ e) and mean f(S ∪ {e}) or write f(e) to mean f({e}).

Definition 1. A function f : 2N → R, is monotone if S ⊆ T =⇒ f(S) ≤ f(T ).

Definition 2. Given a function f : 2N → R, the marginal contribution of an element e ∈ N to
S ⊆ N is fS(e) = f(S ∪ e)− f(S).

Definition 3. A function f : 2N → R is submodular if for any e ∈ N we have that:

fS(e) ≥ fT (e) ∀S ⊆ T ⊆ N

The optimization problems we are interested in are optimization problems where the function is
submodular and can be written as follows:

max f(S)

s.t. S ∈ F

The Max-Cover is maximizing a submodular function under a cardinality constraint, i.e. f(S) =
| ∪ Ti| and F := {S ⊆ N : |S| ≤ K}. The knapsack problem had an additive (linear) function
f(S) =

∑
i∈S f(ei) and the set of feasible solutions was F = {S ⊆ N : c(S) ≤ B}. It is easy to

verify that a cover function is submodular. It is also easy to verify that any additive function is
submodular.

There are many other examples of problems that can be represented as various forms of submodular
maximization. Applications include influence in social networks, combinatorial auctions, maximiz-
ing information gain, and many others. Our conclusion until now was that linear programs can be
solved efficiently as can convex optimization problems. Should maximizing submodular functions
under cardinality or budget constraints be any different?
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2.1 NP-Completeness

In the previous lecture we discussed the concept of NP-completeness. Let’s recall the definitions.

Definition 4. A decision problem is a problem that has “YES” or “NO” answers.

For example:

• “Given an instance to the Knapsack problem, does there exist a set of items whose total
value is at least ` and total cost is no greater than B?”

• “Given an instance to the Max-Flow problem, does there exist a flow in the graph with
value at least `?”

These problems are the decision problem variants of our problems. Note that the optimization
problems can be solved by checking all possible 2n values of the decision variants through binary
search, which requires log 2n = n steps. So, if we can solve the decision variant efficiently (say in
polynomial time of O(nc) for some constant c), we can solve the optimization variant efficiently (in
polynomial time of O(nc+1)), and vice versa.

Definition 5. P is the class of decision problems solvable through a poly-time algorithm.

Definition 6. An algorithm verifies a solution X to an instance I of a decision problem if it
outputs “YES” when the solution is feasible or “NO” when the solution is infeasible.

Definition 7. NP is the class of decision problems whose solution can be verified in poly-time.

Definition 8. A problem Q is NP-complete if:

1. Q is in NP, and

2. ∀Q′ ∈ NP,Q′ ≤p Q

By a polynomial-time reduction from SAT it is possible to show that the decision variant of Max-
Cover, namely Set-Cover is NP-hard.

Theorem 9. Set-Cover is NP-complete.

Definition 10. A maximization problem is NP-hard if its decision version is NP-complete.

Theorem 11. In general, maximizing a submodular function under a cardinality constraint is
NP-hard.

3 Dealing with Computational Intractability

The world is full of NP-hard problems. While it is not likely we will be able to optimize NP-hard
problems in polynomial time, there are various ways of dealing with NP-hardness.

1. Heuristics. This is a class of algorithms which are not guaranteed to find optimal solutions,
but who solutions can be shown do well experimentally.
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2. Exponential-time methods. These methods are guaranteed to find optimal solutions but
run in exponential time in the worst case. The simplex method is an example, as are cutting-
plane methods, and branch-and-bound.

3. Approximation Algorithms. These algorithms run in polynomial time and are guaranteed
to return a solution s.t. the ratio between the solution returned by the solution and the
optimal solution is bounded.

In this course we will focus on approximation algorithms. We will see various techniques for
designing approximation algorithms which include dynamic programming, randomized-rounding,
primal-dual methods, combinatorial algorithms, as well as other methods. Time permitting, we
will also see some examples of branch-and-bound and cutting plane methods which belong to the
class of exponential-time algorithms.

Definition 12. An algorithm for a maximization problem is α-approximation if for any input, the
solution returned by the algorithm S respects: f(S) ≥ α · f(OPT ).

