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1 Overview

In the previous lecture we went over the voter model, in which each node adopts the opinion of
one of their neighbors at random. In this lecture, we study the independent cascade model. We
will discuss both how to evaluate the influence of a node in this model and the task of influence
maximization. We will see that this task is NP-hard nevertheless retains good approximation
guarantees. The main result we will discuss today is due to Kempe, Kleinberg and Tardos [2].

2 The Model

The local influence model. Given a finite edge-weighted directed graph G = (V,E,p) where
p ∈ [0, 1]|E|, let pu,v denote the weight encoded on the edge (v, u) ∈ E, and for a given node u ∈ V ,
let N(u) be the set of neighbors of u, i.e. Nu = {v : (v, u) ∈ E}. To consider the global spread of
influence in the network according to this model given a seed of nodes S who are initially influenced,
let It(S) be the set of nodes influenced at time t. In this case the model is recursively defined as
follows. At time step t = 0, It(S) = S. For any step t > 0, a given node u ∈ V is influenced
independently with probability pv,u by every one of its neighbors who were influenced at time step
t− 1, i.e. every neighbor v ∈ N(u) ∩ It−1(S).

According to this model we can write the probability of a node u ∈ V is influenced to be influenced
as:

1−Πv∈N(u)∩It−1(S)(1− pv,u).

When we consider this model spreading in the network, then given some subset of nodes that is
initially infected at time step 0, at each step t every node that was infected in t − 1 has a single
chance to infect every one of its neighbors with the probability encoded on the edges. After n = |V |
this process terminates1, and results in some subset of nodes that are infected.

The initial set that we select at time step 0 can have a significant effect on the size of the resulting
cascade: the expected number of nodes that will be influenced as a result. The natural question is
which set we should select to maximize the cascade.

1The process terminates after |V | steps since each node only has one chance to infect its neighbors, and that the
edge distance between any two nodes in the graph is at most |V |.
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3 Influence Maximization in the Independent Cascade Model

Recall that influence maximization is the task of selecting k individuals in the network s.t. the
expected influence in the network will be maximized after t steps. We can phrase the influence
maximization question in the independent cascade model for the case where t = |V |, when the
process terminates (all the results that we will discuss in this lecture can be easily modified for
an arbitrary selection of t). Unlike the voter model where we saw an optimal polynomial-time
algorithm for maximizing influence, even very simple cases of independent cascade are NP-hard to
optimize.

Theorem 1. Maximizing influence in the independent cascade model is NP-hard.

Proof. We will reduce from the set cover problem which is well known to be NP-hard problem.
Recall that in the set cover problem we are given a family of subsets {T1, T2, . . . , Tm} where Ti ⊆
U ,∀i ∈ [m], parameters k, d ∈ N and are asked if there is a family S of at most k sets s.t.
| ∪i∈S Ti| ≥ d.

Given an instance of set cover, we can construct an instance of the influence maximization problem
in the independent cascade model as follows. We will construct the following edge weighted directed
bipartite graph. Each element ej ∈ U will correspond to a node ui in a set U , and each subset Ti

will correspond to a node vi in the set V . The set of edges will be E = {(vi, uj) : ej ∈ Ti}. The
weight on every edge will be 1. It is easy to see that there is a subset of size k that influences at
least d nodes in the graph if and only if there is a subset of size k in the set cover instance that
covers at least d elements.

Since the problem is NP-hard, we will turn to approximation algorithms.

Definition 2. Let Π be a maximization problem of size n. An algorithm is a g(n)-approximation
if it reruns a valid solution for Π whose value is at least a g(n) ≤ 1 fraction of the optimal solution
to Π.

For NP-hard problems, when possible, we seek constant factor approximation algorithms that run
in polynomial-time. A constant factor approximation implies that the approximation guarantee
remains constant, irrespective of the input size. So, while the input size to the problem may grow,
the ratio between the optimal solution and the solution returned by the algorithm will not change.

Our goal will be to design constant-factor approximation algorithms for the influence maximization
problem in the independent cascade and linear threshold models. In order to do so, we will discuss
submodular functions which we introduced in a previous lecture. The key insight will be that
influence in the independent cascade and linear threshold function can be viewed as a submodular
optimization problem, and the results for submodular functions will immediately apply for influence
maximization in these models.

4 Submodular Functions

We already introduced the idea of submodular functions. Let’s review some definitions and notation:
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Definition 3. A function f : 2N → R, is monotone if S ⊆ T =⇒ f(S) ≤ f(T ).

Definition 4. Given a function f : 2N → R, the marginal contribution of an element e ∈ N to
S ⊆ N is fS(e) = f(S ∪ e)− f(S).

Definition 5. A function f : 2N → R is submodular if for any a ∈ N we have that:

fS(a) ≥ fT (a) ∀S ⊆ T ⊆ N

There are many examples of problems that can be represented as various forms of submodular
maximization. For concreteness, we can think of the maximization version of set-cover, which is
the The Max-Cover problem. In this problem we are given a family of sets {T1, . . . . , Tn} and a
parameter k, and are asked to find a family S of subsets of size at most k which maximizes the
union of the sets, i.e. find arg maxS:|S|≤k | ∪i∈S Ti|. here f(S) = | ∪i∈S Ti|, and it easy to verify that
this function is indeed non-negative, monotone, and submodular. The theorem from the previous
section suggests that this problem is NP-hard.

An algorithm for monotone submodular maximization. We will now see a very simple
algorithm which surprisingly has a very good approximation guarantee.

