
AM 221: Advanced Optimization Spring 2014

Prof. Yaron Singer Lecture 8 — February 24th, 2014

1 Overview

Last week we talked about the Simplex algorithm. Today we’ll broaden the scope of the objectives
we can optimize using linear programs, and in particular we’ll discuss optimization of piecewise
linear functions. We’ll see how this applies to problems of linear regression, and well-studied
combinatorial optimization problems such as the Max-K-Cover problem.

2 Regression Revisited

Let’s revisit the the problem of regression, this time with a different objective. Recall that the
input is a set of points (α1, β1), . . . , (αN , βN ), where αi ∈ Rd we want to build a statistical model
which can be used for prediction. In the first lecture we talked about minimizing the residual sum
of squares, i.e finding a parameter x∗ = argmin

∑N
i=1(βi−αix)2. One however, may consider other

objectives to optimize, and in particular the `1 norm:

min
x∈Rd

N∑
i=i

|βi − αix|

Optimization with absolute values. This kind of an objective is an example of an optimization
problem which involved absolute values. More generally, we can consider problems of the form:

min
x∈Rd

n∑
i=i

ci|xi|

s.t. Ax ≥ b,

where x = (x1, . . . , xn) and we assume that ci is non-negative for all i ∈ [n]. How should we go
about optimizing this kind of an objective? A simple observation here is that |a| is the smallest
number z for which z ≥ a ∧ z ≥ −a. The above objective can therefore be optimized using the
following linear program:
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min
x∈Rd

n∑
i=i

cizi

s.t. Ax ≥ b,
xi ≤ zi,
− xi ≤ zi,

For linear regression in the `1 norm, we can use the same idea as above we can formulate this as
the following objective with the variables z1 . . . , zN , x1, . . . , xN :

min
N∑
i=1

zi

s.t. βi − αixi ≤ zi ∀i ∈ [N ]

− βi + αixi ≤ zi ∀i ∈ [N ]

Alternatively one may consider the `∞ norm:

min
x∈Rd

(
max
i∈[N ]

|βi − αix|
)

Here we not only need to deal with absolute values, but also minimizing a maximum function. We
observe that a real number z minimizes maxi∈S hi if and only z ≤ ci,∀i ∈ S. For regression in
the `∞ norm we can therefore formulate the above problem as the following linear program with
variables z, x1, . . . , xN :

min z

s.t. βi − αixi ≤ z ∀i ∈ [N ]

−βi + αixi ≤ z ∀i ∈ [N ]

3 Piecewise-linear functions

The problems above area all special cases of optimization of convex piecewise-linear functions.
Piecewise-linear functions are functions for which there are defined intervals over which the function
is linear.

Definition 1. A function f : Rn → R is a convex piecewise-linear if there exist c1, . . . , cN ∈ Rn

and d1, . . . , dN ∈ R s.t. f(x) = maxi∈[N ] c
T
i x + di.

Note that |x| = maxi{−x, x} this is therefore a convex piecewise linear functions.
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We will next prove that convex piecewise linear functions are, in fact, convex functions. Recall that
for a convex set S ⊆ Rn a function f : S → R is convex if: f(λx + (1−λ)y) ≤ λf(x) + (1−λ)f(y),
for any two points x,y ∈ S and λ ∈ [0, 1]. We will prove a stronger statement, namely that the
maximum of convex functions is a convex function. Since linear functions are convex, by definition
this will give us that convex piecewise linear functions are convex.

Proposition 2. Let f1, . . . , fm be convex functions defined over some convex set S ⊆ Rn. Then,
the function f(x) = maxi∈[m] fi(x) is also convex.

Proof. Let x,y ∈ S, λ ∈ [0, 1]:

f(λx + (1− λ)y) = max
i∈[m]

fi(λx + (1− λ)y)

≤ max
i∈[m]

(
λfi(x) + (1− λ)fi(y)

)
≤ max

i∈[m]
λfi(x) + max

i∈[m]
(1− λ)fi(y)

= λf(x) + (1− λ)f(y)

The consequence of the above theorem is the following corollary.

Corollary 3. Any convex piecewise-linear function is convex.

In the same fashion that we optimized the regression objective in the `infty-norm we can minimize
any convex piecewise-linear function:

min
x∈Rd

max
i∈[N ]

cTi x + di

Ax ≤ b

Simply by solving the following program:

min
z∈Rd

z

s.t. Ax ≤ b

z ≥ cTi x + di ∀i ∈ [n] (1)

z ≥ −cTi x + di ∀i ∈ [n] (2)

(3)

3.1 Concave piecewise-linear functions

In an analogous manner we can define concave piecewise linear functions.
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Figure 1: A depiction of a set cover.

Definition 4. A function f : Rn → R is a concave piecewise-linear if there exist c1, . . . , cN ∈ Rn

and d1, . . . , dN ∈ R s.t. f(x) = mini∈[N ] c
T
i x + di.

In a similar fashion, we can maximize concave piecewise linear function.

4 Combinatorial Optimization

While we’re recalling problems from the first lecture, let’s recall the problem of Max-K-Cover
problem. In this problem there is some universe of elements U and we are given subsets T1, . . . , Tn
of elements of this universe and are asked to find a family of k subsets whose union has the largest
cardinality. That is:

max | ∪i∈S Ti| (4)

s.t. |S| ≤ k (5)

The Max-K-Cover has many applications. Examples we discussed in class include information
spreading in social networks, and classification of data (if you missed class, ask your friends about
these applications). As we mentioned a few weeks ago, this problem is NP-hard, which for now
we’ll interpret to mean that to the best of our human knowledge, finding the optimal solution is
infeasible.

If we have m elements in the universe, we can look at the objective of the Max-K-Cover problem
as a sum of m different functions defined for each element: for a given selection of k subsets, the
function fj for element zj is min{1,

∑
i∈Sj

xi} where xi is a variable in {0, 1} indicating whether
the set Ti has been selected, and Sj are all the sets that cover element j. Notice that this function
is a step function: as long as there is one set selected which covers zj the value of that element no
longer increases. We depict the value of fj(zj) in the figure below.

From the above discussion we can formulate the Max-K-Cover as the following integer program:
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(a) Value of fj(zj): the cover of a single node
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(b) Value of the linear relaxation of fj(zj)

max
m∑
i=1

zi

s.t. zj ≤
∑
i∈Sj

xi, ∀i ∈ [m]

n∑
i=1

xi ≤ k,

zi ≤ 1

xi ∈ {0, 1}

As we discussed, the problem is NP-hard and we therefore do not have an algorithm which finds
an optimal solution to the integer program in reasonable time. However, we can write write a
linear relaxation of this problem by simply replacing the condition xi ∈ {0, 1} to xi ∈ [0, 1]. The
linear relaxation is depicted in the figure above. This is a convex piecewise linear function, and the
formulation of this relaxation is therefore:

max

m∑
i=1

zi

s.t. zj ≤
∑
i∈Sj

xi, ∀i ∈ [m]

n∑
i=1

xi ≤ k,

zi ≤ 1, ∀j ∈ [m]

xi ∈ [0, 1], ∀i ∈ [n]

This relaxation is not exactly our objective, since it may return fractional solutions, i.e. xi ∈ [0, 1]
rater than xi ∈ {0, 1}. For a problem like Max-K-Cover this kind of solution is infeasible: we
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cannot take a fraction of a set. In a few weeks, however, we will learn how to round solutions:
we will take a fractional solution and turn it into an integral one. Most remarkably, we will show
that simple rounding procedures give us optimal approximation algorithms (assuming P 6= NP, a
conjecture most computer scientists believe to be true).
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