
CS 284r: Incentives and Information in Networks Fall 2013

Lecture 5 — Wednesday, September 18th, 2013

Prof. Yaron Singer Scribe: Korey Tucker and Kendall Sherman

1 Overview

In this lecture all students played a game in which we formed a tree that passes information to
better understand query incentive networks. After establishing the theoretical framework for such
networks, we covered introductory game theory concepts and examples.

2 What is Scribing?

When asked to clarify the depth of scribing required, we were told “Think of the poor student. The
one that missed class. The sick, the poor, the meek. And write for them!” Essentially, someone
should be able to read the scribe notes and feel as if they attended class. However, Yaron’s jokes
should only be included if students laugh.

3 The Game

Yaron: “I will try to buy my way out of teaching.”

Yaron told us that we would play a game and have the chance to win money. We later found
out that he considers the game an “investment” - that playing will make teaching us a theoretical
concept easier later. He asked for a volunteer, who sat at the center of the table in the seminar
room. She was #1. Another girl volunteered for #2 and assigned numbers 3-23 to the remaining
students. We were told to rearrange ourselves into the shape of the tree below:
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With some struggle, we did so satistfactorily. Each of #1’s children sat in a different corner of the
table, with their children behind them. A bucket was passed around and each student took two
slips of paper. They were secret, but each had some long decimal number.

3.1 Game 1

One node in the tree has a secret piece of information. #1 wants that piece of information, and if
she gets it she receives 10$. She can do whatever she wants with that money - keep it for herself, or
give some fraction of it to her children or the child that gives her the correct answer. Each of #1’s
children can make the same decision with the money they receive. Every parent node must write
down a contract of what he will do with the money before the game begins. No communication is
allowed between nodes before the game begins.

So, whatever node has the secret information gets a certain % of the money their parent receives
for passing on the information, and so on up to node #1.

It took awhile for us to understand the rules, but we were finally able to play. Node #17, Bo (the
TF) had the secret piece of information - the first 200-something digits of pi. #17’s parent #4 had
written a contract to split any money he received equally amongst himself and his children. #1
had written a contract to keep 5$ for herself and give 5$ to the first child who gave her the correct
solution. As a result, 4, 14, 15, 16, and 17 each got a dollar.

3.2 Game 2

Yaron now rearranged all of the nodes into a binary tree ordered by node number. Anyone whose
HUID has the last digit 3, 6, or 9 got crossed off, and their nodes and their children didn’t exist
any longer. Contracts were redrawn. Now we played with 5 dollars. The secret number was the
Golden Ratio, and four slips of paper held it.

At first, no existing nodes had the secret number, so node #10 (who did have it) was added back
in. #1 said that she would give the first person that gave her the right answer 2.50$, and keep the
rest. #2 said that she would give 25% of her money to right answer. #5 said he would give 50%
of his money to the correct answer. As a result, #1 received 2.50$, #2 received 2$, #5 received
25 cents, and #10 received 25 cents. Because a quarter was the smallest denomination available,
past that, the node with the secret number would not have gotten a reward and the information
wouldn’t have been transmitted at all.

4 Query Incentive Networks

The setup, players, and rewards of the game were all then formalized.

4.1 Structure

1. Tree T with set of nodes V

2. A verifiable answer that receives random reward r∗
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3. Root v∗ that receives that reward

4. ∀v ∈ V has an answer with probability 1− p

4.2 Strategies

Each player/node has a strategy that they choose beforehand (a contract).

1. ∀v ∈ V : function fv : N → N where fv(r) < r
This function transforms their reward into the payoff they will give to a child. We assume no
altrustic players (which in our game was true).

2. ∀v ∈ V : there exists cost of relaying message (here, we will assume cost = 1)

3. ∀v ∈ V : v are utility maximizers, and want to achieve the highest payoff possible

4.3 Branching

1. There is a probability q that a node is not realized

2. branching is b := dq where d is the degree of the tree T

4.4 General Comments on Setup

• If multiple children have the answer, only one gets paid

• Each node will most likely not just give the minimum reward to incentivize its child to pass
on information - in that case there might not be enough reward to make it to the node with
the answer!