Algorithm 1 Greedy Algorithm

1: Set S = ∅
2: while |S| ≤ k do
3: S ← S ∪ argmaxa∈NfS(a)
4: end while
5: return S

Analysis of the greedy algorithm. The above algorithm is simple and intuitive: at every step,
simply add the element that has the largest marginal contribution to the set of elements selected.
We will now show that the algorithm has a good approximation ratio. In particular, we will show:

Theorem 6 ([3]). For any non-negative monotone submodular function f : 2N → R+, let OPT = max|T |≤k f(T ).
Then, the greedy algorithm described above returns a solution S s.t. f(S) ≥ (1− 1/e)OPT .

In our proof we will use the following property of submodular functions, which will make the
analysis simpler. The proof is left as an exercise.

Lemma 7. For any submodular function f : 2N → R we have that the function fS : 2N → R (as
defined above) is subadditive, i.e. for any A,B ⊆ N we have that fS(A ∪B) ≤ fS(A) + fS(B).

Notation. We will use the following notation. At every step i of the while loop in the algorithm,
we will use ai to denote the element that has been selected by the algorithm in that step, and Si

to denote the set of elements the algorithms selected thus far Si := {a1, . . . , ai}. Finally, we will
use O to denote the set of elements in the optimal solution.

Lemma 8. At any step i ∈ [k] we have that: f(Si+1)− f(Si) ≥ 1/k
(
f(O)− f(Si)

)
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Proof. Let O = {o1, . . . , o`}, and omax be the element with the highest marginal contribution in O
at stage i+ 1. That is: omax = argmaxo∈OfSi(o). At stage i+ 1 the algorithm selects element ai+1

and we are guaranteed that its marginal contribution is the highest. In particular, its marginal
contribution is also higher than the marginal contribution of the element in O that has the highest
marginal contribution: fSi(ai+1) ≥ fSi(omax). Therefore:

fSi(O) ≤
∑̀
j=1

fSi(oj) (1)

≤ kfSi(omax) (2)

≤ kfSi(ai+1) (3)

= k ·
(
f(S ∪ ai+1)− f(Si)

)
(4)

= k ·
(
f(Si+1)− f(Si)

)
(5)

Where the first inequality is due to subadditivity of fSi (which we have from submodularity of fSi),
and the second inequality is due to the fact that the optimal solution has at most K elements.

We therefore have:

k ·
(
f(Si+1)− f(Si)

)
≥ fSi(O) = f(Si ∪O)− f(Si) ≥ f(O)− f(Si)

as requried.

Lemma 9. At every step i ∈ [k] we have that: f(Si) ≥
(

1− (1− 1
K )i
)
f(O).

Proof. The proof is by induction on i. For i = 1 we have that Si = ai and we know, using the same
argument we used in the proof of the lemma above that f(aj) ≥ 1

kf(O). Therefore for i = 1:

f(Si) = f(aj) ≥
1

k
f(O) =

(
1− (1− 1

k
)
)
f(O)

We can now assume the claim holds for i = ` and we will prove that it holds for i = ` + 1.

f(S`+1) ≥ 1

k

(
f(O)− f(S`)

)
+ f(S`) (6)

=
1

k
f(O) +

(
1− 1

k

)
f(S`) (7)

≥ 1

k
f(O) +

(
1− 1

k

)(
1−

(
1− 1

k

)`)
f(O) (8)

≥ 1

k
f(O) +

(
1− 1

k

)
−
(

1− 1

k

)`+1
)f(O) (9)

≥ 1

k
f(O)− (

1

k
)f(O) +

(
1−

(
1− 1

k

)`+1
)f(O) (10)

=
(

1− (1− 1

k
)`+1

)
f(O) (11)
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The first inequality is from Lemma 8. The inequality 8 is due to the inductive hypothesis.

Note that for any k ≥ 1 we have that (1− 1
k )k ≥ 1

e . The theorem now follows.

Theorem 10. For any monotone submodular function there is a (1−1/e)-approximation algorithm.

The above result is due to Fisher, Nemhauser, and Wolsey [3]. Remarkably, it is also the optimal:
Feige showed that unless P=NP, no polynomial-time algorithm can do better [1].

5 An approximation algorithm for Influence Maximization

Going back to influence maximization, we will now show that maximizing influence in the indepen-
dent cascade model can be viewed as maximizing a submodular function.

To see this let Ω be the set of all graphs with nodes V and edges that realize according to the
probability encoded on the edges. For any graph G ∈ Ω let RG(S) be the set of all nodes that are
reachable in G from S. For any realization G, the nodes reachable from S in G are the nodes that
are influenced in that realization. Therefore, influence in the independent cascade model can be
written as:

f(S) =
∑
G∈Ω

P[G] · |RG(S)|

The function |RG(S)| is a cover function, which is monotone submodular. It is easy to see that (pos-
itive) weighted sum of submodular functions is itself a submodular function. Therefore, influence
in the independent cascade is monotone submodular.

In order to apply the algorithm above we need to be able to evaluate the submodular function.
At a first glance, it seems difficult to do since the sum is over exponentially many cover function.
This however, can be handled through various approaches of sampling. In the first problem set we
will see one simple method to apply the greedy algorithm with sampling in a way that can give us
results that are arbitrarily close to 1− 1/e.

The linear threshold model. We narrowed the discussion to the independent cascade model,
but the same results apply for the linear threshold model. That is, it is easy to show that maximizing
influence in the linear threshold model is NP-hard, and it is possible to show through a more involved
argument that in the linear threshold model when each node’s threshold is chosen uniformly at
random, maximizing influence is a submodular maximization problem. For more details see [2].
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