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Abstract

prove the distance between them by routing through the
closest overlay node. An overlay is beneficial to differThe central problem in computational mechanism de- ent nodes in different degrees, and we wish to design the
sign is the tension between incentive compatibility and overlay that maximizes total welfare.
computational efficiency. We establish the first signifiThis is a typical instance of a general problem we decant approximability gap between algorithms that are both fine, called COMBINATORIAL PUBLIC PROJECT PROB truthful and computationally-efficient, and algorithms that LEM, or CPPP. There are n agents and m resources, and,
only achieve one of these two desiderata. This is shown in for each agent i, a private valuation function vi which
the context of a novel mechanism design problem which specifies i’s value for every subset of size k (a paramewe call the COMBINATORIAL PUBLIC PROJECT PROB - ter) of the resources. We assume that all valuations are
LEM ( CPPP). CPPP is an abstraction of many common nondecreasing and submodular (a case that encompasses
mechanism design situations, ranging from elections of among many others the overlay network example above,
kibbutz committees to network design.
see definitions in Subsec 1.1). The objective is to find a
Our result is actually made up of two complementary subset of the resources S, |S| = k, which maximizes the
results – one in the communication-complexity model and social welfare, i.e., the sum of agents’ values for the choone in the computational-complexity model. Both these sen subset Σi vi (S).
hardness results heavily rely on a combinatorial characComputationally speaking, this problem is relatively
terization of truthful algorithms for our problem. Our benign; while many of its special cases are NP-hard [10])
computational-complexity result is one of the first impos- it is well known [22] that the greedy algorithm achieves a
sibility results connecting mechanism design to complex- constant approximation ratio (specifically, 1 − 1e ).
ity theory; its novel proof technique involves an applicaBut the fact that valuations are private presents us
tion of the Sauer-Shelah Lemma and may be of wider apwith a formidable problem: unless otherwise incentivized,
plicability, both within and without mechanism design.
agents are likely to lie, exaggerating the degree to which
they prefer one alternative over another1 , and this misrepresentation makes optimization impossible. There is
1 Introduction
a very general method for providing incentives for the
agents to reveal their true valuation, namely the VickreyIn real networks, routing is done by routers that choose Clarke-Groves (VCG) mechanism [34, 4, 14]. However,
paths other than shortest, and this results in distance matri- VCG requires that we solve exactly (typically many inces that do not satisfy the triangle inequality. In such a sit- stances of) the CPPP — an NP-hard problem. We could of
uation, it is often desirable to construct an overlay: A set course turn to approximation, as we always do when faced
of k nodes spread throughout the network and with high- with intractability. The tragedy of this area is that approxquality routing between them, so that other nodes can im∗ This work was done while the author was visiting the Theory Group
at UC Berkeley, Spring 2008. Supported by grants from the Israel Science Foundation.

