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1 Overview

In our previous lecture we discussed extreme points, and showed that if an LP has an optimal
solution, then it is an extreme point. In this lecture we’re discuss duality which is a fundamental
building block in optimization.

2 Examples

Consider the following optimization problem:

min x1 + 2x2 + 4x3

s.t. x1 + x2 + 2x3 = 5

2x1 + x2 + 3x3 = 8

x1, x2, x3 ≥ 0

Finding upper bounds on optimal solution. For the following optimization problem, we
can try to guess solutions, and evaluate their quality. For example, the solution (2, 1, 1), i.e.
x1 = 2, x2 = 1, x3 = 1 respects the constraints, and its value is 1 · 2 + 2 · 1 + 4 · 1 = 8. So, α1 = 8 is
an upper bound on the optimal solution – since x1 = (2, 1, 1) is feasible, and its value is 8, we know
that the optimal solution is at most 8. Similarly, we can try (3, 2, 0), see that it also respects the
constraints, and the value of this solution would be α2 = 1 · 3 + 2 · 2 + 4 · 0 = 7. Therefore, α2 = 7
is also a lower bound on the optimal solution.

At this point it is not clear how to “guess” candidates for an upper bound, but assuming someone
gives us a point, we can easily check whether that point is feasible, and if it is, we know its value
is an upper bound on the optimal solution. So what about lower bounds?

Finding lower bounds on optimal solution. Let’s consider the performing the following
operation on our constraint matrix and b: multiply the first row by 2 and subtract the second
row from the first row. Or in other words, (2,−1)TA and (2,−1)T b. This operation gives us the
following equation:

0 · x1 + 1 · x2 + 1 · x3 = 2
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If we look closely at the above equation we see that all multipliers of x1, x2, x3 are not greater than
the multipliers in the objective. Since all variables in the solution need to be non-negative we have:
0 · x1 < 1 · x1, 1x2 ≤ 1x2, 1 · x3 ≤ 4x3. We therefore have that α3 = 2 is a lower bound on the
optimal solution, i.e. the optimal solution must be at least 2.

So ideally we want the lower bounds to be as large as possible. If we check the vector (3,−1) we
will get a lower bound of α4 = 7. But this lower bound matches our upper bound. Since the value
of the optimal solution must be no greater than the value of the upper bound and no smaller than
the value of the lower bound, it therefore must be that α∗ = 7 is the value of optimal solution.

3 The Primal Dual Theory

Let’s formulate the above discussion. For a given LP of the form:

min cTx (Primal)

s.t. Ax = b

x ≥ 0

For any y ∈ Rn s.t. yTAj ≤ cj ∀j = 1, . . . , n it must be the case that yTb ≤ α = cTx, for any
feasible solution x. We can find the best lower bound by solving:

max yTb (Dual)

s.t. yTA ≤ cT

3.1 Weak duality theorem

The following theorem is a formulation of a rather straightforward idea that we brought up in our
discussion.

Notation: Throughout the rest of this section we will use (P) to denote the primal problem above
with A, c,b and (D) to denote the dual problem. We will also use α∗, β∗ to denote the optimal
solutions of the primal and dual problems, respectively.

Theorem 1 (weak duality). Let x be a feasible solution to (P) and y a feasible solution to (D).
Then: cTx ≥ yTb.

Proof. Since x is feasible, Ax = b, and since y is feasible we have that yTA ≤ cT . Thus:

yTb = yTAx ≤ cTx.

Remark 2. Let α∗, β∗, denote the values of the optimal primal and dual solutions, respectively.
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1. If the primal is unbounded (α∗ = −∞), then it must be that the dual is infeasible (notation:
β∗ = −∞).

2. If the dual is unbounded (β∗ =∞) then it must be that the primal is infeasible (α∗ = −∞).

3. The dual of the dual is the primal.

3.2 Strong duality theorem

Theorem 3. If either (P) or (D) are feasible, then α∗ = β∗.

Proof. W.l.o.g suppose that (P) is feasible (the dual of the dual is the primal). If (P) is unbounded,
then α∗ = −∞ = β∗ and we are done. Otherwise, let x∗ be the optimal solution for (P), i.e.
α∗ = cTx∗.

We first claim that:

∃y ∈ Rn : yTA ≤ cT

−yTb ≥ α∗

To show that there exists such a solution y is equivalent to showing that the above statement is
feasible. Instead of showing this directly, we will use the we will use Farkas Lemma and show that
the alternative is infeasible, which will then necessarily imply that the above is feasible. By Farkas
the above program is feasible if and only if the following program is infeasible:

Ax = λb

cTx < λα∗

x ≥ 0, λ ≥ 0

To see that this is infeasible there are two cases to consider λ = 0, and λ = 1 (by scaling, we can
assume without loss of generality that λ = 1). In the first case is when λ = 0 we have:

Ax = 0

x ≥ 0

cTx < 0

To see that this is infeasible, assume for purpose of contradiction that the above is feasible, i.e.
there indeed exists a solution x which respects these conditions. In this case however, it is not hard
to see that x + x∗ is feasible since A(x∗ + x) = x and x∗ + x ≥ 0, but has lower value than the
optimal solution x∗ since cTx∗ > cT (x + x∗), contradicting the optimality of x∗.

Similarly, in the other case of λ = 1 we get that also a contradiction to x∗ being an optimal solution.
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We therefore have that:

∃y ∈ Rn : yTA ≤ cT

−yTb ≥ α∗

From weak duality we know that:

∃y ∈ Rn : yTA ≤ cT

−yTb ≤ α∗

It therefore must be the case that β∗ = yTb = α∗, as required.

Before we conclude, let’s just state the following fact: there are cases in which both primal and
dual are infeasible. For example:

min x1 + 2x2

s.t. x1 + x2 = 1

2x1 + 2x2 = 3

and the dual here is:

max y1 + 3y2

s.t. y1 + 2y2 = 1

y1 + 2y2 = 2
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