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Abstract

We study a natural information dissemination problem for multiple mobile agents in a bounded
Euclidean space. Agents are placed uniformly at random in the d-dimensional space {—n,...,n}? at
time zero, and one of the agents holds a piece of information to be disseminated. All the agents then
perform independent random walks over the space, and the information is transmitted from one agent to
another if the two agents are sufficiently close. We wish to bound the total time before all agents receive
the information (with high probability). Our work extends Pettarin et al’s work [12], which solved the
problem for d < 2. We present tight bounds up to polylogarithmic factors for the case d = 3. (While our
results extend to higher dimensions, for space and readability considerations we provide only the case
d = 3 here.) Our results show the behavior when d > 3 is qualitatively different from the case d < 2.
In particular, as the ratio between the volume of the space and the number of agents varies, we show an
interesting phase transition for three dimensions that does not occur in one or two dimensions.
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1 Introduction

We study the following information diffusion problem: let a;, ag, ..., a,, be m agents initially starting
at locations chosen uniformly at random in V¢ = {—n,, —(n — 1),...,n}¢ and performing independent
random walks over this space. One of the agents initially has a message, and the message is transmitted
from one agent to another when they are sufficiently close. We are interested in the time needed to flood
the message, that is, the time when all agents obtain the message. In other settings, this problem has been
described as a virus diffusion problem, where the message is replaced by a virus that spreads according to
proximity. We use information diffusion and virus spreading interchangeably, depending on which is more
useful in context. This is a natural model that has been extensively studied. For example, Alves et al. and
Kesten et al. coined the name “frog model” for this problem in the virus setting, and studied the shape
formed by the infected contour in the limiting case [1, 2, 9]. In the flooding time setting, early works used a
heuristic approximation based on simplifying assumptions to characterize the dynamics of the spread of the
message [3, 10, 19]. More recent works provide fully rigorous treatments under this or similar random walk
models [4, 5, 12, 13, 17, 11].

The most relevant recent works are those of Pettarin et al. [12, 13] and Peres et al. [11, 17]. The work
of Pettarin et al. examines the same model as ours, but their analysis is only for one- and two-dimensional
grids. Indeed, we show that the conjectured asymptotic form of the flooding time predicted in [12] for
three or more dimensions is incorrect. The work of Sinclair and Stauffer [17] considers a similar model
they call mobile geometric graphs, and their work extends to higher dimensions. However, there are strong
differences between their model and ours. For example, they assume a Poisson point process of constant
intensity, leading to a number of agents linear in the size of the space. Our results allow a sublinear number
of agents, a more challenging case. Also, their diffusion model is somewhat different; when an agent obtains
information, all agents in the same connected component (where two agents are connected if they are within
some fixed distance) immediately obtain the information as well. There are additional smaller differences,
but the main point is that for our problem we require and introduce new techniques and analysis.

Our paper presents matching lower bounds and upper bounds (up to polylogarithmic factors) for the
flooding problems in d-dimensional space for an arbitrary constant d. For ease of exposition, in this paper
we focus on the specific case where d = 3, which provides the main ideas. Two- and three- dimensional
random walks have quite different behaviors — specifically, two-dimensional random walks are recurrent
while three-dimensional random walks are transient — so it is not surprising that previous results for two
dimensions fail to generalize immediately to three-dimensional space. Our technical contributions include
new techniques and tools for tackling the flooding problem by building sharper approximations on the effect
of agent interactions. The techniques developed in this paper are also robust enough that our results can be
extended to variations of the model, such as allowing probabilistic infection rules, replacing discrete time
random walks by continuous time Brownian motions, or allowing the agents to make jumps [5]. These
extensions will be reported in future work.

Although the information diffusion problem in three or more dimensions appears less practically rele-
vant than the two-dimensional case, we expect the model will still prove valuable. For instance, particles in a
high dimensional space may provide a latent-space representation of the agents in a dynamic social network
[7, 15], so qualitatively and quantitatively understanding information diffusion process may be helpful for
designing appropriate latent space models in the future. Also, the problem is mathematically interesting in
its own right.

1.1 Our models and results
We follow the model developed in [12]. Let V¢ = {—n,—(n — 1),...,0,...,(n — 1),n}% be a d-

dimensional grid. Let A = {aj,as, ..., a,, } be a set of moving agents on V9. At ¢ = 0, the agents spread
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over the space according to some distribution D. Throughout this paper, we focus on the case where D is
uniform. Agents move in discrete time steps. Every agent performs a symmetric random walk defined in
the natural way. Specifically, at each time step an agent not at a boundary moves to one of its 2d neighbors,
each with probability 1/(2d). If an agent is at a boundary, so there is no edge in one or more directions, we
treat each missing edge as a self-loop. Let 21 (¢), ..., Z,,(t) € {0, 1} each be arandom variable, where =;(¢)
represents whether the agent a; is infected at time step ¢. We assume =;(0) = 1 and =;(0) = 0 for all ¢ # 1.
The value =;(t) will change from 0 to 1 if at time ¢ it is within distance 1 to another infected agent a;. (We
use distance 1 instead of distance O to avoid parity issues.) Once a value =;(¢) becomes 1, it stays 1.

Definition 1.1. (Information diffusion problem). Let Ay, A, ..., A, € V9 be the initial positions of
the agents ai,...,an, and let S} (A1), S?(Az), ..., S (A,,) be m independent reflecting random walks
starting at Ay, ..., Ay, respectively, so that Si(P) is the position of agent a; at time t given that att = 0

its position was P € V. The infectious state of each agent at time step t is a binary random variable =i(t)
such that

e =1(0) =1, E;(0) = 0 for all other i, and
e forallt >0, Z,(t) =1 ifand only if

Ei(t—-1)=1) or (Hj:Ej(t—l):l/\‘

si4) - sjay)| <1).

We define the finishing time of the diffusion process, or the diffusion time, as T = inf{t > 0 : |{Z;(t) =

1} = m}.
The following results for the diffusion time for 1 and 2 dimensional spaces are proved in [12].

Theorem 1.2. Consider the information diffusion problem for d = 1,2 dimensions, and assume the agents
are initially uniformly distributed over V. Then, with high probability,

T =0 m Y9, (D

It was conjectured in [12] that Equation 1 also holds for d > 3. Our results below show that this
conjecture is incorrect.

Theorem 1.3. (Diffusion time for d > 3) Consider the information diffusion problem for d > 3 with initially
uniformly distributed agents over V. Then there exists a constant c such that

if en?2log?n <m <n®: T =0On¥**1 . m=1Y2) with high probability;

~ ~ 2
if m<cn2log2n: T < ©(n?/m) with high prob. and T > ©(n?/m) almost surely. @

Notice that Theorems 1.3 and 1.2 yield the same result for d = 2, as well as when d = 1 and m = O(n).
Here when we say with high probability, we mean the statement holds with probability 1 — n~" for any
constant «y and suitably large n. When we say almost surely, we mean with probability 1 — o(1). When
m > n<, the result is implicit in [9] and the diffusion time in this case is é(n) Finally, there are some
technical challenges regarding the case cn?2log™2n < m < en%2log? n that we expect to address in a
later version of this work.

An interesting point of our result is that when the number of agents m is greater than n%~2, the finishing
time is less than the mixing time of each individual random walk, and therefore the analysis requires tech-
niques that do not directly utilize the mixing time. The rest of this paper focuses on deriving both the lower
and upper bounds for this interesting case; the case where m < cn?2log™2n, which harnesses similar
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ideas and a mixing time argument, is only briefly described at the end. Finally, as previously mentioned, for
space reasons we provide only the analysis for the three dimensional case, and note that the results can be
generalized to higher dimensions.

We remark that all theorems/propositions/lemmas in this paper are assumed to hold for sufficiently
large n, but for conciseness we may not restate this condition in every instance.

2 Preliminary results for random walks

In this section we lay out some preliminary results on random walks that will be useful in the subsequent
sections. These results focus on probabilistic estimates for the meeting time/position of multiple random
walks. Along the way, we will also illustrate the limitations of some of these estimates, hence leading to the
need of more sophisticated techniques in our subsequent analysis. For conciseness, all proofs in this section
are left to Appendix B.

Let Z be the set of integers, and Z? be the set of integral lattice points in R3. For two points A, B € Z3,
we write A — B as the 3-dimensional vector pointing from B to A. For a vector Z € R?, denote the ith

1/p
coordinate of Z as x;. Define the L, norm of a vector as || 7|, = (Zi<3 |z \p> , and also the infinite-norm

in the standard manner ||Z||oc = max;<3 |z;|. We moderately overload z in this paper, i.e. x is a scalar and
T is a vector.

Let S! and S? be two random walks in either V3 (bounded walks) or Z3 (unbounded walks). We say
two walks S and S? meer at time ¢ if their L;-distance is within 1 at that time and two walks S* and S?
collide at t if they are exactly at the same position at time .

Definition 2.1 (Passage probability). Let S be a random walk in Z> starting at the origin O. Let B be a
point with B — O = & (which is a three dimensional vector). Define the probability that S is at B at time t
as p(t, Z). Define the probability that S visits B within time t as q(t, T).

We want to characterize the chance that two or more random walks in either V* or Z3 meet. More
specifically, consider the following question. Let Ay, ..., A;, and B be j + 1 points over the 3-dimensional
space Z? such that for all i € [j], the Ly distance between A; and Bis | A;—B||1 > z. Let S'(A1), ..., S7(A;),
S7+1(B) be independent random walks that start with these points respectively. Our goal is to understand
the probability that all the walks S, ..., S7 will meet or collide with the random walk S7+! within 22 time
steps. We note that if the agents starting at B was stationary instead of following its own random walk then
the analysis of the situation would be straightforward. In particular, the probability that all the walks would
intersect B is ©(1/x*). This follows from standard results, including Theorem A.10 and Lemma A.11 pro-
vided in the appendices. We need to consider a more challenging situation when the agent starting at B is
also moving.

To begin, we shall consider the case where 7 = 1, so that we have just two moving agents.

Definition 2.2. Let A and B be two points over Z3 such that A— B = T. where || |1 is an even number. Let
St and S? be two independent unbounded random walks that start at A and B respectively. Define Q(t, %)
as the probability that S* and S? collide before time t.

We can use a simple coupling argument to relate Q(t, &) with q(¢, Z). The result is described as follows.

Lemma 2.3. Let A and B be two points over Z3 such that A — B = T, where ||Z||1 is an even number.
Consider Q(t,Z) and q(t,T) defined above. We have Q(t,¥) = q(2t,Z). Furthermore, for t > ||Z

Q(t,7) = ©(1/]|7[|2).
Next, let us move to the case of j random walks in Z3, in which j > 1.
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Lemma 2.4. Let Ay, As, ..., Aj, and B be points in Z3 such that | A;— B||, are even and | A;— B||1 > x for
alli < j. Let S' (A1), ..., 57 (4;), S7TY(B) be j+1 independent random walks that start at Ay, . .., Aj, B
respectively. Let t = x2. Then the probability that all the walks S*, . .., S7 collide with S within time t
¢J

. J . .
is at most (;) , where ( is a sufficiently large constant.

Lemma 2.4 also helps us to analyze the scenario in which agents need to meet rather than to collide.
This is summarized by the following corollary:

Corollary 2.5. Let Ay, Ay, ..., Aj, and B be points in Z3 such that ||A; — By > x forall i < j. Let
SY(Ay),..., S7(A;), S7TY(B) be j + 1 independent random walks that start at Ay, ..., A;, B respectively.

. . 7\ J
Lett = x2. Then the probability that all the walks S*, ..., S7 meet with ST+ within time t is at most <%> ,

where (' is a sufficiently large constant.

We note that both Lemma 2.4 and Corollary 2.5 are useful only when z is large enough. This forms a
barrier for analysis of close agents in our model. But as we will see, we can get around this issue by looking
at a coupled diffusion process that possesses a different diffusion rule specifically designed for handling
close agents.

Another important issue is the analysis on walks that are close to the boundary. For this, we show that
the random walks will not behave significantly different (in terms of the desired bounds) when boundaries
are added. We notice that similar results are presented in [12, 13], but their results do not immediately
translate to the building blocks we need here. The following is the major building block we need for our
analysis:

Lemma 2.6. Let A and B be two points in V3 such that A — B = ¥ and the distance between A and
any boundary is at least 40||Z||1. Consider two random walks S*(A) and S*(B) that start at A and B
respectively. Let &, be the event that S*(A) and S*(B) will meet before time t= ||Z||3 and before either of
them visits a boundary. Then Pr[€z2] = Q(1/||Z]|1).

3 Lower bound

Let us first state our lower bound result more precisely as follows.

Theorem 3.1. Let ay, ..., a,, be placed uniformly at random on V* such that 1600n log?n < m < n3. Let
Uy = \/n3/m. For sufficiently large n, the diffusion time T satisfies the following inequality

1
Pr[T < gﬂgnlogfzg n] < exp (—lognloglogn).

We use a local analysis to prove our lower bound. The key idea is that under uniform distribution
of agents, the extent any particular infected agent can spread the virus within a small time increment is
confined to a small neighborhood with high probability. By gluing together these local estimates, we can
approximate the total diffusion time. Although inspired by the existing work in [12], we introduce new
techniques to generalize their approach to lower bounds for higher dimensions with sufficient tightness.