1 According to a March 26 2008 Gallup poll, 28% of Clinton’s supporters declare that they will not vote for Obama in a presidential election.
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imation and truthfulness do not mix: Running VCG with
The first step of the proof is showing that any truthapproximate solutions is, in general, not incentive com- ful algorithm for CPPP must be an affine maximizer. An
patible [24].
affine maximizer is an algorithm defined by a fixed set
In other words, efficient approximability and incentive of solutions, and which, given a set of valuations, picks
compatibility seem to be at loggerheads. This tension un- the solution in the set that maximizes social welfare. A
derlies much of the work in algorithmic mechanism de- celebrated result by Roberts [28] essentially states that
sign [24, 25, 16, 6]. In this paper, we establish a huge if an algorithm is truthful for all valuations, then it has
gap between the quality of the solutions that can be ob- to be an affine maximizer. However, this result does not
tained by algorithms for CPPP that are both polynomial necessarily hold when restricted to special settings (suband truthful, and by algorithms that satisfy only one of modular valuations, etc.). In fact, for many restricted setthese two desiderata. We show this by proving that no tings, truthful algorithms that are not affine maximizers
truthful and computationally-efficient algorithm for CPPP are known (e.g. [3, 2]). In the present case, by carefully applying machinery from Roberts’s (long and delcan obtain any reasonable
√ approximation ratio, specifi- icate) proof — actually, its recent interpretation by Lavi,
cally, a ratio better than m (this holds even for the case
of two agents)2 . This settles a long-standing open ques- Mu’alem and Nisan [16, 17] — we are able to prove that
tion in algorithmic mechanism design [13, 29], as we ex- any truthful algorithm for the nondecreasing submodular
hibit a problem that is easy from a computational perspec- case of the CPPP is an affine maximizer. The proof extive (a constant approximation algorithm exists), and from plores the geometric and topological properties that must
an economic perspective (an optimal truthful algorithm hold for any truthful algorithm for CPPP to prove affine
maximization.
exists), but is hard if we care about both.
After providing this combinatorial characterization of
truthfulness the second step is proving a lower bound for
affine maximizers. We do this by proving a lower bound
on the number of solutions in the range of the mechanism,
and then exploiting affine maximization to to establish our
communication-complexity lower bound (as in [6]). The
proof of the theorem draws ideas from works in many different fields of research (e.g., [28, 26, 23, 16, 17, 8, 11,
19]), and so we defer a discussion of the related work to
An interesting way to view our computational- Section 2.
complexity result is the following: Over the past four
decades, complexity theory has been successful in clas- Computational-complexity lower bound. Like all
sifying optimization problems into various classes, such known computational lower bounds for mechanism deas P, NP, NP-hard, and APX (those problems that can be sign, our previous result is a communication-complexity
approximated within some constant factor in polynomial lower bound. Informally, the agents are assumed to comtime). Mechanism design is about incentive-compatible pute their valuations based on exponentially large data,
optimization, in which the inputs are provided by agents and then it is shown that too much of this data must be exwho have their own objectives. In this new regime, changed for the algorithm to be truthful. However, many
for social-welfare maximization problems3 classical VCG interesting valuations depend on very succinct data (retheory implies that P, NP, and NP-hardness are preserved call the introductory overlay problem, in which the inunder truthfulness. Our result essentially states that APX put is a distance matrix), and computational-complexity
techniques would be needed to establish lower bounds for
is not preserved.
these; no such results had been known (with the possible
Communication-complexity lower bound. Our first exception of Theorem 5 in [16]). Our next major result
main contribution is an exponential lower bound on the does exactly this: We consider a class of nonnegative subamount of communication required by any truthful algo- modular (though not nondecreasing) valuations, that are
rithm that approximates the CPPP within any reasonable succinctly described. We show that, despite the fact that a
ratio:
1 − 1e approximation exists for this class, no truthful and
an approximation
Theorem: Any truthful algorithm for the CPPP that ob- polynomial-time algorithm can obtain
√
1
ratio
(asymptotically)
better
than
m.
−
tains an approximation ratio of O(m 2 ) requires comAs in our communication-complexity result, the proof
munication that is exponential in m (for every  > 0 and
of
this result consists of two parts: Proving that any trutheven for n = 2).
ful algorithm must be an affine-maximizer, and proving
2 We note that a simple truthful polynomial-time algorithm that oba hardness result for affine-maximizers. The main chal√
tains a m approximation ratio for CPPP shows that our result is tight
lenge now lies in the second part (the first part is basiin both models. [32]
3 See discussion about other optimization goals in [21].
cally derived from the characterization of truthfulness in
Our result is actually made up of two complementary
results – one in the communication-complexity model and
one in the computational-complexity model. Technically
speaking, each of these results must overcome two main
challenges [29]: First, we must provide a combinatorial
characterization of truthful algorithms. Then, once we
have such a characterization, we can exploit it to prove
an inapproximability result.
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our communication complexity result). The heart of our Quality of solution. We want our mechanisms to return
proof is therefore showing the following inapproximabil- a solution (set of resources) whose social welfare is as
ity result for a class of succinct submodular functions we close, in terms of ratio, to the optimum as possible.
call “coverage-penalty valuations”:
Computational efficiency. Our algorithms should run in
Theorem: For CPPP with coverage-penalty valua- polynomial time. However, since the valuations can be extions there is no polynomial-time affine maximizer with ponentially expressive, one must be careful when defining
1
O(m 2 − ) approximation ratio unless NP ⊆ BPP (for ev- the input to the problem — the input is the data enabling
each agent to compute the valuation. In mechanism deery  > 0).
sign one often takes a “black box” approach (see [5]):
To establish this, we first show, very much as in the We assume that valuations are computed by an oracle that
proof of our communication-complexity result, an ex- can answer a certain type of queries, and we restrict algoponential lower bound on the number of solutions, and rithms to ask a polynomial number (in n and m) of such
then we use a probabilistic version of the Sauer-Shelah(- queries. There are two common types of queries:
Perles) Lemma [30, 33]4 . This result has interesting projections on complexity theory as discussed in section 3.
• In a value query the query is a subset of resources
Organization of the paper. In the balance of this secS ⊆ [m], and the answer is simply vi (S); we use
tion we introduce the CPPP and the communication- and
this weaker model in our algorithms.
computational-complexity notions. In the next section we
prove our exponential communication-complexity lower
• The general query model is equivalent to Yao’s combound, while in Section 3 we prove our computationalmunication model [36, 15], in which the agents take
complexity lower bound. In Section 4 we discuss our returns announcing messages; a message by agent i
sults and present several open questions.
is any function (even a computationally intractable
one) of the values of vi and of the previous messages.
We use this stronger model for our impossibility re1.1 Definitions
sults.
In CPPP there is a set of n agents {1, ..., n}, and a set of m
resources {1, ..., m}. Each agent has a private valuation
function vi : 2[m] → <≥0 . We denote by Vi the space of
possible valuations of agent i, and by V the domain of valuations V1 ×. . .×Vn . We shall assume that vi (∅) = 0. We
assume that every vi is submodular, i.e., for every S, T ⊆
[m] vi (S ∪ T ) + vi (S ∩ T ) ≤ vi (S) + vi (T ). Submodularity is known to be equivalent to the following easily
verifiable property, called “decreasing marginal utilities”:
For every S ⊂ T ⊆ [m], and for every j ∈ [m] such that
j∈
/ T vi (S ∪ {j}) − vi (S) ≥ vi (T ∪ {j}) − vi (T ). Submodularity arises in many contexts – both economic and
computational (see [18, 5, 7, 9, 12, 11, 35] and references
therein). This paper focuses on submodular functions are
are nondecreasing5 in that S ⊆ T implies v(S) ≤ v(T ).
Nondecreasing submodular functions are known to have
particularly good properties; for example, they can be approximated within a ratio of 1 − 1e (for general nonnegative submodular functions a constant approximation ratio
exists [11]).

