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1 Overview

In our last lecture we talked about game theory and we gave a practical demonstration of a game
based on networks. The game had the following characteristics:

Structure: an infinite tree T which is d-ary (all nodes in the tree have the same degree d), a root
node v∗ and a random reward r∗ > 0.

Strategies: ∀v ∈ T, fv : N → N (every node has a function that says how it is going to divide the
reward between itself and its children). All nodes are utility maximizers, that is they
maximize (reward− cost) · P[finding answer].

Branching: the branching of the tree is given by the formula b = q · d (the probability of each node
to appear, q, multiplied by the number of children of each node, d).

In this lecture we are going to introduce a formal model for the game we demonstrated earlier: the
Query Incentive Networks1 model. This model studies the initial investment required in order
to obtain an answer to a query on a network with reasonable probability. In terms of the branching
process this can be rephrased as follows:

Question 1. “How large a reward r∗ must the root v∗ offer in order to achieve a fixed constant
probability σ of obtaining an answer from the network?”

2 Main Section

We’ll start with a definition, then we will state the main result of the model.

Definition 2. The rarity of the of the answer is defined as n = (1− p)−1, where (1− p) > 0 is the
probability that each node knows the answer to the query.

Claim 3. (main result) For b < 2, the reward required for v∗ to find the answer with constant
probability is Ω(nc), where c depends on b. For b > 2, the reward required for v∗ to find the answer
with constant probability is O(log n).

1Kleinberg, Jon, and Prabhakar Raghavan. "Query incentive networks." Foundations of Computer Science, 2005.
FOCS 2005. 46th Annual IEEE Symposium on. IEEE, 2005.
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We can make some quick observations about this result. If the branching process is small (b < 2),
then the root node needs to offer a very large reward (Ω(nc)) in order to have a reasonable (constant)
probability of obtaining the answer. If, on the other hand, the branching process is large enough
(b > 2), a reward of O(log n) is enough to obtain an answer from the network. We can also note
that intuitively O(log n) is an optimal level for the reward, since every node along the path to the
answer has to be rewarded, and the number of expected node on this path is proportional to the
height of the tree, which is O(log n).

Remark 4. If the branching process is b < 1 the tree is almost surely finite: therefore in this model
we will focus on the case where b > 1.

We will now proceed to find the answer to Question 1 using game theory, and we will proceed as
follows. At first we will show that this model has a Nash equilibrium, and that that equilibrium
is unique. Then we will analyze that equilibrium, knowing that it will be the only outcome of the
game.

Let’s write down some of the formulas that we will use for the proof.

• f = {fv : v ∈ T} is the set of all reward functions.

• αv(f , x) is the probability that node v obtains an answer from the subtree when every other
node w pays fw ∈ f = {f1, f2, . . . , fj} and v gets reward x.

• βv(f , x) = 1− αv(f , x).

• P[child w does not provide the answer] = pβ(f , fw(x)).

• P[v gets answer from child w] = q(1− pβw(f , fw(x)).

• P[v does not get the answer at all from subtree] =
∏
w child of v[1− q(1− pβw(f , fw(x)))].

We can thus construct a Nash equilibrium g for this game. The equilibrium is obtained with the
following maximization:

gv(r) = arg max
x<r

(r − x− 1)αv(g, x)

The function gv(r) defines the strategy for v and is defined inductively. The two terms are respec-
tively the utility of v when giving the reward x and the probability of obtaining an answer when
every node’s strategy profile is in g. Maximizing this function for every node will maximize each
node’s expected utility. We are now ready to state the theorem.

Theorem 5. Let g be a strategy profile in which every node v plays according to gv. Then g is a
Nash equilibrium and it is unique.

2



Remark 6. This Theorem was not proven in class, see the paper for the proof2.

We will now proceed to prove the lower bound of the reward in the model, after introducing a lemma
that we will use in the proof.

Lemma 7. For b < 2 there exists a segment of indices of length O(log n) such that 1 <
1−φj+1

1−φj ≤
b1 < 2.

Remark 8. This Lemma was not proven in class, see the paper for the proof.

Theorem 9. For b < 2, there exists a constant c such that the minimum reward for finding the
answer with constant probability σ is Ω(nc).

Proof. We can think of the optimal process of finding an answer as choosing the reward so that it
allows us to reach the right level in the tree, but no more than that, so that we can minimize our
costs and maximize our utility. Let’s now introduce a few quantities we will use in this proof:

φj = P[ no answer was found in the first j levels of the tree].

δ(r) =max depth in the tree we can reach with reward r.

Given these two definitions, and the inductive formula of Theorem 5, we can also write:

βv(g, r) = φδ(r)

φj+1 = (1− q(1− pφj))d

Let’s now define also:

uj = minimum reward required to reach level j

lj(r) = (r − uj − 1)(1− φj)

This last function is the utility function of the root node at level j when it is offering a reward
r, and is computed multiplying the utility of obtaining the answer paying r by the probability of
finding the answer in the first j levels of the tree. The slope of the function is given by (1−φj) and
thus it decreases as j increases (and the probability of finding the answer decreases). We can plot
lj(r) for different levels of j and we will have a number of linear functions with different slopes: the
intersection between each pair of lines lj(r) and lj+1(r) is the minimum reward necessary to reach
level j + 1. Thanks to this fact we can analyze how large the reward needs to be as a function of
the branching parameter.

2The paper actually omits the proof of the Nash equilibrium, but it proves its uniqueness.
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We can identify the value of utility y where lj−1(r) and lj(r) intersect as follows:

(y − uj − 1)(1− φj) = (y − uj−1 − 1)(1− φj−1)

We will use yi+1 to indicate this value of y, and we define uj+1 = dyj+1e. We also define the
following ratios:

∆j = uj − uj−1
∆′j = yj − uj−1

The idea is that when the ratio is small we know that:

uj+1 ≥ ∆j =
∆j

∆j−1
· ∆j−1

∆j−1
· · · · ∆3

∆2
· u1

But for each of those ratios we also know that:

∆j+1

∆j
≤ 1− φj+1

1− φj

By using Lemma 7 we know that there is a segment of indices of length O(log n), where the length
of each segment is a constant between 1 and 2. We can thus express the utility needed to reach
level j + 1 as the product of O(log n) constants. Finally if we call the sequence of indices I2 we can
write:

c|I2| = cτ logn = nτ log c
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