To explain our local analysis, assume we start with an arbitrary infected agent, say a;. Let us also
assume, for simplicity, that all the other uniformly distributed agents are uninfected. Consider the scenario
within a small time increment, say At. During this time increment the agent a; infects whoever it meets in
the small neighborhood that contains its extent of movement. The newly infected agents then continue to
move and infect others. The size of the final region that contains all the infected agents at At then depends
on the rate of of transmission and the extent of movement of all of the infected agents. In particular, if
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At is small enough, the expected number of transmissions performed by a; is less than one; even if it
infects another agent, the number of infections it causes within the same At is also less than one, and so
on. The net effect is an eventual dying-out of this “branching process” (which we later model by what we
call a diffusion tree), which localizes the positions of all infected agents at time At to a small neighborhood
around the initial position of a;.

3.1 Local diffusion problem

This subsection focuses on the local analysis as discussed above. In Section 3.2, we will proceed to
discuss how to utilize this analysis to get the lower bound in Theorem 3.1. As discussed in the last section,
the two main difficulties in our analysis are: 1) our probabilistic estimates for the meeting time/position
of multiple random walks are only useful asymptotically; 2) walks near the boundary introduce further
analytical complication. To begin with, the following definition serves to handle the second issue:

Definition 3.2 (Interior region). The interior region U(r) parameterized by r is the set of lattice points in
V3 that have at least Lo.-distance v to the boundary.

For any point P € V3, define B(P,z) = {Q € V? : |Q — P||oo < z} as the z-ball of neighborhood of
P under Ly.-norm. The following proposition is our major result in this subsection.

Proposition 3.3. Consider a diffusion following Definition 1.1. Let Sy be the initial position of the only
infected agent a; at time 0, and VW be an arbitrary subset of lattice points in 0 (2003 logn), where o =
\/n3/m. Denote At = (31og™?® n. Define the binary random variable b(W) as follows:

o If Sy € W: b(W) is set as 1 if and only if all the infected agents at time At can be covered by the ball
B(So, 9[2 log n)
e If S ¢ W:b(W) = 1.

We have
Pr[p(W) =1] > 1 — exp(—5lognloglogn) 3)

The proposition yields that with high probability, all the infected agents lie within a neighborhood of
distance O((5) at time O(¢3). The variable /5 is chosen such that the expected number of infections spanned
by an initially infected agent a; within O(¢2) units of time and a neighborhood of O(£s) distance is O(1).
This can be seen by solving m(fs/n)3 x (1/£3) = O(1), where m(fs/n)? is the expected number of agents
in a cube of size f5 x £y x £y, and O(1/fy) is the meeting probability within time O(¢3) between any
pair of random walks with initial distance /> (see Lemma 2.3). This choice of {5 appears to be the right
threshold for our analysis. Indeed, a larger scale than /5 would induce a large number of infections made
by a1, and also subsequent infections made by newly infected agents, with an exploding affected region as
an end result. On the other hand, a smaller scale than ¢» would degrade our lower bound. This is because
the diffusion time is approximately of order n//5, the number of spatial steps to cover V3, times /3, the time
taken for each step, equaling nfs. Hence a decrease in /5 weakens the bound.

Secondly, we introduce W in Proposition 3.3 to avoid the case when Sy is close to the boundary. As
we have mentioned, such boundary conditions often complicate random walk analysis. Although the impact
of the boundary’s presence has been addressed (e.g., [5, 12, 13]), existing results are not fully satisfactory.
For example, when two simple random walks S* and S? start near the boundary, only a lower bound for
the probability that two walks meet within a specific number of time steps is available([12, 13]); we do not
know of an upper bound counterpart. We arrange our proof so that it is sufficient to analyze the diffusion
pattern of a virus when it starts far from the boundary. Finally, we note that no effort has been made to
optimize the exponent 28 in At’s definition.



We briefly explain how our global lower bound can be readily obtained from Proposition 3.3, which is
a strong characterization of the local growth rate of infection region size. Imagine the following evolution.
Starting with a single infected agent, with high probability the infection spreads to a ball of radius at most
945 logn in At time units. At this time point, the newly infected agents inside the ball continue to spread
the virus to neighborhoods of size at most 945 log n, again with high probability. This gives an enlarged area
of infection with radius at most 18/ log n. Continuing in this way, the lower bound in Theorem 1.3 is then
the time for the infection to spread over V3. This observation will be made rigorous in the next subsection.

The rest of this subsection is devoted to the proof of Proposition 3.3. It consists of two main steps.
First, we need to estimate the expected number of infections done by a single initially infected agent within
distance 9¢5 logn and time increment At. Second, we iterate to consider each newly infected agent. The
analysis requires the condition that the global configuration behaves “normally”, a scenario that occurs with
suitably high probability, as we show. We call this condition “good behavior”, which is introduced through
the several definitions below:

Definition 3.4. (Island, [12]) Let A = {ay,...,an} be the set of agents in V3. For any positive integer
v > 0, let Gi(7y) be the graph with vertex set A such that there is an edge between two vertices if and only if
the corresponding agents are within distance v (under Ly-norm) at time t. The island with parameter vy of
an agent a; € A at time step t, denoted by Isd;(a;, ) is the connected component of Gi(7y) containing a;.

Definition 3.5 (Good behavior). Let /; = nm~ Y3, For 1 < i < (03/01)log ®n, define B;(P) =
5 .

B (P, ity log™' n) and let 0B;(P) = B;(P) — B;_1(P). For any P € V3, define m;(P) = %.

Let us define the following binary random variables:

e Good density. Let {D, : t > 0} be a sequence of 0,1 random variables such that D; = 1 if and only
if for all P € V3 and all i < (¢3/01)log™3 n, the number of agents in B;(P) is at most m;(P), for
all time steps up to t. We say the diffusion process has the good density property at time t if Dy = 1.

e Small islands. Ler {E; : t > 0} be a sequence of 0, 1 random variables such that Ey = 1 if and only
if [Isds(aj, 61 log™!n)| < 3logn for all aj € Aand 0 < s < t. We say that the diffusion process has
the small islands property at time t if £y = 1.

e Short travel distance. Let {L; : t > 0} be a sequence of 0, 1 random variables such that Ly = 1 if
and only if for all i € [m] and all t; <ty < t withty —t; < (31log™ " n, we have ||S§, — Si |1 <
30y log~* n. We say the process has the short travel distance property at time t if L; = 1.

Finally, let Gy = D; x Ey x Ly, and say the diffusion process behaves well at time t if Gy = 1. We also
focus ont < n?® and define the random variable G = Gz2.5.

The value 72 in the definition is chosen such that it lies well beyond our lower bound for the case
m < n3, but is small enough for our forthcoming union bound. By using properties of random walks and
techniques derived in [12], we have

Lemma 3.6. Let A = {aq, ..., a,,} be agents that are distributed uniformly in V* at t = 0. For sufficiently
large n, we have Pr[G = 1] > 1 — exp(—61lognloglogn).

The proof of Lemma 3.6 is presented in Appendix C. With this global “good behavior”, we have the
following estimate:

Lemma 3.7. Let A = {a1,...,a,} be agents that are distributed in V3 in such a way that Dg = 1
Let S, S2,...,8™ be their corresponding random walks. Consider an arbitrary agent a; with S} €



0(205log™*n). Let {a;,,...,a;,} be the set of agents outside Bl(Sg) at time 0. Define X as the in-
dicator random variable that represents whether the agents a;j and a;, meet within time [0, At]. We have

E ZXM Dy =1, Sg € V(2lzlog ™ n)| <log™3n.
<k

Proof. First, notice that the number of lattice points in 9B;(P) satisfies
]8821 = ‘Bl’ — ’Bi_ﬂ S (2’%1 log_l n)3 — (2(2 — 1)51 log_l )3 S 24@25“1’ log_3 n.

We may also similarly show that
10B;| > %03 1og > n.

Let g = (2/£1)log ™3 n. For each i € [q], write B; = B(S?), 8B; = 0B;(S)), and m; = mZ(Sf]) We
want to estimate the meeting probability and hence the expected number of infections for each i € [q].

First, let us consider the agents outside the ball B,. The probability that any specific agent initially
outside B3, ever travels into the ball IB%(S%, {5 log™* n) within time £3 log~'% n is at most exp(—Q(log®n)) (
by, e.g., Lemma A.6 in the section on probability review). On the other hand, the probability that S7 ever
travels out of IB%(Sg, 5 log™* n) is also exp(—2(log® n)). For these two agents to meet, at least one of these
events has to occur. Therefore, with probability exp(—(log® n)) S7 will meet an agent initially outside B,.

This leads to
E Z Xj,k' DO - 17 S(j) S 513(252 ].Og74 n) < mexp(_Q(10g3 n))
ik/:Sék, §§Bq

the set of agents initially
outside B,

Let us next focus on agents inside B,. Fix an arbitrary a;, € 0B;. Let ¢l and e’ represents the
events that S7 and S% ever visit a boundary before time ¢3log™ ' n respectively. Again by Lemma A.6,
Prle? V ef|Dy = 1,5} € V(262 log™* n)] = exp(—Q(log®n)). We now have

E[X;¢|Do = 1,5) € B(2slog™* n)]

= Pr[X,,=1;-¢) A=ef|Dg =1, Sg € V(20alog™ n)] + Pr[X;, = 1;¢/ Ve[ Dy = 1, S’g € (205 log ™1 n))

< Pr[Xjo=1;-¢ A=e|Dg =1, S) € W(2l5log™* n)] + exp(—N(log® n)).
To compute

Pr[X; ;¢ A=ef|Dy = 1, 8] € B(2l5log™* n)]

’82 Y i y
= Pr {Hto S log%n : ||Sg0 — St(f”l S 1} /\ (—|€j /\_\ef)

Dy =1, Sg € W(20ylog™* n)} ,

we couple S7 and S* with unbounded walks S7 and S starting at the same positions at ¢ = 0 in the natural
way. Before the pair of bounded walks visit the boundary, they coincide with their unbounded counterparts.
Therefore, we have

02 - .
Pr |{EIt0 <—2—: 157, = Sitllh < 1} /\ (—e’ /\—\ee)

" log n

Do =1,8) € B(26y log_4n)]

& i _ i
Elto S long . ||St0 — Slé”l S 1

1
(i — 1)51)

< Pr Do =1,8) € B(2031og 4 n) | = O( (Corollary 2.5)
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We thus have E[ X, ¢| Do = 1, 5] € (203 log ™ n)] < (z_cﬁ for some constant Cp. Next, we estimate

E; = E[ZE:Séeeagi X | Do =1, Sg € V(2051og™4n)] as

Com; (o 10B;imlog®n  Co(3i%631og™> n)mlog” n < 6Coiml3 log® n

E; <~ = -
(-1 (-4 8n3 (i —1)¢1n3 - n3

The first inequality holds because Dy = 1 and m; is an upper bound for the number of agents in 013; (for all
7).
E[Z X | Do =1, SJ € V(203log™n)] < ZEZ + m x exp(—Q(log3n))

<k < .
- = upper bound for those outside B,

Z -\ 6Come2log*n
i | =i e

2

< BT exp(—0(log? n))

2<i<q

6Coq*me3 log?
< 0d m31 CCELC exp(—Q(log®n))
n
= 6Cplog™*n 4 exp(—(log?n))
< log™3n
for sufficiently large n as m < n>. O

Lemma 3.7 says that if the initial distribution of agents possesses good behavior, then one can ensure
that the expected number of direct infections on far-away agents is small. For agents close to the initially
infected agents, we instead utilize the concept of islands, which is also deeply related to the subsequent virus
spreading behavior. Now we formally introduce a new diffusion process with a modified “island diffusion”
rule. It is easy to see that this new diffusion process can be naturally coupled with the original diffusion
process (evolving with Definition 1.1) by using the same random walks in the same probability space.

Definition 3.8 (Diffusion process with island diffusion rule). Consider a diffusion process in which m
agents are performing random walks on V3. An uninfected agent a;j becomes infected at time t if one of the
following conditions holds:

1. it meets a previously infected agent at time t. For convenience, we say a; is directly infected if it is
infected in this way.

2. it is inside Isd;(a;, {1 log_1

n) where a; is directly infected at time t.

This coupled process is different from the diffusion models introduced in [13, 17, 11]. In our formula-
tion, an island is infected only if meeting occurs between one uninfected and one previously infected agent.
In [13, 17, 11] (using our notations), an island is infected once it contains a previously infected agent. As a
result, infections occur less frequently in our model than the models in [13, 17, 11]. This difference is the
key to getting a tight lower bound for dimensions higher than 2. More precisely, our infection rule allows us
to build a terminating branching process, or what we call “diffusion tree” in the following definition, whose
generations are defined via the infection paths from the source. The termination of this branching process
constrains the region of infection to a small neighborhood around the source with a probability of larger
order than obtained in [12]. This in turn leads to a tighter global lower bound.

8



Definition 3.9 (Diffusion tree). Let W C (209 logn) be a subset of lattice points. Consider a diffusion,
following the island diffusion rule, that starts with an initially infected island Isdo (a1, ¢1log ™' n). Recall
that S(l) denotes ay’s position at t = 0. The diffusion tree Tt with respect to VV has the following components:

1IFS§ ¢ W, Tr = 0.
2. IfSyew,

The root of Tt is a dummy node r.

The children of r are all the agents in Isdy(a1, £1 log™ " n).

ag is a child of ay (ap € child(ay)) if ap is infected by ay before time At.

ag is a direct child of ay (ay € dchild(ay)) if ap € child(ay) and it is directly infected by ay.