A different approach would be to consider cases in
which the “input” (valuations) can be concisely represented, i.e., can be encoded in a natural way that is polynomial in the natural parameters of the problem – m and
n. We follow this approach in Section 3.
Truthfulness. That is, we want an algorithm (mechanism)
A to be such that the agents are rationally motivated to
truthfully answer the algorithm’s queries. This is achieved
by a payment function p which, for every n-tuple of valuation functions v = (v1 , ...vn ) ∈ V , demands a payment from each agent. p is such that no agent can increase
his/her utility (the value of the set chosen by the algorithm
minus the payment assigned to him/her) by misreporting
his/her valuation6 . Formally, for every i ∈ [n] we have
that:
∀vi , vi0 ∈ Vi , ∀v−i ∈ V−i ,

The objective in the CPPP is to find a subset of size k, vi (A(vi , v−i ))−p(vi , v−i ) ≥ vi (A(vi0 , v−i ))−p(vi0 , v−i ),
where k is a parameter of the problem, of resources which
maximizes the social-welfare. That is, we wish to find where V−i is the cartesian product of all Vj ’s such that j 6=
i, (vi , v−i ) is the valuations profile in which i has vi and
T ∈ argmaxS⊆[m], |S|=k Σi vi (S).
the other agents have v−i , (vi0 , v−i ) is defined similarly,
We are interested in algorithms (mechanisms) for CPPP
and A(v) is the set A outputs for the valuation profile v.
satisfying three desiderata:
4 This lemma is closely related to the notion of the VapnikChervonenkis (VC) dimension.
5 We slightly relax this assumption in Section 3.

6 The notion of truthfulness we consider is the standard notion of
truthfulness in dominant strategies. All our results apply to the weaker
notion of truthfulness in ex-post Nash.

3

2

Communication-Complexity
Mechanism Design

of

Lemma 2.3 Any truthful algorithm for the nondecreasing submodular CPPP with n = 2 is an affinemaximizer.

In this section we prove the following:

Remark 2.4 We note that, as we are aiming for an impossibility result, we prove the characterization lemma only
Theorem 2.1 Any truthful algorithm for CPPP that ob- for the 2-agent case. We shall later show that our inap1
tains an approximation ratio of O(m 2 − ) requires ex- proximability result holds even for this special case.
ponential communication (for every  > 0 and even for
Proof: As is common in such proofs (see for example
n = 2).
[28, 17]), we study the topological structure of vectors of
valuation differences. For any pair of valuation functions
The proof proceeds in two steps: We first establish v = (v , v ), we shall denote by v(S) − v(T ) the vector
1 2
(Lemma 2.3) that any truthful algorithm for the CPPP in <2 (v (S) − v (T ), v (S) − v (T )). We also define
1
1
2
2
must be of a very restricted kind called an affine maxi2
P (S, T ) = {α ∈ < |∃ v s.t. A(v) = S and
mizer. We then show that any affine maximizer for the
CPPP requires exponential communication (Lemmas 2.16
v(S) − v(T ) = α}.
and 2.17). This second part uses techniques introduced
by Dobzinski and Nisan [6] for proving communication
If A is an affine maximizer that outputs a set S for the
complexity lower bounds for affine maximizers.
valuation functions v = (v , v ) then it must hold that for
1

2.1

2

every T 6= S in RA (for some fixed agent-weights w1 , w2
and outcome-weights {CR }R∈RA )

The Characterization Lemma is the heart of our proof.
It establishes that the CPPP has a rich enough structure,
and appropriately strong interaction between the agents,
so that a subtle variant of Roberts’s proof [28] is enabled. The line of argument used in our proof follows
that of Roberts’, as presented by Lavi, Mu’alem, and
Nisan [17]. However, applying this machinery to our setting is not straightforward as we are dealing with a restricted domain of valuation functions (submodular, nondecreasing). Therefore, we must handle various technical difficulties: We must ensure that the valuation functions we construct belong to this restricted domain. We
must also take measures to deal with the fact that our valuation domain is not open (in the standard topological
sense). Unlike Roberts’ proof, our proof makes repetitive use of the strong monotonicity constraint introduced
in [16] (see [8]).

(Σi wi vi (S)) + CS ≥ (Σi wi vi (T )) + CT ,
which implies that
Σi wi (vi (S) − vi (T )) + (CS − CT ) ≥ 0.
Informally, observe that the inequalities above suggest
that if A is an affine maximizer, then there is a line l in
<2 of the form w1 x + w2 y = 0 such that every P (S, T )
has l as its lower boundary (possibly shifted by some constant γ(S, T ) = CS − CT from the centre of the axes).
So, to prove that a truthful algorithm A is an affine maximizer, we need to show that there are weights w1 , w2
(and {CR }R ) that induce such a line l (the same l for all
choices of S 6= T ∈ RA ). This is precisely what we mean
to show. The reader is referred to [17] for an explanation
of the geometric intuition behind the proof of Roberts’
Theorem (which also underlies our proof).

