
AM 221: Advanced Optimization (Spring 2014)
Problem Set 2

Instructions: Solutions are due on Wednesday, March 12th, 2014, 11:59:59 EDT. All your so-
lutions should be prepared in LATEX and the PDF and .tex should be submitted to Thibaut. For each
question, the best and correct answers will be selected as sample solutions for the entire class to enjoy.
If you prefer that we do not use your solutions, please indicate this clearly on the first page of your
assignment.

1. Extreme Points. Prove that for every nonempty polyhedron P = {x ∈ Rn : Ax ≤ b} a point
x ∈ Rn is an extreme point of P if and only if x is a basic feasible solution of P . Hint: consider the
rows of active constraints (AB,bB) and rows of nonactive constraints (AN ,bN ) separately, and apply
the same kind of technique we used in class to show that for any linear program, there always exists an
optimal solution which is an extreme point of the feasible polyhedron.

2. Certificate for Unboundedness. Recall that in class we proved that for any nonempty polyhedron
P with recession cone P o, if ∃d ∈ P o : cTd > 0, then the linear program max{cT x | x ∈ P} is
unbounded. In this exercise, you are asked to prove the reverse direction. That is, prove that if the
problem max{cT x | x ∈ P} is unbounded, then it must be the case that ∃d ∈ P o : cTd > 0. Hint: use
duality.

3. Separation of Polyhedra. Let P,Q to be two different polyhedra. Formulate a linear program
which determines whether the two polyhedra are disjoint: if P ∩ Q 6= ∅ the linear program returns
x ∈ P ∩Q and otherwise is infeasible.

4. Max-Flow Min-Cut. In this problem we will study flow networks. A flow network is a directed
graph G = (V,E) with two distinguished nodes, the source s and the sink t, s, t ∈ V . The source s has
no incoming edges: {u : (u, s) ∈ E} = ∅ and the sink t has no outgoing edges: {u : (t, u) ∈ E} = ∅. In
addition, each edge (u, v) ∈ E has a capacity cuv ∈ R+ which represents the maximum amount of flow
that can pass through this edge. A flow of the network is a family {fuv}(u,v)∈E ∈ (R+)|E| satisfying
the two constraints:

• Capacity constraint: for each edge (u, v) ∈ E, fuv ≤ cuv.

• Flow conservation: for each node u ∈ V \ {s, t},
∑

v:(v,u)∈E fvu =
∑

v:(u,v)∈E fuv

The amount of flow leaving s is
∑

u:(s,u)∈E fsu and is called the value of the flow f . The goal of the
maximum flow problem is to find a flow f with maximal value satisfying both the capacity and the flow
conservation constraints.

a. Show that the value of the flow f is equal to
∑

v:(v,t)∈E fvt. Hence, the value of the flow could
equivalently be defined as the amount of flow entering t.
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b. Write the maximum flow problem as a linear program.

An s− t cut of G is a partition of V into two sets: V = S ∪T with S ∩T = ∅, such that s ∈ S and
t ∈ T . The cost c of an s − t cut is defined by c(S, T ) :=

∑
(u,v)∈S×T cuv. The goal of the minimum

cut problem is to find an s− t cut of minimal cost.

c. Show that the optimal value of the minimum cut problem is an upper bound on the optimal value
of the maximum flow problem.

d. Formulate an integer program for the minimum cut problem (recall that in class we saw an example
of an integer program for the Knapsack problem). Let us name this problem MinimumCut.
Write the LP relaxation of the MinimumCut problem (recall that we saw an example of an
LP-relaxation with Knapsack-LP). We will name this relaxation MinimumCut-LP.

e. Derive the dual of the maximum flow LP that you wrote in b. and show that it is equivalent to
MinimumCut-LP. Can you reinterpret the result of c. in terms of duality?

f. Assuming that MinimumCut and MinimumCut-LP have the same optimal value, prove the
famous max-flow min-cut theorem:

The maximum value of a flow is equal to the minimal cost of an s− t cut.

5. Support Vector Machine Classification.

Code: In this exercise you will need to write a few scripts (computer programs) to solve LPs and
manipulate data. You may use any programming language you like. Please attach the source code
of your programs (clearly labeled) to your homework solutions.