1

For technical reasons, if ap is not in Tr, we let child(a;) = () and dchild(as) = 0.

Figure 1 in the Appendix shows an example of the diffusion process and its corresponding diffusion
tree at t = 0, 20,40, 60. Notice that the diffusion tree Tr stops growing after At steps.

We refer the root of the tree as the Oth level of the tree and count levels in the standard way. The height
of the tree is the number of levels in the tree. Note that diffusion tree defined in this way can readily be
interpreted as a branching process (See, e.g., Chapter 0 in [20]), in which the jth generation of the process
corresponds with the jth level nodes in Tr.

Next we incorporate the good behavior variable G with diffusion tree. The motivation is that, roughly
speaking, consistently good behavior guarantees a small number of infections, or creation of children, at
each level. This can be seen through Lemma 3.7.

Definition 3.10 (Stopped diffusion tree). Consider a diffusion process with island diffusion rule, and let
T(¢) be the time that ay becomes infected in the process. The stopped diffusion tree Tt (with respect to
a; and W) is a subtree of Tr induced by the set of vertices {ay : a; € Tr N Grpyy = 1} We write
ag € child'(ay) if ag € child(ap) and a, € TY'. Similarly, a; € dchild’(ay) if a;, € dchild(ay) and
ay € Ty,

Note that the definition of stopped diffusion tree involves global behavior of the whole diffusion process
due to the introduction of Gy. On the other hand, Tr = Tr’ with overwhelming probability, so we can
translate the properties of Tr’ back to Tr easily.

We next show two properties of the (stopped) diffusion trees, one on the physical propagation of chil-
dren relative to their parents and one on the tree height. These are our main ingredients for proving Propo-
sition 3.3. The properties are in brief:

1. If ay is a child of a, in the stopped diffusion tree T, HSf}( 0~ S,f}'( ) oo is O(£s).
2. The height of the stopped diffusion tree Tr’ is O(l) with high probability.

Proving the first item requires the following notion:

Definition 3.11 (Generation distance). Consider the diffusion tree Tr with respect to WW. Let ap be an
arbitrary agent and let ay be its parent on 'Tr. The generation distance of ay with respect to 'Ir is

“

o — HSF?(Z) - Sg(f’) |1 ifagisinTr and is at the 2nd or deeper level
““Yo otherwise.

In other words, the generation distance between ay and ay is the distance between where ay and ay were
infected. The generation distance of a, with respect to Tr' is 0}, which is set to be 0y if a, is in Tt and 0
otherwise.



With this notion, we can derive the following lemma:

Lemma 3.12. Consider the stopped diffusion tree with respect to YV that starts with an infected island
Isdg(ay, ¢1 log ™! n). For an agent ay in TY', ), < 4bs.

Proof. We focus on the non-trivial case that S(i) € W and that ay is at the 2nd level of Tt’ or deeper. Suppose
that the diffusion process behaves well up to time 7'(¢) i.e. Gt = 1. Let ay be the parent of a; on Tr'.
By the construction of Tr', there exists an ay» € dchild’(ag ) (possibly ay itself) such that

o ay € Isdypm(ap, £ log~!n).
o T({) = (E’ ’ ) i.e., ag and ay» get infected at the same time due to the island diffusion rule.
) HS%’ S%N i <1i.e., ap gets infected because it meets an infected agent.

By the triangle inequality,

0 = 17y = Syt < 157wy = Stemll + 187(n — St lh-

Note that ”54(3/) —S‘%”(Z,,) |1 < 3l2log™4 n41 < £ (short travel distance property) and HS%N(@”) —S%(E) |1 <
(¢11og™ n)(3logn) = 3¢; < 3¢5 (small island property) since Gt = 1. Finally, the case when Gy =
0 is trivial, and the lemma follows. ]

Next we show that with high probability the height of the stopped diffusion tree is O(l). Using standard
notation, we let {F;}+>0 be the o-algebra, or filtration, generated up to time ¢, i.e., F; encodes all the
information regarding the diffusion process up to ¢. The special instance F is used to describe the initial
positions of the agents.

The main property of stopped diffusion tree that we need is the following:

Lemma 3.13. Consider a diffusion process with the island diffusion rule. Let a, be an arbitrary agent with
infection time T ({). We have

E [\dchild/(ag)|‘]:T(4)7 Sbe) € V(22 log ™ n)] < log~3n, 5)

where dchild'(+) is defined for a stopped diffusion tree with respect to an arbitrary set W C G(2042 logn).

We regard the conditional expectation in Equation 5 as a random variable. The interpretation is that
the expected number of a,’s direct children is less than log > n, regardless of the global configuration at the
infection time of ay, as long as it lies in B(2¢ log~* n) at that time.

Proof. We focus on the case when S} € W; otherwise Tt’ is empty and the lemma trivially holds. First
observe that all a; € Isdp( (Srf}( 0 ¢1log™1 n) are infected at or before the time ay is infected. Therefore
they cannot be direct children of a, by Definition 3.9 and 3.10. On the other hand, an agent a; is outside
IsdT(Z)(SfF(@,fl log~!n) only if it is outside the ball B(S%(E),fl log~' n). Hence dchild’(a,) is bounded
by the number of agents initially outside IB%(S%( 0 {1log™! n) that meet ay before time At. We consider two
cases:

Case 1. D) = 1. By Lemma 3.7, we have

E [\dchild’(ag)]’]—"T(Z),DT(E) = 1,55 € V(2 log*n)| <logn

10



Case 2. Dy = 0. By Definition 3.10, we have
E [\dchild’(ag)\‘FT(g), Drgy =0, S,f;(g) € (205 log™* n)} =0<log 3n.

Therefore,

B [ldehild (a0)l| Fre), St € B(2alog™n)] = Exy,, [B [ldchild! (a)]| Froy, St € D(22 1087 n), Drep|

< logf‘3 n.

Recursive utilization of Lemma 3.13 on successive tree levels leads to the following lemma:

Lemma 3.14. Consider a diffusion process with the island diffusion rule starting with an infected is-
land Tsdg(aq, 1 log ™' n). For the stopped diffusion tree Tr' with respect to any W C (2005 logn), let
Height(Tr") be its height. Then we have

Pr[Height(Tr") > 2logn| < exp(—3lognloglogn). (6)

Let us denote the set of agents at the kth level as [Fy. It is worth pointing out that, despite a similar
analysis to that of standard branching process, there is a technical complication on the conditioning argument
since the creation of each child within the same level can be performed at different times in the diffusion
process. This implies that there is no single filtration that we can condition on each level to analyze the
expected size of the next one. Nevertheless, conditioning can be tailored to each agent at the same level.

Proof. We focus on the case when Tt is non-trivial i.e. S} € W. Let I(A) = 1if A occurs and 0 otherwise.
We have, for any k£ < 2logn,

E[[Fit1/1%0, Sg € W)

= E Z Z ’ISdT(g/) (aél,gl logfl n)\I(GT(@/) = 1) Fo, Sé ew

ag€F} a, €dchild’ (ap)

< (3logn)E | > |dchild'(as)]|Fo, Sy € W

/
agEFk

11



The equality holds by the stopping rule and the inequality holds by the small islands property. Next we have

E | ) |dchild’(a)|
_azE]F;C

= E| Y I(as € Fy)|dchild (ar)|
L L€[m]

I(ag S F%)|dchild/(ag)|

Fo,55 €W

Fo, S5 € W}

I
(]

Fo, Sé S W]
tefm] L

E [I(a; € F},)|dchild’ (a,)]

|
(]

fT(Z)7 Sé S W‘|

Fi1, 85 GW]

tefm] L

I(a; € F})E

|
(]

|dchild’ (ay)]

]:T(e), Sé S W‘|

Fo, S5 € W} (Because I (ay € F},) is Fp()-measurable)
Lefm] L

Note that S5 € W C (2042 log n) implies S, € (20€2logn — 4kfz) C V(202 log™ " n) if Gy = 1,
by using Lemma 3.12. Therefore, by Lemma 3.13

E ||dchild’(ag)| | Fre), S5 € W, Gy = 1| = E |[dchild’(a)|| Fre), Sppy € B(2balog™* n), Gry = 1| <log™n

On the other hand,

E | |dchild’(a)|

fT(g), S(% eW, GT(Z) = O] =0

by the stopping rule. This leads to

E ||dchild’(as)| .FT(E),S& € W] <log™3n
which implies
> E |I(as € F})E ||dehild (ag)|| Frp), Sp € W] Fo,S§ e W| <log=3nE[[F,||Fo, S§ € W]
Le[m]

Therefore,

E[|F}, 1| | Fo, S5 € W] < 3log 2 nE[|F}| | Fo, S5 € W] < (3log 2 n)*E[|F}| | Fo, S§ € W] < logn(3log™2n)"

and hence
Pr“FIQ logn| > O] < EHFIZ logn” < eXp(_3 lognlog log n)
by combining with the case a; ¢ W. O

We now prove Proposition 3.3.

12



Proof of Proposition 3.3. First note that the set of infected agents in a diffusion process with island diffusion
rule, namely Definition 3.8, is always a superset of the coupled original diffusion process using Definition
1.1, at any time from 0 to A¢. Next we have

Pr[Height(Tr) > 2logn]
Pr[(Height(Tr) > 2logn) A (Height(Tr) = Height(Tr"))]

+ Pr[(Height(Tr) > 2logn) A (Height(Tr) # Height(Tt'))]
Pr[Height(Tt') > 2logn] + Pr[Tt' # Ty
exp(—3lognloglogn) + Pr[G = 1]

VARRVANNVAN

2 exp(—3lognloglogn)
Therefore, we have

Pr[(Height(Tr) < 2logn) A (G = 1)] > 1 — 3exp(—3lognloglogn).
We will show that the viruses can be covered by the ball B(S{, 9¢ log n) when
(Height(Tr) < 2logn) A (G = 1) A (S5 € W).

Fix arbitrary infected a, € Fy with k& < 2logn . By Lemma 3.12, we have || S} — S§(4)||1 < 8/ logn.
Moreover, G = 1 implies that for all 0 < t/ < At, ||S§1(€) — Sf,||1 < 30y log™* n < £ 1og n. This suggests

155 — St lso < 922logn for all ¢ € [0, At]. Therefore, the virus does not escape the ball B(S3, 945 logn)
within time [0, At]. O

3.2 From local to global process

This section will be devoted to proving Theorem 3.1 via Proposition 3.3, or in other words, to turn our
local probabilistic bound into a global result on the diffusion time.

We note that Proposition 3.3 deals with the case when there is only one initially infected agent. As
discussed briefly in the discussion following the proposition, we want to iterate this estimate so that at every
time increment At, the infected region is constrained within a certain radius from the initial positions of all
the agents that are already infected at the start of the increment. Our argument is aided by noting which
agents infect other agents. To ease the notation for this purpose, we introduce an artificial concept of virus
type, denoted by v; ;. We say an agent gets a virus of type v;; if the meeting events of this agent can be
traced upstream to the agent a;, where a; is already infected at time ¢. In other words, assume that a; is
infected at time ¢, and imagine that we remove the viruses in all infected agents except a; but we keep the
same dynamics of all the random walks. We say a particular agent gets v;; if it eventually gets infected
under this imaginary scenario. Note that under this artificial framework of virus types it is obvious that an
agent can get many different types of virus, in terms of both ¢ and ¢.

In parallel to Proposition 3.3, we introduce the family of binary random variables b; ; to represent
whether a virus of type v; ; can be constrained in a ball with radius 9¢5 log n:

Definition 3.15 (b; ; and virus of type v; ;). Let B = B(P, &) where P = (n/2,n/2,n/2). Let ai, ..., an
be agents that are uniformly distributed on V> at t = 0 and diffuse according to Definition 1.1. Let t be an
arbitrary time step and i € [m]. At time t, a virus of type v; emerges on agent a; and diffuses. Define the
binary random variable b; ; as follows:

o If S! € B: b ¢ is set as 1 if and only if all the agents infected by the virus of type v; ; can be covered
by the ball B(S¢, 9¢2 log n).

13



o If S} ¢ B: by =1.
Let us start with showing b; ; = 1 for all ¢ and ¢ with high probability:

Corollary 3.16. Consider the family of random variables {b;; : i € [m],t < n*®} defined above. We have

Pr /\ (bit =1)| >1—exp(—4lognloglogn).

i€[m],t<n25

Proof. We first bound Pr[b;; = 1] for any specific ¢ and t. Since the agents are placed according to
stationary distribution at ¢ = 0, each agent is still distributed uniformly at time ¢. Next, at time ¢, we may
relabel the agents so that a; is regarded as the single initially infected agent in Proposition 3.3, where W is
set as B. We therefore have Pr[b;; = 1] > 1 — exp(5lognloglogn).

Next, we may apply a union bound across all ¢ and ¢ to get the desired result. O

Lemma 3.17. Let B = B(P,n/8). Let By be the indicator variable that there is at least one agent in B
at time t. Let B = [[,.,25 By, the indicator variable that there is at least one agent in B at all times in
[0, n%5]. We have -

Pr[B = 0] < exp(—log®n)

for sufficiently large n.

Proof. First, notice that for any specific ¢, the expected number of agents in B is {2(m). Therefore, by
Chernoff bound (using the version in Lemma A.1) Pr[B; = 0] < exp(— log®n). Next, by a union bound,
we have Pr[B = 0] < n??exp(—log®n) < exp(—log?n). O

We next present our major lemma for this subsection.