The Characterization Lemma

Let A be an algorithm for the non-decreasing submodular CPPP with m resources and parameter k. We define
A’s range RA to be the resource subsets of size k that Strong monotonicity. We shall require the strong monoare output by A for some input, i.e., RA = {S| ∃v = tonicity property.
(v1 , ..., vn ) s.t. A(v) = S}. Informally, A is an affinealgorithm
satisfies
strongmaximizer if it always optimizes over its entire range RA . Definition 2.5 An
monotonicity if for every i ∈ [n], vi , vi0 ∈ Vi , and
v−i ∈ V−i , if A(vi , v−i ) = S and A(vi0 , v−i ) = T 6= S
Definition 2.2 ([28]) An algorithm A is said to be an then it must hold that v (S) − v (T ) > v 0 (S) − v 0 (T ).
i
i
i
i
affine maximizer if there exist nonnegative agent weights
w1 , ..., wn (not all equal to 0), and outcome weights
Not any truthful algorithm is necessarily strongly{CS }S∈RA such that
monotone (and vice-versa). Yet, we shall prove the theorem for strongly-monotone algorithms. At the end of the
∀v = (v1 , ..., vn )
proof we shall revisit this assumption and explain why it
can be removed. The following proposition shall play a
A(v) ∈ argmaxS∈RA [(Σi wi vi (S)) + CS ].
crucial role in our proofs.
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Proposition 2.6 Let A be a strongly monotone algorithm,
Claim 2.7 tells us something important about the strucand let v ∈ V be such that A(v) = S. If v 0 ∈ V and ture of the different P (S, T ) sets in <2 : If a point is in
v(S) − v(T ) ≤ v 0 (S) − v 0 (T ) (i.e., ≤ in each coordinate) P (S, T ) then so are all points “above” it and “to the right”
then A(v 0 ) 6= T .
of it. Hence, each P (S, T ) is defined by a lower boundary with a non-increasing slope. However, we do not yet
Proof: Assume, for point of contradiction, that the con- know that this non-increasing slope is a straight line (and
ditions stated in the theorem hold and A(v 0 ) = T . Let certainly not that it is the same straight line for all choices
v = (v1 , v2 ) and v 0 = (v10 , v20 ). Let α1 = v1 (S) − v1 (T ). of S, T ). We shall require the two following technical
We shall prove the proposition for the case that α1 ≥ 0 propositions:
(the other case requires a very similar construction). Let
j ∈ S \ T (since all sets are of equal size such a j is guar- Proposition 2.8 For any S 6= T ∈ RA α ∈ P (S, T ) iff
anteed to exist). We define a valuation function v100 ∈ V1 −α ∈
/ P (T, S).
as follows (for some arbitrarily large β > 0):
Proof: Let α = (α1 , α2 ) ∈ P (S, T ). Then, by definition, there exists v = (v1 , v2 ) such that A(v) = S and
v(S) − v(T ) = α. Suppose, for point of contradiction,
−β(|S| − |S ∩ R|)(|T | − |T ∩ R|)
that −α ∈ P (T, S). Then, by definition, there exists v 0 =
(v10 , v20 ) such that A(v) = T and v 0 (T ) − v 0 (S) = −α (or,
It is easy to verify that this is indeed a nondecreasv 0 (S) − v 0 (T ) = α). However, by Proposition 2.6 this is
ing submodular function (this construction is inspired
impossible (A(v 0 ) cannot equal T ).
by [11, 19]). We shall now show that A(v100 , v2 ) = S.
We now prove the other direction, which is equivalent
This is because if A(v100 , v2 ) = Q 6= S then, by strong
/ P (S, T ) then −α ∈ P (T, S).
monotonicity, v1 (S) − v1 (Q) > v100 (S) − v100 (Q). It is to showing that if α ∈
easy to show that if Q 6= S, T then this results in a con- Since S is in RA there must be valuation functions v =
W
tradiction (as we can set the value of β to be as high as (v1 , v2 ) such that A(v) = S. Let α = v(S) − v(W ).
We
prove
the
proposition
for
the
case
α ≥ 0 (other cases
we like). Observe that if we set Q = T then this too
are
handled
similarly).
Let
j
∈
S
\
T . We define valresults in a contradiction. Similarly, we can show that
0
0
0
00 0
uation
functions
v
=
(v
,
v
)
as
follows
(we choose β
A(v1 , v2 ) = T . However, in this case by strong mono1 2
tonicity we have that v2 (S) − v2 (T ) > v20 (S) − v20 (T ). A to be huge, and in particular higher than the values of all
coordinates of all the different αW ’s):
contradiction.
∀R v100 (R) = α1 |R ∩ {j}| + β|S||T |

Main part of the proof.

∀R v10 (R) = α1 |R ∩ {j}| + β|S||T |
−β(|S| − |S ∩ R|)(|T | − |T ∩ R|)

Claim 2.7 Let α ∈ P (S, T ) for some S, T ∈ RA . Let
 = (1 , 2 ) ≥ 0. Then, α +  ∈ P (S, T ).