4 Approximation Algorithm for Monotone Submodular Functions

We will now see a very simple algorithm which has a good approximation guarantee. The algorithm
can be described as follows:

Algorithm 1 Greedy Algorithm for Submodular Maximization

1: Set i = 1, S = ∅
2: while i ≤ K do
3: S ← S ∪ argmaxe∈NfS(e)
4: i← i+ 1
5: end while
6: return S

4.1 Analysis of the greedy algorithm

We will now show that the algorithm has a good approximation ratio. In particular, we will show:

Theorem 13. For any monotone submodular function, let OPT be the value of the optimal solution
for maximizing the function with K elements. Then, the greedy algorithm described above returns
a solution S s.t. f(S) ≥ (1− 1

e )OPT .

We will first use the following properties of submodular functions, which will make the analysis
easier. The proof of these properties is left as an exercise.

Theorem 14. For any given submodular function f : 2N → R we have that:

• f(S ∪ T ) ≤ f(S) + f(T )− f(S ∩ T ), for any S, T ⊆ N .

• f(S ∪ T ) ≤ f(S) + f(T ), for any S, T ⊆ N .

• fS : 2N → R is also submodular, for any S ⊆ N .
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Notation. We will use the following notation. At every step i of the while loop in the algorithm,
we will use ei to denote the element that has been selected by the algorithm in that step, and Si to
denote the set of elements the algorithms selected thus far Si := {e1, . . . , ei}. Finally, we will use
O to denote the set of elements in the optimal solution.

Lemma 15. At any step i ∈ [K] we have that: f(Si+1)− f(Si) ≥ 1
K

(
f(O)− f(Si)

)
Proof. For convenience, let O = {o1, . . . , o`}, and omax will be the element with the highest marginal
contribution in O at stage i+ 1. That is:

omax = argmaxo∈OfSi(o)

At stage i+1 the algorithm selects element ei+1 and we are guaranteed that its marginal contribution
is the highest. In particular, its marginal contribution is also higher than the marginal contribution
of the element in O that has the highest marginal contribution:

fSi(ei+1) ≥ fSi(omax)

Therefore:

fSi(O) ≤
∑̀
j=1

fSi(oj) (1)

≤ KfSi(omax) (2)

≤ KfSi(ei+1) (3)

= K ·
(
f(S ∪ ei+1)− f(Si)

)
(4)

= K ·
(
f(Si+1)− f(Si)

)
(5)

Where the first inequality is due to subadditivity of fSi (which we have from submodularity of fSi),
and the second inequality is due to the fact that the optimal solution has at most K elements.

We therefore have:

K ·
(
f(Si+1)− f(Si)

)
≥ fSi(O) = f(Si ∪O)− f(Si) ≥ f(O)− f(Si)

Lemma 16. At every step i ∈ [K] we have that: f(Si) ≥
(

1− (1− 1
K )i
)
f(O).

Proof. The proof is by induction on i. For i = 1 we have that Si = ei and we know, using the same
argument we used in the proof of the lemma above that f(ej) ≥ 1

K f(O). Therefore for i = 1:

f(Si) = f(ej) ≥
1

K
f(O) =

(
1− (1− 1

K
)
)
f(O)

We can now assume the claim holds for i = ` and we will prove that it holds for i = `+ 1.
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f(S`+1) ≥
1

K

(
f(O)− f(S`)

)
+ f(S`) (6)

=
1

K
f(O) +

(
1− 1

K

)
f(S`) (7)

≥ 1

K
f(O) +

(
1− 1

K

)(
1−

(
1− 1

K

)`)
f(O) (8)

≥ 1

K
f(O) +

(
1− 1

K

)
−
(

1− 1

K

)`+1
)f(O) (9)

≥ 1

K
f(O)− (

1

K
)f(O) +

(
1−

(
1− 1

K

)`+1
)f(O) (10)

=
(

1− (1− 1

K
)`+1

)
f(O) (11)

The first inequality is from Lemma 15. The inequality 8 is due to the inductive hypothesis.

Note that for any K ≥ 1 we have that (1− 1
K )K ≥ 1

e . The theorem now follows.

Theorem 17. For any monotone submodular function there is a (1−1/e)-approximation algorithm.

The above result is due to Fisher, Nemhauser, and Wolsey from 1978. Remarkably, in 1998 a result
due to Feige shows that unless P=NP, no polynomial-time algorithm can do better.

Theorem 18. There is no polynomial-time approximation algorithm fort the Max-Cover problem
with a factor better than 1− 1/e, unless P=NP.

The proof of the above theorem requires tools from complexity theory that are beyond the scope
of our class. For the remainder of the class we will see how to develop algorithms for the class of
submodular functions, as well as some other related problems, under various constraints. In the
process we will see interesting applications and fundamental techniques.
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