Lemma 3.18. Let ay, ..., a,, be placed uniformly at random on V3 such that m > 1600nlog®>n. Let
by = \/n3/m. Let {b;+ : i € [m],t < n*5} and B be the random variables described above. If b;; = 1 for
all i,t and B = 1, then the diffusion time is at least T, = %Egn log~ %' n

Notice that by Proposition 3.3 and Lemma 3.17,

Pr |:/\i§m,t§n2~5 (bit = 1)} > 1—exp(—4lognloglogn).
Pr[B = 1] > 1 — exp(—log®n).

Together with Lemma 3.18, Theorem 3.1 then follows.

Proof. Without loss of generality, we assume the x, y, and z coordinates of SJ are all negative. We can
always rotate the space V3 at t = 0 correspondingly to ensure this assumption to hold.

We shall prove by contradiction. Consider two balls B and B defined above. Assume the diffusion
time is less than 7;. First, because B = 1, a necessary condition for the diffusion to complete is that an
infected agent ever visits the smaller ball B at a time 7" < T, (since otherwise the agents in 8 would be
uninfected all the time, including at 7). We call this agent a;;. Next, for the infection to get into B, it
must happen that there is an infected agent that enters B from outside, whose infection trajectory eventually
reaches a;;. We denote T” to be the last time that this happens, and the responsible agent to be a;». We
focus on the trajectory of infection that goes from a;~ to a; that lies completely inside B (which exists since

14



T" is the last time of entry). Note that we consider at most [7./At]| time increments of A¢t. Now, since
bi+ = 1 for all 7 and ¢, by repeated use of triangle inequality, we get

(1/81)¢anlog =2
12 log~ %% n

-/ -1 T
1S — Spn|loe < 92logn [Act-‘ < 93 logn ( L 1) < %—i—%glogn < g -1

On the other hand, the physical dimensions of 28 and B give that
-/ 11 n
| S7r — Spn]loo = i 1

which gives a contradiction.

4 Upper bound

We now focus on an upper bound for the diffusion time. Our main result is the following:

Theorem 4.1. Let ay, ..., a, be placed uniformly at random on V3, where n < m < n3. Let fg =
\/n3/m -logn. When n is sufficiently large, the diffusion time T satisfies

- 1
Pr[T > 128nfylog?" n] < exp(—§ log®n).

Note that this theorem shows that an upper bound of O~(n\/ n3/m) holds for the diffusion time with
high probability. Hence the upper and lower bounds “match” up to logarithmic factors. We remark that the
constant 47 in the exponent has not been optimized.

The main goal of this section is to prove this theorem. Our proof strategy relies on calculating the
growth rate of the fotal infected agents evolving over time; such growth rate turns out to be best characterized
as the increase/decrease in infected/uninfected agents relative to the size of the corresponding population.
More precisely, we show that for a well-chosen time increment, either the number of infected agents doubles
or the number of uninfected agents reduces by half with high probability. This is different from existing
upper bound proofs, e.g. [12], which usually attempt to identify a region in which both the infected agents
and the uninfected agents are dense, and hence the infected agents can effectively transmit virus to those
uninfected. It is not clear to us how to lift these upper bound proof techniques to higher dimensions. Our
techniques therefore aim to provide an approach that can be extended to such settings.

We briefly describe the forthcoming analysis. As with the lower bound, we start with local analysis.
We divide the space V3 into subcubes each of size 0o x 05 x 0. Here 05 is just a logarithmic factor larger
than Eg, the size of subcubes used for the lower bound, so that with overwhelming probability there are at
least {5 agents in a subcube. We show that, within every subcube, over a time increment of length ©(£2) the
number of infections is roughly a Q( )-fraction of the minimum of the number of infected and uninfected
agents. Hence, at least locally, we have the desired behavior described above.

We then leverage the local analysis to obtain the global result. However, this is not straightforward.
For example, consider the beginning when the number of infected agents is small. If infected agents are
distributed uniformly throughout the whole space, it would be easy to show that new infections would
roughly grow in proportion to the number of infected agents. However, if infected agents are concentrated
into a small number of subcubes, we have to show that there are enough neighboring subcubes on the
boundary of these infected subcubes that these subcubes become infected suitably rapidly, so that after the
appropriate time increment the number of infected agents doubles. Similar arguments arise for the case
when infected agents are dominant, with the end result being a halving of the uninfected population.
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We now make the above discussion rigorous. First, letb = (2n+1)/ {5, so there are in total b subcubes.
As in the previous section, we divide the time into small intervals. We reuse the symbol At to represent the
length of each interval but here we set At = 16@%. Our local bound is built within each subcube (and pair
of neighboring subcubes) in the time increment At:

Lemma 4.2. Let W C V3 be a region that can be covered by a ball of radius 205 under the Loo-norm. Let
AT and A" be subsets of infected and uninfected agents in W at time t such that |Af| = mq, |A%| = mao,
and max{mj, mg} = 22/ log? n. Given any initial placement of the agents of AT and A", let M (t) be the
number of agents in A" that become infected at time t + At. We have

pr | M(t) > 7o min{my, may} )]__t

> 70 log % n.
log4n }_ 0708

for some constant Ty, where F; denotes the information of the whole diffusion process up to time t.

Proof. The high level idea of our proof is to count the total number of times the infected agents meet the
uninfected ones between time ¢ and ¢+ At. The probability two agents in YV can meet each other within time
At is approximately Q(1/¢5) (Lemma 2.3). The expected number of meetings is thus €(1/05) x mymg =
Q(min{my,my}). The total number of newly infected agents is the number of meetings modulo possible
overcounts on each originally uninfected agent. If we can show that the number of meetings is 0(1) for
each uninfected agent, then we can conclude that Q(min{m;, m}) more agents become infected at time
t + At.

Two problems need to be addressed to implement this idea. First, when the agents are close to the
boundary, they may behave in a more complicated way than suggested by Lemma 2.3. Second, in the (rare)
case that an uninfected agent is surrounded by a large number of infected agents, it can possibly meet with
w(1) infected agents, making it difficult to give an upper bound over the number of overcounts.

To address both problems, we wait l% time steps before starting our analysis on infections. This time
gap is enough to guarantee that with constant probability, the agents are “locally shuffled” so that by time
t+ 03,

1. all agents are reasonably far away from the boundaries,
2. the distance between any pair of agents is “appropriate” (in our case, the distance is between {5 and
945).

Intuitively, the “local shuffling” works because central limit theorem implies that the agents’ distribu-
tion at the end of of these steps is approximately multivariate Gaussian.

We now implement this idea. First, we couple the (sub)process in V¥V with one that has slower diffusion
rule. In the coupled process, we first wait for @% time steps, in which no agent becomes infected even if it
meets an infected agent. After these Z% steps, for an arbitrary a; € Af and aj € A%, let X;; = 1if both of
the following conditions hold,

e the L-distance between a; and a; is between @2 and 9[72.
e the L-distance between a; and any boundary is at least 360¢5.
By Corollary A.13, Pr[X;; = 1] > 7 for some constant 7. Therefore, E[3", c 41 . cav Xij] = Tmimo.
On the other hand, Z” X ; < mimy. It follows easily that we have Pr[zm Xij> %Tmlmg} >7/2.
Our slower diffusion rule then allows a; € A7 to transmit its virus to a; € A" if and only if

[ ] Xi,j = 1,
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e they meet during the time interval (¢ + (2, + At],

e a; and a; have not visited any boundary after t+f§ before they meet. In other words, an agent a; € Af
(a; € A" resp.) loses its ability to transmit (receive resp.) the virus when it hits a boundary after the
initial waiting stage.

An added rule is that agents in A* will not have the ability to transmit the virus even after they are
infected.

Let Y; ; be the indicator random variable that is set to 1 if and only if a; transmits its virus to a; under
the slower diffusion rule. By Lemma 2.6, we have Pr[Y;; = 1 | X, ; = 1] = Q(1/{s). Therefore, we have

Pr[Y;; = 1] > Pr[Yi; = 1| X;; = 1] Pr[X;; = 1] = Q(1/4a).

Hence,
E[ Z Yi,j] = Q(m1m2/€2)27’1m1m2/€2
a;€Af ajeAv

for some constant 71. » a, AT a e Au Y; ; is approximately the number of newly infected agents except that
the same agent in A“ may be counted multiple times. Our next task is thus to give an upper bound on the
number of overcounts. Specifically, we fix an agent a; € A" and argue that the probability Zaie af Yij =
log? n is small.

In our slower diffusion model, once an agent in Af reaches the boundary, it is not able to transmit the
virus further. We need to bound the probability that there are more than log? n agents in A/ that transmit
the virus to a; before they hit any boundary. This probability is at most the probability that more than log?n
infected agents performing unbounded random walks meet a;, where each infected agent is at least Uy away
from a; initially.

By Lemma 2.4, there exists a constant ¢ such that for all possible values of X; ; and sufficiently large

n:
2
' X . log? log“n
Pr[ ) Yij = log®n | Xij, Xoj, oo Xy j] < (Zlgmﬁ m) <Coogn>
log“n Uy
aiEAf
2
< m colog?n log™n
=~ \log?n 0y
2
( emq >10g2n (co 10g2n>10g "
log®n Uy
coema log?n
- (%)
< exp(—log?nloglogn).
Therefore,

Pr| Z Y;j > log?n] = E[Pr] Z Yij >log?n | X1, .y Ximy jl] < exp(—log®nloglogn).
aiEAf aiEAf

By a union bound we have
Pr[3j : Z Y; ; > log®n] < exp(—2log? n). 7
aiEAf
17



Next, let us fix a; € A/ and we may argue in a similar way to obtain

Pr[3i : Z Y;; > log?n] < exp(—2log®n).
ajcAY

Define e; as the event that (Vz’, ZajeAu Yi; < log? n) A (Vj, ZaieAf Yi; < log? n) Therefore,
Prle;] > 1 — 2exp(—2log® n). Observe that e; implies >i Yi; < min{mi, mo} log® n. We have

Timima/ly < E[Z Yi
,J

= B[ Yijled Pried + E[D_ Yij|e] Pr[-e]

i,j i3

< E)_Yijled +m? Pr[-e]
i?j

< E[Z Yi jled + 2m? exp(—2log® n).
2

Therefore,

E[ZYM\et] > mimyma/ly — 2m? exp(—2log? n)
,J

> Tlm}mg

- 205

_ mimax{my, mg} min{m, ma}
205

> 1 min{ml, mg}

2log®n

Next, define indicator variable I; = 1 if and only if Zaje au Yij > 0. The sum Zj I; is the total

number of newly infected agents in our weaker process and thus is a lower bound on M (). Note that if e;
holds,
Z Ij < Z Y;'J < min{ml, mg} log2 n,

ajGAu %]

and hence

E[ Z Ile] < min{my, ma} log? n.
ajCAY

On the other hand,
71 min{my, ma}

B[ Lled = log ?nE[Y Yijled > ®)
J 0,J

21og* n
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Now define 7 = mindmime} yye pave

4log*n
2m
< B Ijled
J
- EY. Jj}et, S <Py L < M‘et] +EY Ij(et, Son s m Py L > m)et]
J J J J J J
< E[Z Ij’et, ZIj <m]+ min{ml,mg}logznPr[Z I; > fn‘et]
J J J
< Th+min{m1,m2}log2nPr[ZIj > Th‘et].
J
Therefore,
71 min{my, ma} ol
Pr |3 I > er| > .
Z / 4logtn = 41log® n
Finally,
Pr ZI > T min{my, mo} > Pr ZI‘ > T min{my, mo} e | Prle]
r ! 4log*n - r ! 4log*n ! !
T1 2 T1
1—2exp(—logn)) >
410g6n( p(=log™n)) 2 5log®n

By setting 79 = 71/5, we get our result.
O

The next step is to characterize the growth rate at a larger scale. This requires more notation. We denote
the set of b3 subcubes of size o x f5 x I3 as € = {hij :,J,k € [b]}. For an arbitrary subcube h; j 1., we
define its neighbors as N (h; j i) = {hir jow : |0 — 7’| + |7 — j'| + |k — k'] = 1}. In other words, h;s j 5 is
a neighbor of h; ; ;. if and only if both subcubes share a facet. Let H be an arbitrary subset of €. We write
N(H) = Upen N(R).

Definition 4.3 (Exterior and interior surface). Let H be a subset of €. The exterior surface of H is OH =
N(H) —H. Let H be the complement of H. The interior surface of H is OH = N (H) — H, i.e., the exterior
surface of the complement of H.

At time step t = iAt, let G; be the set of all subcubes that contain more than 0y /2 infected agents and
let g; = |Gy|; let By = G, be the rest of the subcubes and let by = |B;|. We say a subcube in G; an infected
(good) subcube and a subcube in B; an uninfected (bad) subcube.

We classify the agents in the process according to the subcubes they reside in. To facilitate our analysis,
we adopt the notational system 2(; and 2(;" to represent the total number of agents that belong to the type
specified in the superscript. Specifically, let Q[{ be the set of infected agents at time ¢; decompose the set
‘21{ as Qlf = ‘21{ Iy Ql{ B where 91{ Y is the set of infected agents residing in the subcubes in G; and Ql{ B
the set of infected agents in ;. Similarly, let 2 be the set of all uninfected agents; decompose the set
A as Ay = quj’g U Ay B where qu;’g is the set of uninfected agents residing in the subcubes in G; and
QUZ’B the set of uninfected agents in B;. Furthermore, we denote AAY and AAP as the set of agents in G;
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and B3, respectively that are infected between ¢ and ¢ + At. Hence the total increase in infected agents, or
equivalently the total decrease in uninfected agents, between t and t + At is given by Al = AQltg UAAB,

Lastly, we let AQltg be the set of agents in G; U 0G; that are infected between ¢ and t + At.