∀R v20 (R) = α2 |R ∩ {j}| + β|S||T |

−β(|S| − |S ∩ R|)(|T | − |T ∩ R|)
Proof: Since α = (α1 , α2 ) ∈ P (S, T ) then, by definition, there are valuation functions v = (v1 , v2 ) such that
The repeated use of Proposition 2.6 for every W ∈
A(v) = S and v(S) − v(T ) = α. We prove the claim for
0
0
R
A such that W 6= S, T shows that A(v1 , v2 ) must be
the case α ≥ 0 (other cases are handled similarly). Let
0
0
j ∈ S \ T . We define valuation functions v 0 = (v10 , v20 ) as in {S, T }. However, since v (S)0 − v (T ) = α and
α ∈
/ P (S, T ), it must be that A(v ) = T . Observe that
follows:
v 0 (T ) − v 0 (S) = −α. So, by definition of P (T, S),
−α ∈ P (T, S).
∀R v10 (R) = (α1 + 1 )|R ∩ {j}| + β|S||T |
Proposition 2.9 For any S, T, W ∈ RA , such that no two
are equal, if α ∈ P (S, T ) and α0 ∈ P (T, W ) then α +
α0 ∈ P (S, W ).

−β(|S| − |S ∩ R|)(|T | − |T ∩ R|)
∀R v20 (R) = (α2 + 2 )|R ∩ {j}| + β|S||T |
−β(|S| − |S ∩ R|)(|T | − |T ∩ R|)

Proof:

Let α = (α1 , α2 ). Let α0 = (α10 , α20 ). Let Y be an
The use of strong monotonicity (as in the proof of
/ S∪T ∪W
Proposition 2.6) and of Proposition 2.6 itself shows that additive valuation function such that ∀j ∈
0
Y
({j})
=
0
and
the
two
following
properties
hold:
A(v1 , v2 ) = S. Similarly, we can then show that
0
0
0
0
A(v1 , v2 ) = S. Observe that v (S) − v (T ) = α + .
Therefore, by definition, α +  ∈ P (S, T ).
• Σj∈S Y ({j}) − Σj∈T Y ({j}) = α1
5

• Σj∈T Y ({j}) − Σj∈W Y ({j}) = α10

that the (lower) boundary of X (which we know is nonincreasing) must be a straight line7 . Our proof for the conObserve that because the number of variables is greater vexity of X relies on the assumption that the domain of
than the number of equations such a function Y exists. valuations V is open. Unfortunately, it is not true that the
Since S, T, W are of equal size we can also assume that domain of nondecreasing submodular valuations is open.
Y only assigns nonnegative values (otherwise increase the At the end of the Characterization Lemma’s proof we revalue of each j ∈ S ∪ T ∪ W by some identical large visit this assumption and show how it too can be removed.
enough constant).
Definition 2.11 A domain of valuations V is open if for
Similarly, let Z be an additive valuation function such each v = (v1 , ..., vn ) ∈ V , there is some  > 0 such
that ∀j ∈
/ S ∪ T ∪ W Z({j}) = 0 and the two following that for all v 0 = (v 0 , ..., v 0 ), if ∀S ⊆ M and ∀i ∈ [n],
n
1
properties hold:
|vi0 (S) − vi (S)| ≤  then v 0 ∈ V .
• Σj∈S Z({j}) − Σj∈T Z({j}) = α2

Proposition 2.12 X is convex.

• Σj∈T Z({j}) − Σj∈W Z({j}) = α20

Proof: We first show that if α, α0 ∈ X then α+α
∈ X.
2
α+α0
0
Suppose, by contradiction, that α, α ∈ X but 2 ∈
/ X.
By Proposition 2.9 α + α0 ∈ X, and by Proposition 2.8
0
− α+α
∈ X. However, Proposition 2.9 now implies that
2
0
0
α+α
=
(α + α0 ) + (− α+α
2
2 ) ∈ X. A contradiction.

0

We define (for some huge β to be determined later) the
following valuations v 0 = (v10 , v20 ):
∀R v10 (R) = Y (R) + β|S||T |−

By repeatedly using this fact, we can, for any α, α0 ∈
X and λ ∈ (0, 1) build a series of points that approach
λα + (1 − λ)α0 , such that any point in the series has a ball
of small radius that is fully contained in X. This (and the
openness of V ) suffices to prove that λα+(1−λ)α0 ∈ X.

β(|S| − |S ∩ R|)(|T | − |T ∩ R|)
∀R v20 (R) = Z(R) + β|S||T |−
β(|S| − |S ∩ R|)(|T | − |T ∩ R|)

Now we know that X is convex and therefore has a
lower boundary in the form of a straight line l. Moreover,
→
−
l goes through the origin of the axes 0 , as by Proposition 2.8 α ∈ X iff −α ∈
/ X. So, l can be described by
w1 x+w2 y = 0 for some positive constants w1 , w2 (recall
that l’s slope is non-increasing). Therefore, we get that A
is an affine maximizer (for agent-weights w1 , w2 and by
setting all outcome-weights to be 0). This concludes the
proof of the lemma.

