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1 Overview

In today’s lecture we will start the second part of the course. In this part we will focus on in-
formation dissemination through networks: how do we efficiently send information to nodes using
natural processes of influence between individuals?

In today’s lecture we will introduce the models of influence which we will discuss throughout the
course. We will then focus on the voter model, highlight the connection between this model and
random walks on graphs, and use these connections to design a simple algorithm for the seemingly
complex task of maximizing influence.

2 Information Dissemination through Social Networks

Some real-life examples of information dissemination include

• Viral marketing

• Political propaganda

• Distributing final exam schedules

• Disease control

In order to understand how to design algorithms that optimize information dissemination, we must
first understand how information spreads in networks.

2.1 Models of Influence

We consider three models of influence from the literature. We will be interested in models that
capture an influence process that propagates in a social network. An opinion of a node is a binary
function in {0, 1}, and initially all nodes have opinion 0. A node is influenced at time step t, if at
time step t, its opinion changed to 1. We will now describe three major models of influence that
describe a stochastic process in which nodes are influenced to change their opinion. Each model is
defined for some finite graph G = (V,E) and time step t ∈ N.

• The voter model: In the voter model we assume the graph has self loops 1, and for each
v ∈ V define N(v) to be the neighbors of v (including v itself) and d(v) = |N(v)|. In the

1Observe that this is not a structural property of the graph, but rather a more convenient way to describe the
model. That is, we can describe an equivalent process on graphs without self loops, but the notation will become
messier.
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voter model at time t, each node v adopts the opinion its neighbor had at time t − 1 with
probability 1/d(v).

• Independent cascade: In this model every edge (u, v) ∈ E is assigned with some weight
pu,v ∈ [0, 1]. At time step t a node u adopts the opinion of its neighbor v with probability
pu,v if and only if v adopted an opinion at time t − 1. (That is, we can think of a node as
being “active” and trying to spread information to its neighbors only in the time step after
it is activated.)

• Linear Threshold: Here every edge also has a weight pu,v ∈ [0, 1] and in addition every
node u has some threshold ru ∈ [0, 1] chosen uniformly at random. A node u is influenced
at time t if at time step t − 1,

∑
v∈Nt−1(u)

pu,v ≥ ru, where Nt−1(u) is the set of neighbors
of u who are influenced at or before time t − 1. In other words, u is influenced if the total
incoming weight from influenced neighbors exceeds u’s threshold.

Definition 1. For every one of the influence models, we associate a corresponding influence func-
tion which encodes the expected number of nodes influenced by a subset S after t time steps according
to the model.

Remark 1. Observe that the influence models are local and the influence function is global.

Maximizing Influence in Social Networks. We will be concerned with the question: given a
graph G = (V,E), an influence function f : 2V → R+ and budget k ∈ N+, find a subset of nodes
S ⊆ V of size k s.t. S ∈ argmaxT :|T |≤kf(T ). In other words, we are finding an initial subset of
nodes of size at most k that maximizes the sum of the influence function of the nodes in the graph.

3 Influence in the Voter Model

For the voter model, we will show that maximizing influence is maximizing an additive function.
A function is additive if f(S) =

∑
v∈S w(v) for some function w : V → R. As we will later show,

this will be a key property of the model.

3.1 Random walks in graphs

Let us begin with a loose definition of a random walk

Definition 2. Let G = (V,E) a graph. A random walk of length t that starts at u ∈ V is a function
rt : V → V recursively defined as follows: at t = 0 we have r0(u) = u and for any t ≥ 1: rt(u) = v
with probability 1/d(w) for any v ∈ N(w), where w = rt−1(u).

In words the random walk function, the probability that we get to a node v depends on the probabity
that we got to one of its neighbors, w, in the previous time step, and the degree of that neighbor,
d(w). If the probability we got to that neighbor is high, the probability that we will get to v will be
higher. If the degree of that neighbor is high, the probability that we will get to v is lower (because
there is a greater chance that from our neighbor w, we will jump to a node other than v).
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3.2 Matrix Notation

For convenience we will use matrix notation and assume that the nodes in V are sorted according
to some arbitrary order. Throughout the rest of this lecture we will let n = |V | be the number of
nodes in the graph. We will associate some unique index i ∈ {1, . . . , n} with each node v. We will
consider X ⊆ V . We will overload X here and say than for an index i associated with v, we will
write i ∈ X. We will also say for v associated with index i we have that v ∈ X. So notationally,

i ∈ X ⇔ vi ∈ X.