Similar to the lower bound analysis, here we also introduce good density conditions that can be easily
verified to hold with high probability, and reuse the symbols D; and D with slightly different meanings from
the last section:

Definition 4.4. Let {D; : t > 0} be a sequence of binary random variables such that Dy = 1 if for all time
steps on or before t, the number of agents for any subcube in V3 with size 0y x Uy x {5 is between U and
262 log n. Also, let D = D,2.5.

The following lemma shows that D; = 1 with high probability, whose proof will be left to Appendix C:
Lemma 4.5. For any t < n?5, Pr[D; = 0] < exp(—% log® n) for sufficiently large n.

We now state two bounds on the growth rate of the agent types, one relative to the “boundary subcubes”
0G; and one relative to the total agents of each type:

Corollary 4.6. For some constant T,

Pr [|A9 N AAE| > |96, - L@ FiD, = 1] > 70log 5.
Consequently,
Pr _\Z/mﬂ > 9G] - 1:;2 Fi,Dy = 1] > 1olog O nand Pr ||AAB| > 9G] - 1::;2 Fi,Dy = 1] > log o n
COI:Ollary 4.7. We have
Pr :|Aal§| 2 ignm;‘g Fi, Dy = 1] > 75log~%n and Pr [|A2lf > 410§8n|21{’8| Fe,Dy = 1} > 75 log ™% n.

The proofs of these two corollaries both rely on using coupled diffusion processes that have slower
diffusion rates. These processes only allow infection locally i.e. within each “pair” of subcubes on the
surface of G; in the case of Corollary 4.6 and within each subcube in Corollary 4.7, and hence can be tackled
by Lemma 4.2. The surface 9G; in Corollary 4.6 appears naturally from a matching argument between
neighboring infected and uninfected subcubes. Roughly speaking, the bounds in Corollary 4.6 are tighter
and hence more useful for the cases where infected/uninfected agents are dense in the infected/uninfected
subcubes, while those in Corollary 4.7 are for cases where the agent types are more uniformly distributed.

—~

Proof of Corollary 4.6. Agents in AQltg N AP are those initially in G; at ¢ and become infected at the
time ¢ + At. We focus on how the uninfected agents in dG; become infected.

Let us construct a graph G = (V, E'), in which the vertex set V' of G consists of subcubes in 9G; U 3Qt
and the edge set is defined as

E = {{u,v} : u € dG;,v € 0G;,u € N(v)}.

We may use a greedy algorithm to argue that there is a matching on G from G, to G, with size at
least |0G;|/11 (see Lemma D.1 for details). Denote the matching as

M= {{hb /1}7 {hQa ,2}7 ey {h/wh;c} : hl € 6gta h; = 3gt}>
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where k > |0G;|/11. We next define a coupling process with a slower diffusion rule: an infected agent can
transmit virus to an uninfected one if and only if at time ¢ the infected agent is in h;- and the uninfected one
is in h; for some j. Let p; be the number of uninfected agents initially in h; at time ¢ that become infected

by time ¢ + At under the slower diffusion rule. We have 3, p; at most |AAY N AAP| in the original
process. We design the coupling in this way because p; s are independent of each other as they are decided
by independent walks from disjoint pairs of subcubes.

Next we apply Lemma 4.2 on each pair of the matching. Fix an arbitrary matched pair {h,, h’;}. Since

VRRAY ]
hj € 0G;, at time t there are at least €2 /2 uninfected agents in h;; similarly, since h} S 89}, there are at
least /o /2 infected agents in h;-. At time ¢ we can find a subset of uninfected agent A" in h;- and a subset of

infected agents A/ in h; such that |A¥| = |A| = l5/log? n. Therefore, by Lemma 4.2, we have

0
Prip; > —— 02 | Fi,Dy = 1] > 1log ™% n 9)
log’n
for some constant 7. From Equation 9, we can see that E[p; | F;, Dy = 1] > 75 205 1og ™" n. Therefore,
i j 10
E ; D=1 > — log™ "' n. 1
[;p] | Fio D = 1] = 510Gz 1og ™" n (10)
i<

Next, we consider two cases.

Case 1., | < log? n. In this case
[ —~ l
Pr ||A9 N AAB| > |0G,| - Lé)}},Dt —1
4log™n
[ —~ l
> Pr ||A2Y N A2P| > log? ang‘]:t,Dt =1
4log™°n
e B Tof2
> Pr [|AA7 N A2 |> ‘FtaDt—l
> Prlpy > 1olalog™*n | Fi, Dy = 1] (only focus on an arbitrary matched pair in the matching)
> 70 log*6 n. (Lemma 4.2)

Case 2. |0G;| > log® n. Notice that py, ..., p are independent by construction. Also, we have

0€A2
8 .

< Zzyagtwg log™1%n < E [\AQ[Q N AAB| ‘]—'t,Dt = 1]

By a Chernoff bound (the version we use is Theorem A.1 with § = 1/2), we have
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7 1)
Pr |[|A29 N AUB| < |0G,| - L‘]—},Dt - 1]
(3)’E [\AQL? N AQLtB\‘JTt,Dt = 1]
< 2
< 2exp 3
< 2exp< 132|8Qt|€2 log—1° n) (using Equation 10)

< 1—mlog™%n
for sufficiently large n. Our corollary thus follows. O

Proof of Corollary 4.7. Let us start with proving the first inequality. We first couple the diffusion problem
with a slower diffusion process defined as follows. First, all the infected agents in B; at time ¢ cannot
transmit the virus. Second, agents in G; are able to transmit the virus to each other if and only if at time ¢
they are in the same g for some g € G;. For an arbitrary g € G;, we let Q["’ be the set of uninfected agents
in g at time ¢. Accordingly, let Ang o be the set of agents in ng’g that become infected at ¢ + At under the
slower coupled process. By Lemma 4.2, we have

romin{lz/(log?n), |27 |}
4logn

Pr ||AAY | > Fi.Dy = 1| > 19log % n. (11)

Note that Lemma 4.2 requires that both the number of infected agents and the number of uninfected agents
are at most /5 /(log?n). By G;’s construction, there are at least /5 /2 infected agents in each subcube, and
we may choose an arbitrary subset of them with size 0y /log®n to form Af in Lemma 4.2. We do not know
the exact size of \Ql?gg] but in case ]Q[?gg| > (5/1og®n, we let A/ be an arbitrary subset of Q[fgg with size
U5/ log? n.

When D; = 1, we have ]Q[f gg| < 205 log? n. Therefore,

min{lz/ log n, |2A}"7 |}>m1n{ |Ql I} > 121/ (2log" n).

Equation 11 can be rewritten as

R |
= Slog

Pr

|AAY i

ft,Dt = 1] > T0 log_ﬁ n.

This also provides a lower bound over the expectation of ]A%gg\, ie.,

—14 n.

2
.
BIAY| | 7. Dy =1] = I

We also have
2 2
T u,G - T u,G —
E[|AAY| | Fi, Dy = 1] = §g E[AAY | | Fy, Dy =1] > Eg goy%t,g [log™"n = §0|mt |log™ 1 n.

(12)
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Furthermore, by the way we design the coupled process, the random variables \AQltg g| are independent given
.Ft, Dt =1.

We consider two cases.

Case 1. There exists g € Gy such that |20}’ gg| > |2A%9|/10g?* n. In this case, we have

0|7
41og?

To\m gy

Pr |Ang\> | Fi Dy =1| > Pr \Am§g|>

]:taDt = 1] > T0 log_G n.

Case 2. Forall g € G,

52(“’9| < |ar9|/ logzgn Observe, on the other hand, that \QLZ’gg] = |9,
In this case, we have the summation Z 20, 92 < 1292 log=* n. (and it is maximized when every

non-zero |2lt7 o | is exactly |21} 9 log2 n). We therefore have

ST <1205 log ™ 0 Y |27 | = 2439 log ™ n. (13)
9€G e

Next, by Hoeffding’s inequality (See, e.g., Theorem A.3), we have

I AL
Pr \mmgy< TO' : '\ft,Dt—ll
E[|A2 Dr=1
- b ‘Mg,g n 7117 Dr %Dt:l]
E[|AY| | F¢, D
= Pr Z|AQ{ El t|’2tv r= ]‘ft,thll
IE[|AYAY| | F, Dy = 1])?
< 2exp (— (2 HZ f| || tug|; ) ) (apply Hoeffding’s inequality; we have ]Aﬂgg\ < ’qugb
9g€eGL
162 ’ﬁug|210g 2877, . .
< 2exp (by Equation 12 and Equation 13)

|2l7;g|210g 2
— exp(~O(logn))
< 1—1log™%n

for sufficiently large n.

Proving the inequality regarding | A2?| is similar. We provide it here for completeness, but less patient
readers may simply skip this part. We first couple the diffusion problem with a slower process. First, all
the infected agents in G; at time ¢ cannot transmit virus. Second, agents in B; are able to transmit virus to
each other if and only if at time ¢ they are in the same b for some b € B;. For an arbitrary b € B;, we
let Ql{ ’bB be the set of uninfected agents in b at time t. Accordingly, let AQlfb be the set of agents in Ql{ ’f
that becomes infected at ¢ + At under the coupled process. For technical reasons we require the slower
diffusion in the subcube b to halt when |AAP ’y| becomes large, i.e., |AAB bl = |Ql

|ARAB b = b Ly B| allows us to apply Hoeffding’s inequality in an easier manner.

When D; = 1, QLZ’B < 203log? n and min{|2A bB| lo(log?n)} > |2A ’b |/(21log* n). By Lemma 4.2,
we have 5
o|2lf

8log

Pr ’Amt bl =

.7-}, D, = 1] > 79log % n.
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Similar to the analysis of Qlt g » this inequality holds because we can always restrict to a subset of agents if
the number of infected/uninfected agents in the subcube is too large to meet the requirement in Lemma 4.2.
We also have

2
T _
BIAAP|| Fi, Dy = 1) = Y E[AA || Fio Dy = 1] > 224 log™H . (14)
b

Furthermore, by the way we design the coupled process, the random variables |AQ£ b[ are independent given
.7:15, Dt =1.

We consider two cases.

Case 1. There exists an b € B; such that |Ql{ ’bB

5| /10g® n. In this case, we have

QlfB 70l tb‘

4lo

7'0|

Pr > Pr

AAF| > | }met =1 |AAP,| >

’ft,Dt = 1] > 10 log n.

5|/10g? n. In this case, we have

Case 2. For all b € By, |Ql{’bB

ST < 2 PP log™® n. (15)
beB:

Next, by Hoeffding’s inequality (again by Theorem A.3),

we have
_ 1B
Pr ||A208] < M}ft,pt - 1]
i E[|AB| | F, Dy =
< Pr |AQltB|S [| t||2t7 T ’Ft7Dt:1:|
[ E[|AAB| | F, Dy = 1
= pr| Y jaa) < HEMIZ DT = 7 1]
b
2(LE[|AAB| | 7, D, = 1])?
< 2exp (— GE[AAT | tf 5 ; ) (apply Hoeffding’s inequality; we have ]A%fg\ < ]QK{ ’gB\ by construction
ZbGBz ‘Q'[t;b |
278 |24 2 1og = n
< 2exp [ -6 FBig1 —29 (by Equation 14 and Equation 15)
|2, 7[? log
< 1—1ylog %n.

4.1 Leveraging local analysis

We now move to the global diffusion upper bound. As discussed in the beginning of this section, the
balance between the distributions of each type of subcube and the distributions of actual agents plays a
crucial role in our analysis. Fix an arbitrary time ¢, we classify the joint configurations of the agents into
four types:

e type 1 (namely P ;): when |G| < 1((2n + 1)/03)3 and \91{9| > %]Ql{]
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e type 2 (namely Py ): when |G| < 3((2n + 1)/f5)3 and |2)9| < 1|21/ ].

((2n+1)/6)* and [A9] < J|2Ap].

N[ =

e type 3 (namely Ps;): when |G;| >

e type 4 (namely P4 ;): when |G| > 5((2n + 1)/45)3 and \QL?Q| > LA

N[ =

Recall that F; refers to the information on the global configurations up to time . We shall abuse notation
slightly and say F; € P;; if the configuration of the agents at time ¢ belongs to the sth type described
above. Notice that F; belongs to exactly one of the sets Py ¢, Pay, P3¢, Pay. In brief, scenarios Py ¢ and
P2+ have a majority of uninfected subcubes, while P35 ; and P4 ; have a majority of infected subcubes. From
another perspective, P; ; and Ps ; refer to situations when the dominant types (with respect to the status of
infection) are dense in their subcube types (infected/uninfected subcubes), while P5 ; and Py ; refer to the
more uniform scenarios. The next lemma states that when F; € P U Poy, the total number of infected
agents |Ql{ | grows in proportion to a monotone function of \Q[{ | within At steps. On the other hand, when
Fi € P3+UPyy, the total number of uninfected agents |2(}'| is reduced in proportion to a monotone function
of |2}| within At steps.