Since α ∈ P (S, T ) there must be some valuations
v = (v1 , v2 ) such that A(v) = S. The repeated use
of Proposition 2.6 (as in the proof of Proposition 2.8)
shows that A(v 0 ) ∈ {S, W }. Similarly, by taking advantage of the fact that α0 ∈ P (T, W ) one can show (using similar arguments) that A(v 0 ) ∈ {S, T }. We conclude that A(v 0 ) = S. Observe that v 0 (S) − v 0 (W ) =
(v 0 (S) − v 0 (T )) + (v 0 (T ) − v 0 (W )) = α + α0 . Hence, by
definition of P (S, W ) α + α0 ∈ P (S, W ).
→
−
We shall prove our result for the case that 0 = (0, 0) ∈
P (S, T ) for every S 6= T ∈ RA . This greatly simplifies
the exposition and enables us to convey the main idea of
the proof. The proof for the more general case is achievable via the exact same logic as presented in [17] (claim
4 and the following claims in the first proof in that paper
follow from what we have proven thus far).

Removing the Strong Monotonicity and Open Domain
Assumptions. So far, the proof of the Characterization
Lemma relied on the assumptions that the algorithms in
question are strongly monotone and that the domain of
valuations is open. Here we exploit the following machinery to do away with these:

Corollary 2.10 For every S 6= T, U 6= W ∈ RA it holds Theorem 2.13 [16] If a domain of valuations V is open,
then for every truthful algorithm A there exists an algothat P (S, T ) = P (U, W ).
rithm A0 that satisfies strong monotonicity such that if A0
is an affine maximizer then so is A.
→
−
Proof: Let α ∈ P (S, T ). As 0 ∈ P (T, W ), we have
→
−
→
−
Theorem 2.13 implies the following modus operandi:
that α = α + 0 ∈ P (S, W ). We also know that 0 ∈
→
−
We shall focus on a “rich” open subdomain of the domain
P (U, S), and so α = 0 + α ∈ P (U, W ).
7

that if we define −X = {−α| α ∈ X} then the convexity
That is, all the P (S, T ) sets (for every choice of S, T ) of XObserve
implies the convexity of −X. If X and −X are convex, their
are, in fact, the very same set, that we shall refer to as union is <2 , and their interiors are disjoint (by Proposition 2.8), then
X. We shall now prove that X is convex, thus showing they must be separated by a straight line.

6

Lemma 2.16 For any algorithm A that obtains an ap1
proximation ratio of m 2 − to the optimal social welfare it
must hold that |RA | = Ω(em ), even for n = 1.

of all nondecreasing submodular valuation functions. We
shall show that all our arguments actually apply to that
domain. Since in that domain truthfulness is equivalent to
strong monotonicity (in the sense stated by Theorem 2.13)
this will conclude the proof. We now provide a way to
slightly tweak all constructions of valuation functions in
Subsections 2.1 and 2.2 to ensure that they all belong to
this open domain.

Proof: (Sketch) Consider an algorithm A with range RA .
Choose a set of resources V ⊆ [m] by sampling [m] inde1
pendently with probability p = m− 2 + , where  > 0
is small and fixed, and consider the valuation function
Specifically, we define the strict domain V strict to be v(S) = |S ∩ V |. We claim that, unless RA contains at

the domain of all valuations that are strictly nondecreas- least Ω(em ) sets, with high probability it approximates v
ing (i.e., ∀S ⊂ T ⊆ [m] and ∀i ∈ [n] vi (S) < vi (T )) very poorly.
and have strictly decreasing marginal utilities. (i.e., ∀S ⊂
Indeed, it follows from the Chernoff bound that, for
T ⊆ [m], ∀j ∈
/ T and ∀i ∈ [n] vi (S ∪ {j}) − vi (S) >
any small δ > 0, with probability at least 1 − |RA | ·
vi (T ∪ {j}) − vi (T )).
1
exp(δ 2 m 2 + ), in this instance of CPPP the optimum |V |
1
is at least (1 − δ)m 2 + , while the solution returned by the
Claim 2.14 V strict is an open domain.
affine maximizer will be at most (1 + δ)m ). The lemma
strict
Proof: Consider some v = (v1 , ..., vn ) ∈ V
. Let δ follows.
be the minimal gap caused by the above strict inequalities
The following now concludes the proof of our main re(taken over all possible sets of resources, agents, etc.). It
sult:
δ
is easy to see that  = 3 meets the requirement in the
definition of an open domain.
Lemma 2.17 Any affine maximizer A with range RA reWe now show that any nondecreasing and submodular quires Ω(|RA |) communication, even for n = 2.
valuation function can be slightly tweaked to fit in V strict .
Hence, we can prove our theorem for the case that all valProof: (Sketch) Consider an affine maximizer A with
uations ar slightly tweaked in this manner. The reader
range RA . We shall construct two submodular valuation
may verify that (for sufficiently small choices ) all the
functions which require Ω(|RA |) communication in orarguments in this section for these slightly different conder to achieve optimality in the range RA . Recall that A
structions of valuation functions.
maximizes w1 v1 (S) + w2 v2 (S) + CS over all S ∈ RA ;
Claim 2.15 For any nondecreasing and submodular val- it is easy to see that one can assume w1 = w2 = 1 for
Now, suppose that each agent i has a priuation function vi ∈ Vi , and any  > 0, there exists a all S, w.l.o.g.
i
⊆
R
vate
set
R
A , which induces the following valuation
A
valuation functions vi0 ∈ Vi that is strictly nondecreasi |S| − ΠS∈Ri (|S| − |S ∩
function:
v
(T
)
=
β · (ΠS∈RA
i
A
ing and has strictly decreasing marginal utilities such that
0
T
|))
∀T
⊆
[m].
Note
that
since
β can be arbitrarily large,
∀S ⊆ [m] |vi (S) − vi (S)| ≤ .
w.l.o.g. we can consider the case in which CS = 0 for all
S
∈ RA . Observe that if A maximizes over the range RA ,
Proof: Fix some  > 0 and valuation function vi that
1
0
it
implicitly
distinguishes between the case for which RA
0
is nondecreasing and submodular. Let  << . Let g
1
2
2
be a valuation function such that ∀R ⊆ [m] g0 (R) = and RA intersect, and the case in which RA ∩ RA = ∅.
|R|
|R|0 − 22m+1 0 . The reader can verify that this func- Therefore this is a reduction from the communication settion is strictly nondecreasing and has strictly decreasing disjointness problem, establishing that Ω(|RA |) commumarginal utilities. Moreover, for any nondecreasing sub- nication is required.
modular valuation function v and for any 0 it holds that
vi0 = vi + g0 is strictly nondecreasing and has strictly
decreasing marginal utilities.

