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1 Overview

In this course we will discuss some foundations and recent research papers largely devoted to
the topic of data mining in social networks. Although massive data sets have been collected and
analyzed in well over a decade (e.g. data from internet measurements, sensors, genome sequencing),
a lot of the excitement comes from social data: massive digital records of human interactions. Of
course, human interactions have been studied by sociologists for decades; however the current
massive-scale data provides a unique system-wide perspective of collective human behavior. The
system-wide perspective on human interactions poses fundamental challenges and opportunities.
In cases that allow intervention by a designer, for instance, the dynamics of the social system
can be engineered. One example is when attempting to initiate a large cascade by seeding it
at certain important nodes in the network to promote a product or social movement through
word-of-mouth. Another opportunity is to use digital traces of social interactions to verify existing
sociological theories or establish new ones. Other examples include using data of cascading behavior
to predict future cascades in the network, or develop inference algorithms that recover cascades from
incomplete measurements. All these problems involve complex optimization where the underlying
network structure plays an important role, and require overcoming various limitations imposed by
large-scale, and often noisy, data.

2 Cascades in networks

We will first discuss some mathematical models that help explain and predict cascades in networks.
At the local level, networks mediate interactions between individuals, and as these interactions
propagate in the network, we can observe traces of cascading behavior at the network level. Cas-
cades occur across various domains, for example:

• Public health

• Viral marketing

• Social movements

• Spread of disease

• Financial networks
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2.1 Models of Influence

Local interactions between individuals are captured mathematically through influence models which
attempt to capture the process in which a person changes her behavior as a result of information
disseminated from her peers. In order to understand how to design algorithms that optimize
information dissemination, we must first understand how information spreads in networks.

We will introduce three models of influence. The models will be deliberately parsimonious. The
behavior of a node is a binary function with range in {0, 1}, and initially all nodes have opinion 0.
A node is influenced at time step t, if at time step t, its behavior changes to 1. We will now describe
three major models of influence that describe stochastic processes in which nodes are influenced to
change their behavior. Each model is defined for some finite graph G = (V,E) and time step t ∈ N.

• The voter model: In the voter model we assume the graph has self loops 1, and for each
v ∈ V define N(v) to be the neighbors of v (including v itself) and d(v) = |N(v)|. In the
voter model at time t, each node v adopts the opinion its neighbor had at time t − 1 with
probability 1/d(v).

• Independent cascade: In this model every edge (u, v) ∈ E is assigned with some weight
pu,v ∈ [0, 1]. At time step t, every node v that changed its behavior at t − 1 influences each
one of its neighbors v independently with probability pu,v.

• Linear Threshold: Here every edge also has a weight pu,v ∈ [0, 1] and in addition every
node u has some threshold ru ∈ [0, 1] chosen uniformly at random. A node u is influenced
at time t if at time step t − 1,

∑
v∈Nt−1(u)

pu,v ≥ ru, where Nt−1(u) is the set of neighbors
of u who are influenced at or before time t − 1. In other words, u is influenced if the total
incoming weight from influenced neighbors exceeds u’s threshold.

Definition 1. For every one of the influence models, we associate a corresponding influence func-
tion which encodes the expected number of nodes influenced by a subset S after t time steps according
to the model.

Remark 1. Observe that the influence models are local and the influence function is global.

We will be interested in understanding the structure of influence models and the functions that
they are associated with. We will see that some influence function have a “diminishing returns”
property, while other models have a threshold effect. The notion of diminishing returns is well
captured through the property of submodularity that we now define.

2.2 Submodularity

We will consider functions over a set of elements V = {e1, . . . , en}. We will sometimes write [n]
where [n] = {1, . . . , n} instead of V . Also, we may write j ∈ S rather than ej ∈ S, when it’s clear
from the context. Lastly, for an element e ∈ V we will write f(S ∪ e) and mean f(S ∪{e}) or write
f(e) to mean f({e}).

1Observe that this is not a structural property of the graph, but rather a more convenient way to describe the
model. That is, we can describe an equivalent process on graphs without self loops, but the notation will become
messier.
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Definition 2. A function f : 2V → R, is monotone if S ⊆ T =⇒ f(S) ≤ f(T ).

Definition 3. Given a function f : 2V → R, the marginal contribution of an element e ∈ V to
S ⊆ V is denoted fS(e) and defined as fS(e) := f(S ∪ e)− f(S).

Definition 4. A function f : 2V → R is submodular if for any e ∈ V we have that:

fS(e) ≥ fT (e) ∀S ⊆ T ⊆ N

The definition above nicely captures the idea of diminishing returns: as we add more elements into
a set S the marginal contribution of a new element e can only decrease.

Exercise. Prove that each of the following functions 2V → R+ are submodular:

• Additive functions: f(S) =
∑

e∈S f(e).

• Symmetric submodular (aka downward sloping): For some positive reals {ri}ni=1 for
which r1 ≥ r2 ≥ . . . rn ≥ 0 f(S) =

∑
i≤|S| ri.

We can now characterize influence models in terms of submodularity.

Claim 1. The independent cascade model is a submodular function.

We leave this as an exercise for the reader.
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