Lemma 4.8. Fix an arbitrary t, define the following events,

of 2/3 j 72
er(t) = ]A0]>0.097 (4{4 1Otgl%) log{%n} ea(t) = {\Aw > mm{\}
u 2/3 -2
est) = {1A%] > 0.015m ()T iy } ealt) = {I18%] > skl ).
We have
Prie; | Ft € Pit, Dy = 1] > 10 log=%n
fori=1,23,4.

Intuitively, e; and ez connect the number of newly infected agents to the original number of infected
agents. When e; or eg are triggered sufficiently many times, the number of infected agents doubles. Mean-
while, e3 and e4 connect the number of newly infected agents to the original number of uninfected agents.
When e3 or ey are triggered sufficiently many times, the number of uninfected agents halves.

Proof of Lemma 4.8. Part 1. P4, |G| < 1((2n+1)/02) and |29 > L|2tf]. Since D; = 1, the number of
agents in each subcube is at most 2/, log? n. Therefore, |G;| > |Ql{ 9 | /(202 1og? n). To apply Corollary 4.6,
we need to derive a relationship between the size of G; and the size of 0G;. This is an isoperimetric problem,
which does not appear to have a known solution in bounded spaces (see [14] for details). For our purpose,
we derive a near tight asymptotic form for |0G;| in Appendix D. Specifically, by Theorem D.2,

2/3
Q[f,Q
0G| > 0.36/G:** > 0.36 % ‘
26210g n
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‘We have

of] \" i
Pr | |AR] > 0.0970 [ ——L 2
405 log”n log™n

Fr€ P, Dy =1

— |Q[f’g| 2/3 /.
> Pr||A%9] > 0.097 | | Fi e P, Dy =1
205 log”n log™ n
i —~ ol
> Pr |A9lt | > |GQt|713 Fi € Pl,t>Dt =1
4log™’n

> 19log%n  (by Corollary 4.6)

Part 2. |Gy < 3((2n+1)/42) and [20] 9] < 1|24/|. Notice that 27| > |2(/|/2 and |AAB| < |A].
We have

7_2
Pr | |A21| > &Og%n\m{\ Fi € P, Dy = 1}

v

2
Pr ||AF] > 77038@{,5”]_} € P, D=1
4log”™® n ’
> T19log™%n  (by Corollary 4.7)

Part 3. |Gy| > 1((2n + 1)/£5)3 and |Ql7fg| < $|2A|. This is similar to part 1. We have

u,B 2/3
0G| = |0By] > 05,1/6 > 00618, > 0.06 () .
2@2 10g n

The second inequality holds because the exterior surface 15; is in the neighborhood of dB; and | N (8B;])| <
6/0B,|. Notice that [2F| > || /2. We have

' 2w N
Pr |[A%] > 0.0157) | ——— 5 |Ft € P, De =1
I 405 log® n log™n
- a8\
> Pr||A%F] > 0.015m | ——t—) e |FiePy D=1
205 1log"n log™n
[ B 7’0£2
> Pr [|AA7] > |8Qt|713 Jt € Psy, Dy =1
4log™’n

> 1log7®%n  (by Corollary 4.6)

Part4. |Gi| > $((2n+1)/fs)? and |29
and |A;| > |AAY|. We have

> L|2%|. This is similar to part 2. Notice that |} < 2\91?@]

v

2
Pr | |A%| > 8T7038‘Q[ﬂ Ft € Pat, Dy = 1} Ft € Pyt, Dy =1
n

2
Pr {|A%F| > — |2t
log 4log”™® n

Y

10log™®n. (by Corollary 4.7)
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Our major proposition presented next essentially pins down the number of times these events need to
be triggered to double the number of infected agents or halve the number of uninfected ones.

Proposition 4.9. Consider the information diffusion problem over V3 with m agents. For any fixed t <
n?® — 4,/ o log®® nAt, define the following events

u 1 u
a0 = (1, g ad 2 2001) and ) = (122, g nd < 51261

We have
Prx1(t) V x2(t)] = 1 — exp(—log® n).

Intuitively, in 4@ log® nAt time steps, at least one of the four scenarios defined in Lemma 4.8
occurs for a significant number of times, despite the Q(log_6 n) probability of occurrence for each individual
time step for any of the four scenarios. This leads to the probabilistic bound for x1(¢) V x2(¢). This bound
suggests that for each time increment 4\/? log®® nAt, either the number of infected agents doubles or the
number of uninfected agents is reduced by half with high probability. Therefore, within time at most

2logn - (4 m log® nAt) = 128n/s log" n
V n

all the agents get infected with probability at least 1 — 2logn exp(— log? n). This proves Theorem 4.1.

Proof of Proposition 4.9. First, notice that Lemma 4.8 states that regardless of the diffusion process’ history,
one of ey, es, e3, and ey is guaranteed to occur with Q(l) probability. On the other hand, it is not difficult to
see that when any of the events e1, e, e3, e4 occurs €2(n/l2) times, then either |Ql{ | doubles or |A}| reduces
by a half. Although we do not know exactly which event happens at a specific time ¢, we argue that so
long as we wait long enough, the collection of events {e, ..., e4 } occurs 4Q(n/f5) times and by Pigeonhole
principle, at least one of ey, eo, ..., e4 Will be triggered Q(n/ ég) times, concluding the proposition. The
above argument can be made rigorous via a Chernoff bound on the fotal number of occurrence of all four
events.

We now implement the idea. Let us define ¢ = 4,/ log®n. Lett; =t + (i — 1)At for i € [g]. Note
that ¢; depends on both ¢ and ¢, but we suppress the dependence on ¢ for succinctness. This also applies to all
other defined quantities in this proof. Recall from Lemma 3.13 that F;, encodes all the available information
up to time ¢;. For each i € [¢], define the following pairs of indicator functions

1 ifF, €PLiUP,, ol R € P UPLa
I 5(t;) —{ 0  otherwise and  I34(;) _{ 0 otherwise

Notice that for arbitrary ¢;, I1 2(¢;) + I3 4(t;) = 1. Next define

| AR, | | AR, |
i = I 2(t;) - =+ I3a(ts) - o
e 247 |

We first show a lower bound for i<¢ i~ Our strategy is to invoke Lemma 4.8 and apply a Chernoff
bound. Special care needs to be taken when D = 0.
Let

| b\ 1
r =min < 0.0157 5 16 > 38
4mlog®n | log™”n 8log™n
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By Lemma 4.8, we can see regardless of whether F;, belongs to Py 4,, ..., or P4y,
Prlg; > 7 | Fi,, Dy, = 1] > molog % n. (16)

where 79 is the constant specified in Lemma 4.8. Here, we verify the case F;, € Py, for Equation 16. The
computation for the other three cases can be carried out similarly.

Pr[%‘ >r | ‘Fti € Pl,tivpti = 1]

- 1
AL 0.015 / :
2 Pr ‘ t‘ Z 16 T0 2 P) ]:tiepltiaDti:]'
|Q[tf| log™®n dmlog®n ’
- R 1
0.09 0o ’
Z PI‘ |A9lt| Z mm@lﬂ (Zmloan) fti S 731,257;7Dti =1

7 2/3 ) . 1
> pr Ay > 00 TO< [ ) 21712 (405 10g? n)?/3 (Q)

log!®n 40 log?n N 4mlog®n
<m

]:ti S Pl,tiaDti =1

> Pr||AY, 0.09 - ( |2 | > 1 lo m1/3(4 log2 n)2/3 <) Fi, € Py, Dy, =1
o}

> =
|2 log® n 405 log? n gBn 4mlog®n

2\
> Pr||A%%] > 0.097 [ — L e
405 log"n log™n

J_"ti S Pl,tiaDti =1

> 719log % n (Lemma 4.8)

Next, let us define a family of indicator random variables {1 () : i < ¢} so that I(7) is F;,-measurable

L1 >
1) = { 0 otherwise.

and

Notice that } ;. @i > r (Zz‘gg I(z)) By Equation 16, we have

Pr[I(i) = 1| F;,, Dy, = 1] > m9log % n.
Next, let us introduce another family of r.v. {I’(4) : 4 < ¢} to incorporate the good density variable as

follows:
[ I(i) ifDy, =1
(i) = { 1 otherwise

Since I'(i) > I(i), we also have

E[I'(3) | F,, Dy, = 1] > 19 log % n.
On the other hand, by construction

E[I'Gi) | Fi,, Dy, = 0] =1>1log ' n

This concludes that
E[I'G) | Fi,] > log™ " n
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which implies

B[} " I'(i)] > slog " n.

1<¢

We construct a sequence of random variables {&;} such that §, = Oand {41 = & + (I'(i + 1) —
E[I'(i + 1) | F,]). We can verify that &; is a martingale with respect to {3, } and |§; — &—1| < 2 for all 4.
By Azuma-Hoeffding’s inequality (see Theorem A.4 ),

Pr|le] > BIY ()

1<¢
12 107
1g T
< 9 exp | — 4 [Zzgg (Z)]
2Zi§§4
1
< 2exp(—a=slog ™ n) < exp(—1log® n).

32
This implies
Z I'(i) < §T0 log=%n] < exp(—log®’ n).
1<g

Next, notice that

1
Pr[z I'(i) # ZI ] <Pr[Dyyc—1yar = 0] < Pr[D =0] < exp(—l—5 log?n)

1<¢ 1<¢

where the last inequality follows from Lemma 4.5.
We conclude that

1 1
Z I(i) < qTo log™®n] < exp(—1log®* n) + eXp(—B log?n) < 2(—:'Xp(—1—5 log? n).
1<g

Finally, we show when (ZKg 1(i) > tsmolog™® n) occurs, either x1(t) or x2(t) is true. First, we
have a lower bound Zig PP > T 412(;%71 > 2. Next, we show this lower bound results in a minimum
guarantee on |A2;|. Specifically, we have

| A2y, | | A2y, |
I o(t;) = | + Ia(t) ot | =2,
> i > |

1<¢ | ti‘ 1<g

which implies either

ZILQ(U) |A2;ti| > 1 (Case 1)
|2

i<s A

or

> Isalti )||A£| | > 1 (Case 2)
1<¢

Case 1. Observe that

—of| = g Ay,
+ \/ og® A

1<¢
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because AQ[{Z, are all disjoint for different 7. We have

‘m{+4\/@10g45m_m{’ 2 Z|Amti|

1<g
> th(ti)’Amti’
i<g
1oz,
= [&]|Y Dot
212 g
A
> |uf Z Lo & (|27 is non decreasing w.r.t. t)
e
1<¢ t;
> |

In this case, the event y(¢) occurs.
Case 2. When 21} = (), nothing needs to be proved. Let us focus on the situation where Uy # 0

|Qlt+4\/>10g45 At mﬂ = Z‘Amtl,

1<¢

> ) T3ati)]| Ay,
i<g
AQlt
= Y att)
1<¢
AUy, | . . .
> Z I3 4 ’ b (|2(#] is non increasing w.r.t. t)
!9(” |
1<g
> [
Therefore, the event x2(t) occurs in this case.
O
S The case when the number of agents is sparse
This section focuses on the case where m = o(n):
Proposition 5.1. Let ay, as, ..., an, be placed uniformly at random on V3, where m < nlog=2n. Let a; be

the agent that holds a virus at t = 0, and T be the diffusion time. We have for any constant ¢ > 0,
n3
Pr[T < —log “n] <log “n
m

and
3

2
Pr[T > i log'® n] < exp(—(log?n)/2).
m
Note that our analysis in Section 3 and Section 4 cannot be applied directly to prove Proposition 5.1
because we required the side of each subcube to be of length £ = 4/ %3, which is larger than (2n + 1) when

m = o(n). The diffusion time for this case turns out to depend on m and n in a way different from the case
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where n log2 n < m < n3. Nevertheless, some of the arguments can still be borrowed from Lemma 4.2,
together with the use of mixing time of a random walk in V3. Because of the similarity of our analysis with
previous sections, we only sketch our proof and highlight the new main technicalities.

We first show the lower bound of the diffusion time:

Lemma 5.2. Let aj, ag, . .., a,, be placed uniformly at random on V3, where m < 2n + 1. Let a; be the
agent that holds a virus att = 0. Let T be the diffusion time. We have, for any constant ¢ > 0,

n3
Pr[T < —log™“n] <log™ “n
m

Proof. Let these m random walks be S, S2, ..., S™. Since each random walk is already at stationary
distribution at ¢ = 0, they are all distributed uniformly at any specific time. Therefore, for any fixed ¢ and
fixed j > 1, Pr[||S} — S{|l1 < 1] < 7/(2n + 1)3. By a union bound,

3 , 3
Pr[3t < —log¢n,i>1: S} —Sif1 <1 < —
m

-3 _

. . _ . 3.
Therefore, with probability at least 1 — log=“n, S' will not meet any other agent before ¢t = - log

(&
n,
which also implies that the diffusion process has not been completed. O

Next we move to the upper bound:

Lemma 5.3. Let ay, a9, ..., a, be placed uniformly at random on V3, where m < —%—. Let a, be the agent

logZn’
that holds a virus at t = 0. Let T be the diffusion time. We have

92 3
Pr[T > ~ log' n] < exp(—(log®n)/2).
m

The following is a key lemma for the upper bound analysis. The lemma reuses arguments that appeared
in Lemma 4.2. However, as the agents are sparser in this case, new diffusion rules for the coupling process
and the corresponding probabilistic bounds are needed.