2.2

3

Computational-Complexity
Mechanism Design

of

A Lower Bound for Affine Maximizers
We now describe a simple new technique for deriving computational-complexity (not communicationcomplexity) lower bounds for mechanism design problems, which we believe has much broader applicability. In
particular, we show that, even if agents have succinctly described valuations, CPPP is inapproximable in polynomial
time by truthful algorithms, unless NP ⊆ BPP. Specifically, we prove the following theorem:

Let k, the
√ number of chosen resources in the CPPP, be
fixed to m throughout this subsection. We shall now
show that any algorithm A that obtains a reasonable approximation ratio must have a range RA of exponential
size. We will then exploit affine maximization to show
that the size of the range is a lower bound on the communication complexity.
7

Theorem 3.1 There is a class of succinctly-described, such that for each Q0 ⊆ Q there is a Z 0 ∈ Z such that
nonnegative and submodular valuation functions C such Q0 = Z 0 ∩ R.
that:
Hence, coming back to the affine
maximizer, there is a
m
• There is a polynomial-time algorithm for the CPPP subset M 0 of [m] of size Θ( log
)
that
is “shattered” by
m
with valuations in C that approximates the optimal RA . The idea is now to embed a small, but still polynosocial-welfare within a ratio of 1 − 1e .
mially large, instance of an NP-complete problem in M 0 .
We shall do this for the problem in which we have a fam• Any truthful and polynomial-time algorithm cannot
ily F 0 of t subsets of a universe U and wish to determine
1
achieve an approximation ratio better than m 2 − whether there are t sets in F 0 whose union covers the
2
unless NP ⊆ BPP (for every  > 0).
entire universe (which is known to be NP-complete). The
embedding is as follows: We construct a coverage-penalty
A lower bound for affine maximizers. We shall start valuation function v for which each element in M 0 correby proving our lower bound for affine maximizers. We sponds to one of the t subsets in F 0 , and all other elements
shall then show how this result can be extended to any in [m] correspond to empty sets. We set the “penalty set”
truthful algorithm. We define a class of succinctly de- T to equal M 0 . Now, observe that the value of the set outt
scribed valuation functions called “coverage-penalty val- put by the affine maximizer A equals |U | iff there are 2
0
uations”. A coverage-penalty valuation vF,T is defined sets in F whose union covers U .
by a family F = R1 , ...Rm of m subsets of a universe
The above suggests a non-uniform reduction from an
U , and a subset T ⊆ [m]: ∀S ⊆ [m], vF,T (S) = NP-hard problem to the problem of calculating the outS
| j∈S Rj | − |T | (max{0, |S ∩ T | − |T2 | }) (for some ex- put of the affine maximizer in question. The reason the
tremely small value of ). Intuitively, for every S ⊆ [m], reduction is non-uniform (and thus it does not establish
vF,T assigns a value that equals the number of elements NP-completeness) is because we do not know how to find
0
in U covered by the union of the sets in F with indices in M (see [27, 31, 20] on the complexity of making SauerS, minus an insignificant “penalty” if S has “too many” Shelah Lemma constructive). However, this non-uniform
that if A obtains an approxelements in common with T . It is easy to verify that this reduction is sufficient to show
1
function is indeed nonnegative8 and submodular (but not imation ratio better than m 2 − in polynomial time then
NP has polynomial-size circuits, i.e., NP ⊆ P/poly.
nondecreasing).
By using the probabilistic version of the Sauer-Shelah
Lemma presented by Ajtai [1] we can turn the reduction
described above into a probabilistic polynomial-time reduction (thus concluding the proof of the theorem).

