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1 Overview

In the last lecture we discussed the Milgram’s experiment and the small-world phenomenon. In
search of mathematical models of social networks that can describe this phenomenon, we empha-
sized three important properties:

1. The degree of every node is constant ;

2. The clustering coefficient of the graph is high (i.e., the likelihood of two random neighbors of
a random node being connected is constant);

3. The average graph distances between every two nodes is short (roughly logarithmic in size of
graph).

We analyzed a model of small-world networks which is a variant of the Watts-Strogatz model and
showed it satisfies all the above properties. While the model guarantees that short paths in the net-
work exist, it still does not fully explain a fundamental result of Milgram’s experiment. Milgram’s
experiment shows that not only do short paths exist, but that people were very good at finding
short paths, using very little information about the network. While participants presumably knew
who their acquaintances were and where they lived, they probably did not know the acquaintances
of their acquaintances. How were these participants able to find a path to Cambridge without
knowledge of the social network structure? In the next two lectures we will discuss a network
model that provides an answer to this question.

2 Navigation in a Small World

To address the question of how individuals were able to navigate messages with only local infor-
mation, Kleinberg suggests a small-world model defined as follows [?]. Nodes are positioned on an
n×n lattice square. Each node in the lattice is connected to its k nearest neighbors on the lattice,
for some given parameter k ∈ N; in addition, for some given ` ∈ N each node has ` long range edges
which are randomly connected to other nodes in the network. Unlike the model we discussed in the
last lecture, edges are not connected uniformly at random; instead, the probability that a node u
is connected to a node v is d(u, v)−α/

∑
v 6=u d(u, v)−α, where d(u, v) indicates the distance between

u and v on the lattice. Thus, Kleinberg’s model is parameterized by three parameters: k, ` and α.
Note that since we are interested in models which have constant degree, k and ` will be constants.
We provide an illustration below.

It is worth noting the connection between the model we discussed in the previous lecture and this
one. Instead of an n-node ring (one dimensional lattice) here we have an n×n lattice; here too, we
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Figure 1: A partially constructed Kleinberg model with k = 1, ` = 2, α = 2 and n = 4. We start
with a 4 × 4 lattice square. Connect all nodes with a lattice distance of 1 (black arrows). Then
for each node u, add 2 random edges where the probability of adding edge (u, v) is proportional to
δ(u, v)−2. For clarity, the diagram above shows only a partial construction – only the first two nodes
on the first row have been augmented with random edges (red arrows). Note also that Kleinberg’s
model is a random graph, so on a different realization the black arrows will stay the same but the
red arrows will likely change.

connect the k-nearest neighbors along the lattice, and add a fixed number of random edges to each
node. The probability distribution from which we select the nodes to be connected is parametrized
by α, and for α = 0 we have that random edges are connected uniformly at random between nodes,
as in the model from the previous lecture.

Our main goal is to show that for these models, individuals can forward messages in relatively few
steps without a map of the network. A routing protocol is an algorithm that forwards messages
from one node to another in the graph. We say that such an algorithm is a local routing protocol
if the only information it uses to forward messages is the location of every node’s neighbors on the
grid, and the location of the target on the grid. 1 The delivery time of a protocol is the expected
average number of steps the protocol takes when delivering a message from a source node s to a
target node t, where the expectation is taken over all possible random graphs generated according
the model.

We can now state the main result:

Main result: For graphs generated according to Kleinberg’s model with α = 2, there exists a
local routing protocol with expected delivery time of O(log2 n), even with k = ` = 1. Furthermore,
this α is unique, i.e. for any other value of α any local routing protocol has an expected delivery
time which is polynomial in the size of the graph, for any constants k and `.

1In Kleinberg’s paper the definition for local routing protocol also assumes the protocol has knowledge of the
message’s history. As noted in the original paper, this only strengthens his main result as this property is only used
for the lower bound on values of α 6= 2.
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Figure 2: A graph for random routing protocol to act on. We wish to route from s to t and each
edge e0, e1, ..., ed has weight 1.

2.1 Routing on random graphs

Let’s be clear about what we mean when we discuss routing on random graphs. For a given
distribution of graphs G = {G1, G2, ...} we can use Xs,t to denote the random variable desribing
the number of steps the algorithm takes from s to t. This object is a random variable since the
graph is randomly drawn from the distribution G. The delivery time from s to t is EG∼G [Xs,t].

An important insight that will make the proof much easier to handle is that instead of analyzing
a deterministic algorithm routing on a random graph, we can analyze the a randomized algorithm
routing on a fixed graph. Let’s first see an example of such a random protocol. In Figure ??, we
depict a graph where a source node has links to a set of nodes u1, u2, u3 . . . and some target node
t. A random routing protocol selects an edge e from s with some probability pe and lands at some
destination node in the set {u1, u2, . . .} ∪ {t}. We can denote Ys,t to be the number of steps taken
to go from s to t.

In our case, using the principle of deferred decisions, we have that EG∼G [Xs,t] = E[Ys,t]. This is
because we will analyze protocols for which no node is visited more than once. In our analysis
instead of generating a random graph and analyzing the algorithm, only when the algorithm visits
the node will we generate its long-range random link.

2.2 Properties of Kleinberg’s model

Before proving the main result, we’ll highlight some important properties of the model that will
be instrumental in the proof. We use u → v to denote the event that there exists a random edge
between u and v.

Lemma 1. In Kleinberg’s model, the following properties hold:

1. for all nodes u ∈ V , the number of nodes at distance exactly d from u is Θ(d);

2. for all nodes u ∈ V , the number of nodes at distance at most d from u is Θ(d2);

3. for α = 2, P[u→ v] ≥ Θ( d
−2

logn).
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Proof. The first property is simply due to the fact that nodes are placed on a 2-dimensional lattice:
for every every node u, and every distance 1 ≤ d ≤ n, there are at least d nodes which are exactly
at that distance from u. If v’s coordinates are (i, j) ∈ n × n and w.l.o.g. i, j > d, then the nodes
(i− d, j), (i− (d− 1), j + 1), . . . , (i, j − d) are all at distance exactly d. And this happens at most

in four directions on the grid. Given the first property we see that
∑d

i=1 i = d(d+1)
2 = Θ(d2) which

gives us the second property. Finally, the third property is due to the fact that in the denominator:

∑
v 6=u

d(u, v)−2 = Θ(

2n∑
i=1

i · i−2) = Θ(

2n∑
i=1

i−1) = Θ(log n).

Figure 3: Some vertices on a square lattice. The coordinates of each vertex is marked. The vertices
on the dotted line segments have a lattice distance exactly d from (i, j). The vertices inside the
square enclosed by the 4 dotted lines have a lattice distance no larger than d from (i.j).

In the next lecture we will prove the main result. The proof idea can be described as follows. The
path from a source s to target t will consist of “meanderings” and “jumps”. Each jump cuts the
distance to t in roughly half while each meandering has mean duration of log n steps.
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