Lemma 5.4. Consider the diffusion process in which m < log’é —. Fix a time t, and let Af and A* be the
set of infected and uninfected agents at time t with |Af| = my and | A*| = ma. Let ¢ be a sufficiently large
constant and At = en®(logn)/m. Let M (t) be the number of newly infected agents from time t to t + At.

Assume the agents are arbitrarily (in an adversarial manner) distributed at time t. We have

5

min{ml,mQ} N 110 -5,
I P s g .

Pr [M(t) >

- log® n
Proof. Similar to the proof of Lemma 4.2, we first count the number of times the infected agents meet the
uninfected agents. We then show that this number is close to M (¢) by demonstrating that the number of
overcounts is moderate, which yields the desired result. The device we use to count the number of meetings,
however, is different from the one we used for Lemma 4.2. In Lemma 4.2, we couple each of the walks in
V3 with their unbounded counterparts; since we only focus on a short time frame, the bounded walks largely
coincide with the unbounded ones. Here, the right time frame to analyze is longer and the walks in V3 are
more likely to hit the boundary. It becomes less helpful to relate these walks with the unbounded ones. Our
analysis, instead, utilizes the mixing time property of V3.
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Specifically, we cut At into disjoint time intervals, each of which is of size cn?logn steps for some
constant c to be determined later. We refer the k-th time interval as the k-th round. The total number of
rounds in At steps is thus n/m.

We couple the diffusion process with a slower one. First, only agents in A/ are allowed to transmit the
virus. An agent in A" will not be able to infect others even if it becomes infected. This rule holds throughout
the At time increment.

In each round, we also impose more specific constraints on the diffusion rule as follows. At the begin-
ning of the k-th round (for any k), we first wait for con? logn steps so that the distribution of each agent is
1/(16n3)-close to uniform distribution (see Definition A.14 and Lemma A.15 for details; ¢y is an appropri-
ate constant that exists as a result of Lemma A.15). Within these time steps, no agent becomes infected even
if it meets a previously infected agent. After these steps, for an arbitrary a; € A/ and a; € A% let X 2’“ ;=1
if both of the following conditions hold:

e the L-distance between a; and a; is between /450 and n/500.
e the L;-distance between a; and any boundary is at least n/20.

Since con?logn is already the mixing time for random walks on V¢, it is straightforward to see that
with €(1) probability X[; = 1, for any k.

After con®logn steps at kth round, our slower diffusion rule allows a; € A/ to transmit its virus to
a; € A" at the kth round only if

o XFi=1

e a; meets a; after the waiting stage and before the round ends.

e a; and a; have not visited any boundary after the waiting stage before they meet. In other words, an
agent a; € Af (a; € A" resp.) loses its ability to transmit (receive resp.) the virus when it hits the
boundary.

Let YZ’fy be an indicator random variable that sets to 1 if and only if a; € A’ transmits its virus to aj € A
under the slower diffusion rule at the kth round, pretending that a; is uninfected at the beginning of the k-th
round even if it gets infected in the previous rounds. Hence YZIZ, for a specific 7 and j, can be 1 for more
than one k. This apparently unnatural definition is used for the ease of counting in the sequel.

By Lemma 2.6,

PrY} =1] > Pr[YF, = 1| X}, = 1] Pr[X]; = 1] = Q(1/n).

Therefore, we have

E ZY;’:; -0 (mlmg) > Tlm1m2’ (17)

— m m
1,9,k

for some constant 7.
We briefly lay out our subsequent analysis. We want to show two properties:

1. Pr[ZmJ€ ij = Q(min{my,ma})] = Q(l)
2. Forallj, >, sz; = O(1) with high probability.
We claim that these two properties together concludes our result. Roughly speaking, when (E ik YZ’Z = Q(min{m, mg})>

and (Vj P ik ij = O(l)) occur, each a; € A" meets at most O(1) agents in A/ while the total number
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of meetings between infected and uninfected agents is min{m, my}. Consequently, the total number of
uninfected agents that ever meet an infected agent is 2(min{m;y, ma}), hence our conclusion. .

To prove the first property, we need to show with high probability, for any j, we have Zz i Y;kj =0(1).
Similarly, we also need to show with high probability, for any 4, ik szj = O(1). Combining both of
these we have >, ., Ylkj = O(min{my,my}) with high probability. Together witlj Equation 17, some
rearrangement of terms and Chernoff bounds, we can conclude that Pr[}; ; Ylkj = Q(min{my, ma})] =
Q(1).

We now carry out this scheme. We proceed to show that

Pr[vyj : ZY;IZ = O0(1)] > 1 — exp(—Q(log? n)). (18)
i,k

and note that showing » ik Ylkj = O(l) can be done similarly. We prove Equation 18 via the following two
steps:

1. first, we show that with high probability, ) . Yl’f] = O(1) for any fixed k and j.
2. second, we show that with high probability, the number of £’s such that ) _, Ylkj > 0is O(1) for all 5.

Intuitively, the first step ensures that there will not be too many meetings associated with a; for any single
round. The second step specifies an upper bound on the number of rounds in which a; meets at least one
infected agent. When both event occurs, the total number of meetings for a; is O(1).

Let us start with the first step. Fix a specific £ and a; € A", by Corollary 2.5, we have

2
) Xk 1 2 log”n
Pr| > Yl>log?n|Xj;| < (Zaze/*f w) (W)

2
ey, log“n n
2 log? n

< mi c1log“n

- (10g2 n> ( n )

< exp(—log®nloglogn).

By a union bound, we can also conclude that
1

Pr |3k < %: > Yl 2 log%n| < exp(— log” nloglogn). (19)

a»;EAf

Next, let us move to the second step. Let us define a family of indicator random variables I(j, k),
which sets to 1 if and only if Zai cAS szj > 1. When j and k are fixed, we can compute the probability
Pr(I(j, k) = 1]:

. . k T1mi
Pr{I(j,k) =1] =BG K] <E | > V5| <=—.
a»;EAf

The probability holds regardless of the history of the process up to the time the kth round starts because
con®logn time steps are used at kth round to shuffle the agents so that they are distributed sufficiently
uniform after these steps. We may apply a special case of Chernoff bound (see, e.g., Theorem A.2) to show
that Pr[}", 1(j, k) > log®n] < exp(—log®n).
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Therefore, we have

Pr [da; € A": Z I(j,k) >1log?n| < exp(—O(log*n)). (20)
k<n

For a specific a; € A", when both (3, I(j,k) < log?n) and (k: .Y ” < log? n) we know that

D ic ATk Y < log*n. Hence Equation 19 and 20 imply Pr> icarx Y > log?n] < exp(—0(log?n))
and therefore

Pr [Ja; € A": Z Ylkj >logn| < exp(—@(log2 n)) @n
| azeAf7k .
Similarly, we can show
PriJa; € AT Y Y} >log'n| < exp(—O(log?n)) 22)
L ajEA“,k |

Equation 21 and 22 yield

Pr ZYlkJ < min{my, mo}login| > 1 — exp(—O(log?n)). (23)
ivjik

This gives the first property in the discussion following Equation 17. Moreover, Equation 21 gives the
second property.
Now, by using similar argument in the proof of Lemma 4.2, Equation 17 and 23 together give

7’1 mln{ml, mg} T1M11M9 _
Pr ) v > . > Pr ZYJ_W >log ™ n (24)
y]k ,]k’

When (Z”k v > w) and (Va] €A Y, cary Vi <log! n> the total number of in-

%g”’m}. Hence, by setting ¢ = 2cg, and using Equation 21 and 24, our

lemma follows. ]

fected agents is at least

From this we can mimic the argument that appeared in Proposition 4.9 to reach the conclusion below:

Corollary 5.5. Consider the diffusion process in which m < n. Fix a specific time t, and let AT and

A" be the set of infected and uninfected agents at t such that |Af | = my and |A"| = my. Let M(t) be the

. . . 3 BT
number of new infected agents between time t and time t + *— log'* n. Assume the agents are arbitrarily (in
an adversarial manner) distributed at time t, we have

Pr [M(t) > min {ml, %}] > 1 — exp(—log?n).

Similar to Lemma 4.9, Corollary 5.5 estimates the growth rate of infection as either doubling the
number of infected agents or halving the uninfected ones within a certain time interval. One can then show
that this implies Lemma 5.3. The argument is analogous to Section 4 and hence is skipped here.
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A Probability Review
This section reviews some probabilistic building blocks that are needed in our analysis.
A.1 Concentration bounds

Theorem A.1 (Chernoff bounds). Let X1, ..., X,, be independent Poisson trials with Pr[X;| = p;. Let
X = i<, Xiand p = E[X]. Then the following Chernoff bounds hold:

o for0< <1,
Pr(| X — p| > 6p) < 2exp(—pd®/3).
e For R > 6p,
Pr[X > R] < 27%

Theorem A.2 (Chernoff bounds for dependent variables). Let X1, ..., X,, be possibly dependent Poisson
trials with Pr(X; = 1| Xy, ..., X;_1] > p. Let X =) ., X; and . = np. Then the following Chernoff
bound holds: -

o for0<d <1,
Pr(X < (1 - 0)u] < exp(—pd?/2).
On the other hand, if Pr[X; =1 | X1, ..., X;_1] < p, the following bound holds:

e Foranyé > 0,
Pr[X > (1+6)u] < exp(—ud®/4).

Theorem A.3 (Hoeffding’s inequality). Let X1, Xs,..., X, be independent random variables such that
a; < X; <b;. Let S = Eign X;. Then

2t2
Pr(|S—E[S]|>t) <2exp| ~=——F—"F— | -
Zign(bz‘ - a;)?
Theorem A.4 (Azuma-Hoeffding inequality). Let X1, ... X, be a martingale such that
| Xk — Xg—1| < e

Then, for allt > 0 and any X\ > 0,
Pr{|X; — Xo| > A < 2exp(—=A?/(2) " c})).
i=1
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A.2 Random walks in bounded and unbounded spaces

In this subsection we state some peripheral results for bounded and unbounded random walks that will
be useful in handling the meeting time and position of multiple random walks in the next section.

Theorem A.5. (First Passage Time, Chapter 3 of [6]) Let {S; : t € N} be a one dimensional random walk
from the origin. The probability ., ; that the first passage through r occurs at time t is given by

r{t —t 2 1 2y
@r,t=t<t+r>2 ~ ;ﬁer/( ).

; 1 —r2/(2 —r2/(2
Therefore, there exists constant C, such that for r,t > C, we have p,; € (5#6 r/( t), #e m/( t)).
Lemma A.6. Let S be a bounded random walk in [—n, n| starting from position P. For any other position
Q € [—n,n] with |P — Q| > log?n, the probability that S visits Q within |P — Q|?/ log n time steps is at
most exp(— log® n) when n is sufficiently large.

2

Proof. Let us couple S with an unbounded random walk S’ that also starts at P in the natural way, i.e. S
and S’ share the same random tosses to drive their moves.

First, we claim that at the first time S visits (9, the number of distinct lattice points S’ visits is at least
| P — @|. This claim can be seen through analyzing the following two cases.

Case 1. The walk S never visits a boundary before its first visit to ). In this case, S’ coincides with S,
which implies S’ also visits all the lattice points between P and Q. The claim therefore follows.

Case 2. The walk S visits a boundary before it fist visits ). In this case, the boundary that S visits and
the point @) lie on different sides of P. In other words, the distance between this boundary and () is at least
|P — @Q|. Now let us only consider the time interval between the last time S visits the boundary (namely, ()
and the first time .S visits Q. The trajectory of S” within this time interval is identical to the trajectory of S
(up to an offset produced between time 0 and tg). Therefore, from ¢ to the first time S visits (), the coupled
walk S’ visits at least | P — Q] distinct lattice points.

An immediate consequence of our claim is that a necessary condition for S to visit @) is that S’ has to
visit either P — |P;7Q‘ or P+ @. By Theorem A.5, the probability S’ ever visits either of these points
within time |P — Q|?/logn is at most exp(— log® n) when 7 is sufficiently large, which completes our
proof. O

The next lemma concerns the first passage time for a random walk over bounded space.

Lemma A.7. Let S be a random walk on V! = {—n,...,n} that starts at A. Let B be a point on V! such
that |B — A| = r. Let T be the first time S visits B. Fix an arbitrary constant c, we have:

Pr[T < er?] = Q(1).

Proof. Without loss of generality, let us assume —n < A < B < n. We couple S with an unbounded
random walk S’ that also starts at A in the natural way, i.e. having S and S’ share the same random tosses
to drive their moves. Let 7" be the first time S’ visits B. We first show that 7 > T'. Note that before 77, S’
is always to the left of B, and hence n. It is then easy to see that .S is always overlapping or to the right of
S’ before T'. Hence S’ hitting B at 7" implies that S has already hit it at a time before or at 7”.