• The nodes do not know the depth, and do not know where the answer is

• The rarity of the answer appearing does influence a given node’s strategy

• The number of children per parent node does influence a given node’s strategy

• The tree is not necessarily finite

• All nodes have the same degree (d-reg tree T)

• The game is only played once, not in multiple iterations

5 Game Theory

Game Theory was the incentive structure that drove these networks and these games.

In our game, we had the freedom to write down whatever contract we thought would maximize our
utility. In the model, each agent does the same thing, and the result with be a Nash Equilibrium.
What does such an equilibrium look like? Let’s define it.
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5.1 Game

• A set of players/agents V

• ∀v ∈ V : ∃fv ∈ Fv - A set of strategies for each agent

• ∀v ∈ V : ∃Uv : F × Ω → R where F : F1 × ...F|V | and Ω, set of possible states of the world.
This defines the utility they receive from some strategy and opponent’s strategy. Then the
utility function takes in all the actions of all the players along with this state chosen by nature
and returns the utility.

5.2 Common Game Theory Assumptions

These assumptions simplify the math so utility maximization is easier.

1. Agents act simultaneously

2. Agents are rational (meaning utility maximizers). This obviously isn’t always true, and there
is interesting work on what happens in GT when players aren’t rational.

5.3 Nash Equilibrium

A game (V, F, U) is a Nash Equilibrium NE if:

Agents play f∗ = (f∗1 , ...f
∗
|V |) s.t. ∀v : uv(f∗v , f

∗
−v) ≥ uv(fv, f

∗
−v) ∀fv ∈ Fv

In laymans terms, the Nash equilibrium occurs when, for a given set of strategies, no player can
improve his payoff (all other strategies held constant) by changing his strategy.

Now follow some examples of famous games:

5.4 Battle of the Sexes

B S
B (2, 1) (0, 0)
S (0, 0) (1, 2)

Here the rows are one player’s actions, columns are the other’s; entries are payoffs for (row,column)
when those actions are played.

In game theory, battle of the sexes (BoS), also called Bach or Stravinsky, is a two-player coordination
game. Imagine two friends agreed to meet this evening. One prefers Bach, the other prefers
Stravinsky, but both would prefer to go to the same place rather than different ones. The two Nash
Equilibrium occur at (B,B) and (S,S).
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5.5 Prisoner’s Dilemma

Two members of a criminal gang are arrested and imprisoned. Each prisoner is in solitary con-
finement with no means of speaking to or exchanging messages with the other. The police admit
they don’t have enough evidence to convict the pair on the principal charge. They plan to sentence
both to a year in prison on a lesser charge. Simultaneously, the police offer each prisoner a bargain.
Here’s how it goes:

• If A and B both confess the crime, each of them serves 3 years in prison

• If A confesses but B denies the crime, A will be set free whereas B will serve 4 years in prison
(and vice versa)

• If A and B both deny the crime, both of them will only serve 1 year in prison

Don’t Confess Confess
Don’t Confess (3, 3) (0, 4)

Confess (4, 0) (1, 1)

Even though they’re both better off if neither confesses, the Nash Equilibrium is when both confess,
since they don’t trust each other - a non-optimal outcome.

5.6 Matching Pennies

The game is played between two players, Player A and Player B. Each player has a penny and must
secretly turn the penny to heads or tails. The players then reveal their choices simultaneously. If
the pennies match (both heads or both tails) Player A wins. If the pennies do not match Player B
wins. There is no Nash Equilibrium - not every game has a pure strategy NE!

T H
T (1, 0) (0, 1)
H (0, 1) (1, 0)

5.7 Pure and Mixed Strategies

A pure strategy provides a complete definition of how a player will play a game. In particular, it
determines the move a player will make for any situation he or she could face. A player’s strategy
set is the set of pure strategies available to that player.

A mixed strategy is an assignment of a probability to each pure strategy. This allows for a player
to randomly select a pure strategy. Since probabilities are continuous, there are infinitely many
mixed strategies available to a player, even if their strategy set is finite.

Of course, one can regard a pure strategy as a degenerate case of a mixed strategy, in which that
particular pure strategy is selected with probability 1 and every other strategy with probability 0.
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5.8 Final Thoughts

By Nash’s Theorem, we know that every finite repeated game has a Nash Equilibrium (either pure
or mixed). We are going to prove that in our query incentive network, there is one unique NE, and
we’ll thus be able to pick a reward that will be successful with whatever probability we’d like.
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