In supervised classification, you are given a set of observations {(xi, yi), 1 ≤ i ≤ n} with (xi, yi) ∈
Rd×{−1, 1}. xi is the vector of features of observation i and yi is its class. Here, we have a two-class
classification problem, the set of observations can be partitioned into two classes: {i : yi = +1} and
{i : yi = −1}. The goal of the classification is to use the set of observations to construct a classifier
c : Rd → {−1,+1}. Given a vector of features x, the classifier outputs c(x), a prediction for y, the
true class of x. We say the classifier makes a classification error when c(x) 6= y, and that it classifies x
correctly when c(x) = y.

Support vector machines (SVM) are a special kind of classifiers defined in terms of hyperplanes.
More precisely, given a hyperplane (w, b), the associated SVM classifier is cw,b defined by:

cw,b(x) =

{
+1 if wTx− b ≥ +1

−1 if wTx− b ≤ −1

a. Give a geometric interpretation of the classification performed by cw,b in terms of the hyperplanes
H+ := {x : wTx− b = +1} and H− := {x : wTx− b = −1}.

b. Compute the Euclidean distance d between H+ and H−: d := min{‖x−y‖2, x ∈ H+, y ∈ H−}.
d is called the “margin” of the classifier cw,b.

The SVM-classifier constructed on input {(xi, yi), 1 ≤ i ≤ n} is defined by the hyperplane (w, b) for
which the margin d defined above is as large as possible, while still correctly classifying the observations.
Observe that this can be written:

min
w,b
‖w‖2

s.t. yi(w
Txi − b) ≥ 1, 1 ≤ i ≤ n

(1)
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Note that when there does not exist such a separating hyperplane, the problem (1) is infeasible.
Hence, we consider the soft-margin relaxation of (1) where the constraints are loosened:

min
w,b,ξ
‖w‖2 + C

n∑
i=1

ξi

s.t. yi(w
Txi − b) ≥ 1− ξi, 1 ≤ i ≤ n

ξi ≥ 0, 1 ≤ i ≤ n

(2)

In (2), we allow each constraint to be violated by some error ξi at the expense of increasing the value
of the objective function by C times this error. C is a constant which controls how much to penalize
such violations of the constraints.

c. Show that when replacing ‖w‖2 by ‖w‖1 in (2), with ‖w‖1 :=
∑n

i=1 |wi|, the optimization problem
(2) can be written as a linear program. This newly obtained program is called `1−SVM.

d. Write a program which implements the simplex algorithm seen in class. More precisely, given
objective function c, constraint matrix A and constraint vector b, write a function which runs the
simplex algorithm on the problem:

min
x

cTx

s.t. Ax = b, x ≥ 0

e. Download the dataset at http://thibaut.horel.org/twitter.tar.gz. This dataset is an
archive containing three files. Each file contains a collection of tweets from Twitter, one tweet
per line, in JSON format. The exact description of the JSON structure of the tweets can be found
at https://dev.twitter.com/docs/platform-objects/tweets.

In the archive, the file sochi.txt is a collection of tweets using either hashtag #sochi or hashtag
#sochi2014, whereas ukraine.txt is a collection of tweets using hashtag #ukraine. Finally, the file
test.txt is a collection of tweets for which, unfortunately, the hashtags have been lost.

You goal is to construct a classifier to predict the class (sochi or ukraine) of the tweets in the
file text.txt. For this, you will need to convert a tweet into a vector of features x. Basic features to
consider are the binary vectors of occurrences of words (the i-th coordinate of x being 1 or 0 depending
on whether or not word i appears in the tweet, for the set of all words appearing in the tweets).
More advanced features could include the term frequency-inverse document frequency of the words:
https://en.wikipedia.org/wiki/Tf%E2%80%93idf, or other properties of the tweets.

f. Use the program you wrote in d. to construct an `1−SVM classifier using the tweets in sochi.txt
and ukraine.txt: a function which given a tweet outputs either “sochi” or “ukraine”, the class
predicted by the classifier.

g. Attach to your solution a file predictions.txt giving the list of predicted classes for the tweets in
test.txt. The format of this file should be a list of lines, each line containing the id of a tweet and
its predicted class, separated by a whitespace:

123456 sochi

654321 ukraine

...

Give clear instructions about how your code should be run to obtain the file predictions.txt.

Bonus: The authors of the fastest and most accurate programs (in terms of number of misclassification
errors on test data sets) will be awarded bonus points and everlasting fame.
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