Observe that for any value of k, it is easy to obtain a
1 − 1e approximation ratio for CPPP with coverage-penalty
valuations (simply ignore the “penalty terms” in the definitions of the vi ’s and apply the 1 − 1e greedy approximation algorithm). We shall now show that despite this fact,
any affine-maximizer fails to obtain a reasonable approximation ratio:

Lemma 3.4 ([1]) Let Z be a family of subsets of a universe R that is regular
(i.e., all subsets in Z are of equal
α
size) and Q ≥ 2|R| (for some 0 < α ≤ 1). There are
Theorem 3.2 No polynomial-time affine maximizer for integers q, l (where |R|, q and l are polynomially related)
CPPP with coverage-penalty valuations achieves an ap- such that if we randomly choose q pairwise-disjoint sub1
proximation ratio better than m 2 − unless NP ⊆ BPP (for sets of R, Q1 , ..., Qq , each of size l, then, w.h.p., for every
function f : [q] → {0, 1} there is a subset Z 0 ∈ Z for
every  > 0 and even for n = 1).
which |Z 0 ∩ Qj | = f (j) for all j ∈ [q].
√
m and n = 1. Let A
Proof: (Sketch) Fix k =
be an affine maximizer as in the statement of the theoThe probabilistic polynomial-time reduction from our
rem (w.l.o.g. assume that the agent-weights are 1 and NP-complete problem is very similar to the non-uniform
outcome-weights
are 0). RA consists of subsets of [m] reduction shown above. The key idea is finding pairwise√
of size m that are assigned by A to different inputs. Ex- disjoint subsets of [m] as in the statement of Lemma 3.4,
actly as in Lemma
2.16, it can be shown that RA must and then associating each subset of the universe in the

contain Ω(em ) sets. We now recall the Sauer-Shelah NP-complete problem with all elements in one of the
Lemma:
pairwise-disjoint subsets.
Lemma 3.3 ([30, 33]) For any family Z of subsets of a Connection to complexity theory. This technique has
log |Z|
an interesting projection in complexity theory: Call a lanuniverse R, there is a subset Q of R of size Θ( log
|R| )
guage L ⊆ {0, 1}∗ exponentially dense if there is some
8 This may not be true if some of the R ’s are the empty set. However,
α > 0, and some integer N , such that
for any integer
i
α
this is easily handled by simply adding  to vF,T (S) for every S.
n > N it holds that |L ∩ {0, 1}n | ≥ 2n . For a language
8

L ⊆ {0, 1}∗ , define SATL to be the problem: “Given a shown in Lemma 2.3 (for the CPPP), thus proving unCNF, is there a truth assignment in L that satisfies it?” conditional lower bounds. It would also be very interThe proof technique implies that:
esting to extend the proof technique of Theorem 3.2 to
other succinctly described settings. We believe that such
Theorem 3.5 Let L be any exponentially dense language. computational hardness results can be shown for many
other mechanism design problems, such as combinatorial
If SATL is in P, then NP ⊆ P/poly.
auctions. Finally, a big computational-complexity-related
Observe that unlike we do not know how to relax the open question is proving that mechanism design is comcomputational hardness assumption to NP ⊆ BPP (e.g., putationally intractable under weaker computational asvia the probabilistic version of the Sauer-Shelah Lemma). sumptions. We suspect that this is possible, but the precise
For the problem CIRCUIT SAT, however, we can prove this way of doing this eludes us at the moment.
stronger result via a different technique:
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mension is Σp -complete. Journal of Computer and
3

System Sciences, 58:177–182, 1999.

[18] Benny Lehmann, Daniel Lehmann, and Noam
Nisan. Combinatorial auctions with decreasing [32] Michael Schapira and Yaron Singer. Inapproximamarginal utilities. In ACM conference on electronic
bility of combinatorial public projects. Working pacommerce (EC), 2001.
per, 2008.
[19] Vahab Mirrokni, Michael Schapira, and Jan Von- [33] Saharon Shelah. A combinatorial problem; stability
drak. Tight information-theoretic lower bounds
and order for models and theories in infinitary lanfor welfare maximization in combinatorial auctions,
guages. Pacific J Math, 41:247–261, 1972.
2008. Working paper.
[34] W. Vickrey. Counterspeculation, auctions and com[20] Elchanan Mossel and Christopher Umans. On the
petitive sealed tenders. Journal of Finance, pages
complexity of approximating the VC dimension. J.
8–37, 1961.
Comput. Syst. Sci., 65(4):660–671, 2002.
[35] Jan Vondrak. Optimal approximation for the sub[21] Ahuva Mu’alem and Michael Schapira. Setting
modular welfare problem in the value oracle model.
lower bounds on truthfulness. In SODA 2007.
In STOC, 2008.
[22] G. L. Nemhauser, L. A. Wolsey, and M. L. Fisher. [36] Andrew Chi-Chih Yao. Some complexity questions
An analysis of approximations for maximizing subrelated to distributive computing. In ACM Sympomodular set functions ii. Math. Programming Study
sium on Theory of Computing (STOC), pages 209–
8, pages 73–87, 1978.
213, 1979.
[23] Noam Nisan. The communication complexity of
approximate set packing and covering. In ICALP
2002.
[24] Noam Nisan and Amir Ronen. Computationally feasible VCG-based mechanisms. In ACM Conference
on Electronic Commerce, 2000.
10