Notation 1. For some X ⊆ V we use 1X to denote the vector (x1, . . . , xn) where:

xi =

{
1 i ∈ X;
0 otherwise

Definition 3. For a given graph G = (V,E) the transition matrix of G is the n× n matrix M
defined as:

Mu,v =

{
1/d(u) v ∈ N(u);
0 otherwise

Example: Let G = (V,E) be the graph V = {u, v, w} and E = {(u, v), (v, w)}. Then, the
transition matrix is2:

M =

 1/2 1/2 0
1/3 1/3 1/3
0 1/2 1/2


Proposition 1. Let G = (V,E) be a graph and M be its transition matrix. Then, for any u, v ∈ V
we have that ptu,v, the probability of going from u to v in t steps, is given by ptu,v = 1uM

t1T
v .

Proof. The proof is by induction, and is left as an exercise to the reader (i.e., homework).

Example: Consider the graph and transition matrix from the above example.

p1u,v = (1, 0, 0)M(0, 0, 1)T = (1/2, 1/2, 0)(0, 0, 1)T = 0

and:

p1w,v = (0, 1, 0)M(0, 0, 1)T = (1/3, 1/3, 1/3)(0, 0, 1)T = 1/3

All’s kosher.

2Recall that we have self loops and that the graph is undirected.
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3.3 Maximizing Influence in the voter model

We will formalize the definition of a random walk in order to determine how to maximize influence
on a graph. Let

g0(v|v) = 1

g0(u|v) = 0

gt(u|v) =

{
1 with probability |{w∈N(u):gt−1(w)=1}|

d(u)

0 with probability |{w∈N(u):gt−1(w)=0}|
d(u)

In other words, gt(u|v) is the proportion of u’s neighbors that have value 1 at time t− 1.

Lemma 2. Let G = (V,E) be a graph. For any u, v ∈ V , the probability that u adopts the opinion
of v after t steps in the voter model is ptu,v.

Proof. The proof is by induction on t. For t = 1, the claim holds trivially by the definition of
the voter model. Assume the claim holds for t − 1. For some t > 1, we have that we have that
the probability of u adopting the opinion of v is the probability that u adopts the opinion of its
neighbor w:

ptu,v =
∑

w∈N(u)

p1u,wp
t−1
w,v =

1

d(u)

∑
w∈N(u)

P[gt−1(w|v) = 1] = P[gt(u|v) = 1].

Theorem 3. Let G = (V,E). Then for any S ⊆ V we have that f t(S) = 1V M
t1T

S .

Proof.

f t(S) = E[
∑
u∈V

gt(u|S)] =
∑
u∈V

E[gt(u|S)] (1)

=
∑
u∈V

P[gt(u|S) = 1] =
∑
u∈V

∑
v∈S

ptu,v =
∑
u∈V

∑
v∈S

1vM
t1T

u (2)

=
∑
u∈V

1SM
t1T

u = 1V M
t1T

S (3)

Also note that a random walk of length t ≥ n3 reaches all u ∈ V with probability (1− o(1)) · d(u)2|E|

We can now describe a simple algorithm for maximizing influence in the voter model:

ALG 1

input: Graph G, time limit t, budget k
1. Compute the transition matrix M ;
2. Sort V s.t. 1v1M

t1V ≥ 1v2M
t1V ≥ . . . ≥ 1vnM

t1V

return: {v1, . . . , vk}
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Theorem 4. For any graph G = (V,E) and any t ∈ N the set returned by ALG 1 is the set which
maximizes influence in the voter model.

Proof. Let S be the solution returned by ALG 1. For any set Q os size k, we have that:

1V M
t1T

Q =
∑
v∈T

1V M
t1T

v ≤
∑
v∈S

1V M
t1T

v

where the first equality is due to Theorem 3 and the last inequality is due to the fact that the
algorithm takes the nodes with the highest value.

All results thus far were for a general t ∈ N. An interesting fact about random walks is that after

n3 steps the probability of reaching a node u is (1− o(1))
(
d(u)
2|E|

)
. For t ≥ n3 we can therefore use

the following algorithm.

ALG 2

input: Graph G, budget k
Sort V s.t. d(v1) ≥ d(v2) ≥ . . . ≥ d(vn)
return: {v1, . . . , vk}

From the above discussion we have the following theorem:

Theorem 5. For any graph G = (V,E) and any t ≥ n3 the set returned by ALG 2 is the set which
maximizes influence in the voter model, with high probability.

3.4 Notes

The voter model was introduced by Clifford and Sudbury [1] and Holley and Ligget [2]. The
connection between influence in the voter model is due to Even-Dar and Shapira [3], where the
algorithms for maximizing influence in this model are introduced.
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