Finally, by Theorem A.5, we have

Pr[T < cr?] > Pr[T’ < er?] = Q(1).
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Corollary A.8. Let S be a random walk on V* that starts at A, and B be a point on V! such that |B—A| = r.
Let ¢1 and co be two arbitrary constants and let t = c112. We have

Pr[|S: — B| < cor] = Q(1).
Proof. Let T be the first time S visits B. By Bayes’ rule we have
Pr[|S; — B| < cor] > Pr[|St — B| < cor | T < t|Pr[T < t] = Pr[|S; — Sp| < cor | T < t] Pr[T < t]

By Lemma A.7, Pr[T" < ¢] = Q(1). Next we claim Pr[|S; — Sp| < cor | T < t] = Q(1). This
can be seen by showing Pr[|S; — S| < cor|T] = Q(1) uniformly over 7" € [1,¢). For this, note that
Pr[|S; — St| < cor|T] = Pr[|S, | < cor] where 7 =t — T and S is a random walk starting at 0. We

then write Pr[|S;| < cor] = Pr[|S,/v/7| < cor/y/T] > Pr[|S,/\/T| < c2/\/c1] = Q(1) by Gaussian
approximation on S, /+/7. Therefore, Pr[|S; — B| < cor] = Q(1). O

For a d-dimensional unbounded random walk starting from the origin, let py(t, ¥) be the probability
that the walk visits position Z at time ¢. Let g4(¢, z) be the probability that the random walk visits Z within
time t. When d = 3, we will silently drop the subscripts and write the functions as p(-, -) and g(-, -).

Theorem A.9. [8] The function py(t,¥) has the following analytic form, when t — ||Z||1 is even:

L2 (d\*"? —d||Z|I3 )
pa(t, %) = ]2 (%) eXP{ o }+ ei(%),

where |e;(%)| < min {O(t=4+2/2), O(||Z]|3*~Y2)}. pa(t, &) = 0 when t — |||y is odd.

Theorem A.10. [1] The function q4(t, Z) satisfies the following asymptotic relations:

o I[fd=27# 0, and t > ||:E'H%, then we have

1
@ufzﬂ(ﬂ).
VA ET

%, then we have

1
qa(t,7) = Q <H_> :
[l

When d > 3, itis not difficult to see that the above asymptotic result is tight by using Markov inequality:

o Ifd>3,Z#0, andt > ||Z

Corollary A.11. When d > 3, the function q4(t, T) satisfies the following asymptotic relation for t > || 7|3

1
qa(t,7) = © <q> :
(Gl

Next we show for any random walk that could start near the boundary, waiting for a short period allows
the walk to both stay away from the boundary and be sufficiently close to where it starts.

Lemma A.12. Consider a random walk S over the d-dimensional space Ve that starts at T, where T =
(T1, ..., zq) is an arbitrary point in the space. Let ¢ = (c1, ..., ¢q) be a point in V¥ such that ||¢— Z|| = ©(r).
Also let t = 2. We have

Pr[S; € B(¢,r)] = Q(1). (25)
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Proof. Recall that at each step, the random walk S uniformly selects a neighboring point to move to. We
may also interpret a move of S as if it first randomly selects an axis to moves along and next decides which
one of the two directions to take when the axis is fixed. Let T} be the number of the walk’s move that are
along the i-th axis within ¢ steps. Define the event e as:

1 ¢ 5 1
e {Vz > d_T_4 d}

By Chernoff bounds, we have for any specific i € [d],

1t 5 t 1
Prl= —-<T;<>.2| >1—exp(—Q(t)) >1— —
|y g ST gz oo =1 g
for sufficiently large ¢. Therefore,
1 3
Prle] >1—-d-— > -.
e 2 d 4d — 4

Let (S;); be the i-th coordinate of the point S;. We next compute Pr[S; € B(¢,r) | €]
Pr[S; € B(¢,r) | €]
= E[Pi[S, € B 1) | Tiyos Ture] | €]

— E|Pr /\(St)ie[ci—r,cl-—kr]‘Tl,...,Td,e )e (By the definition of B(Z,))
i€(d)

= BT Pr|Sicle—re+7
Li€[d]

e

The last equality holds because the moves along the -th axis are independent of the moves along other axes
when T is known. Next, using Corollary A.8, we have

Pr [(st)z- € e — 1 ¢+ 7]

Te} = Q(1).

Therefore,

Pr[S; € B(¢,7) | €]

I
t

H Pr [(St)i € [ei—r ¢+ ] Ti,e} ‘e
1€[d]

- E HQ(1)‘6 = Q(1).
1€[d]

Finally, we have
Pr[S; € B(¢,r)] > Pr[S; € B(¢,r) | €] - Pr[e] = Q(1).

O]

Corollary A.13. Let r be sufficiently large and r < m, where (3 is an arbitrary constant between 1

and 80d. Let A = ¥ and B be two points in V¢ such that |A — B||; < r. Consider two bounded random
walks S* and S? in V? that start with A and B respectively. Then, with Q(1) probability, at time t = 12,
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e S} isatleast B - v away from any of the boundaries,
o |5} — Allso < (B+2)r, and
o [IS; = S7llec € (r,37).
Proof. Let us first find an arbitrary ¢ = (cq, ...cq) such that
e Foralli € [d]: |¢; — x| = (B4 1)r, ie., ||E— | = O(r).
e Forallie [d: —n+ (B+ 1)r < ¢ <n—(B+1)r, ie., is sufficiently away from the boundary.

We set up /3 in a way that such ¢ always exists. By Lemma A.12, we have Pr[S} € B(é,r)] = Q(1). Next,
in case S} € B(c, ), let d(S}) be an arbitrary point such that

o [di(Sp) = (S})il =2r
o the distance between JZS%) and any boundary is at least 3r.
o (B+1)r <[ld(S}) ~ Bl < (B +5)r.

Again by the way we designed [3, such cf(Sg) always exists so long as S} € B(¢&,r). Using Lemma A.12
again, we have
Pr[S7 € B(d(Sy),7) | S € B(Zr)] = Q(1).

Therefore, we have

Pr [(sﬁ e B(d(S}), 7“)) A (SEeB(@, r))} — Q(1).

Finally, observe that when (Sf € B(d(S}), 7")) A(S} € B(¢,r)), the three conditions specified in the Corol-
lary are all met. This completes our proof. O

A.3 Mixing time in graphs

Definition A.14 (Statistical distance). Let X and Y be two probability distributions over the same support
P. The statistical distance between X andY is

A(X,Y) =max|Pr[X e T] - Pr[Y € T]|.
TCP

We also say that the distribution X is e-close to Y if A(X,Y) = e.

Lemma A.15 (Mixing time for V3). Consider a random walk that starts at point A for an arbitrary A € V3.
Let m4(A) be the distribution of the walk at time t, and 7 be the uniform distribution on the nodes in V3. Let
€ > 0. Whent = ©(n?log(1/e)), we have

A(m(A), ) <e.

Although the mixing time of high dimensional torus were analyzed, we are not aware of any literature
that pins down the exact mixing time for V3. It is, however, straightforward to derive the mixing time
in asymptotic form via computing the conductance of V! (the one-dimensional grid) and using results on
mixing times regarding tensoring graphs (e.g., Chapter 5 in [18] and [16]).
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B Multiple random walks in bounded and unbounded spaces

Proof of Lemma 2.3. Let us consider the following two processes IP; and Py in the same probability space
(we slightly abuse the terminology “process” to mean the expression of the random tosses that drive all
random walks of interest).

1. The process P;: consider the random walk S(A). We are interested in the event that S;(A) visits B
within time 2¢, which occurs with probability ¢(2t, Z).

2. The process IPy: consider the random walks S*(A) and S?(B). We are interested in the event that the
two walks collide by the time ¢, which occurs with probability Q(¢, Z).

We couple the two random processes as follows. We first construct the single random walk in P; from
the two walks in ;. Note that one time step in Py involves simultaneous moves of the walks S*(A4) and
S2(B). Corresponding to this step, the single walk in P; will be set to move first in the same direction as
S1(A), and then in the reverse direction from S?(B). This way the moves at time ¢ > 0 in Py are translated
into the moves at time 2¢ — 1 and 2¢ in IP;. The construction can naturally be reversed to map a walk in P}
to two walks in Po. This coupling ensures the L; distance between S 1and S? at time ¢ in [Py is the same
as the distance between S and B at time 2t in IP;. Note that collision in P can only occur at even steps,
and hence the hitting event in P; is well-defined. Therefore S' and S? collide at or before ¢ if and only if S
visits B at or before 2¢.

Using the bound given in Lemma A.11, we have for t > ||Z||3,

209 = ()

Proof of Lemma 2.4. Let \Iltél’".'_’_%j be the event that S® and S+ collide at C; at time step ¢; (not necessarily
for the first time) for all ¢ € [j]. Our goal is to bound the following quantity

O]

t1,..0t5 . t1,..5t5
Pr 3751, ...,tj,Cl, ...,Cj : ‘IICI’L...,]C’]- = 1:| < j!PI‘ |:E|t1 <..< tj,C’l, ...,Cj : \1161'1,...,307 =1].

. t1,..t5
< gt X Pl =1
tlStQSWStj C1,...,Cj

We cut the time interval into j frames [0, ¢1], [t1,t2], ..., [tj—1,t;], so that the random walks with

different frames are independent. Define D;_ be the position of S* at time ;1. For notational convenience,
welet Dg = A1, Cp = B,and tg = 0.
The event U2 %, — 1 implies that in the i-th time interval [t;_1, t;] we have
Cl 7“-70] 9

1. S* moves from A4; at time 0 to D;_; at time t;_1.
2. attime t;_, the walk S9! is at C;_;.
3. at time ¢;, the walk S7*! and the walk S* are both at C;.

By standard results regarding high dimensional random walks (e.g. see Theorem A.9), the probability that
the first event happens is at most

3 (d\"* _[-3llAi— Di}
ﬂ"‘a(%) o] AT 2o
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and the probability that both the second and the third events happen is at most

d 3D 4 —C:2 21O 4 — |2
3 (d) @@{ 3(1Dizs = Gl + Gt OMﬁ}. @7)

(ti — ti71)3 2 (ti — tifl)

The error term in Theorem A.9 is swallowed by the larger leading constants 3 in Equations 26 and 27.

As S”’s walk before time ¢;_; is independent to the walks of S? and SI*1 between ;1 and t;, the
probability that the three subevents above happen can be bounded by taking the product of Equation 26 and
27 above.

Let
3 d\* =3[ Di-1 — Cill3 + [|Ci—1 — Cill3] o
- @ for1<i<j, 28
f (ti — ti_l)g <27T> exp{ 2(752' - ti—l) ort=t>J (28)
3 (d\"* _[-3llAi— Di} .
9i = E (27T> exp{ T } for2 <4 <, (29)
We alsolet gy = 1and g = Higj gi. We have
Prt; < .. <t5,C1, ., G 080 =11< Y Y YT (i) (fa92)--(fi95)

t1,..,t5 C1,....,Cj D1,...,Dj_1

We now carefully bound this sum. Observe that in Equation 28, when ¢; — ¢;_1 is fixed and || D;_1 —
Cill3 + ||Ci—1 — C;||3 is sufficiently large, the quantity f; asymptotically becomes

exp(—O(max{|[Di_1 — Ci|3,[|Ci—1 — Cil[3})).

This motivates us to group the triples {C;_1, C;, D;_1 } together, where the triples are covered by balls with
approximately the same size under the L, norm . Specifically, we let D, be the set of triples (A, B, C)
where A, B,C € Z3 and max{||A — B|1,||[A — C||1,||B — C||1} < r. Also, we say {4, B,C} € D, if
{A,B,C} € D, —D,_;. Notice by telescoping, we have D, = | J,.,. 0D;. We may thus group the variables
C; and D; by parameterizing the radii of the balls, -

Pr[3t) < . < t;,C1,..., G U4 =1

.....

Z Z Z <f191>(f2g2)-~-(fj9j)

t1,...,t; C1,...,C; D1,...,D; 1

= > > > Y > Z Yo ety

IN

C1eV3r1>207r2>0 Tj—lZO {Cl,Cz,Dl} Cs5,Da: _] 1: t1<...<tj
€dD,;,  {C2,C3,D2} {C;- 1,C’],D] 1}
) €oD,

Jj—1

First observe that by the triangle inequality ||A — C1|j1 + || B — C1]|1 > ||A — BJ|1 = =, and for any vector
7€ R?,
1
—=[17ll1 < |[v]l2 < |91 (30)
\/gll I < l[@ll2 < |7l
We have

I‘Q

1
1Do — C1ll3 + 1Co = Cull3 = [ A = C1ll3 + || B = C1ll > sUlA - Cullf + 1B - C1l}) > 5 GD
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Next, by the triangle inequality again, ||D; — Ci11||1 + ||Ci — Cix1ll1 > || D;i — Cil|1. Meanwhile, we have

max{||D; — Cit1l1, [|C; — Citall1, |1Di = Cill1} = i

Together with the relationship between the L and Lo norms in Equation 30, we obtain

ID; = Ciy1ll5+ 1Ci = Ciyall3 > 77 /6 for1<i <j.
Next, for 2 > 2 we define
f 1 _7"@'2—1
= ex ,
(b —tie)? P 4ty —ti—1)
and define 1
§= s
(tl . tj_1)1'5

It is clear that f; < fl for all + > 2. For notational convenience, we let fl = fi.

Our goal is now to bound the term

= Y Y ¥

T1y-05T5—1 all triples t1§-..§tj
{Ci,Ci+1,D;}

1171 3

1<j

d
d A 1 A~ 1 A 1 A
~(5) X Y Shgs Xk -Xhaar X
—— TLsTi-1 all i<y t1 \1,./ t2 \2,./ ti-1 N,
from g {C3,Cit1,Di} from g from g from ¢

Next, let us rearrange the indices and decompose the quantity into different parts (in terms of Y; defined

below) and express 7 as

DI DO 3 D OND SN 1 I D SRS DR IDDRD SR
t1'5 t1'5 t15 tlo J
t120C1eV3 1 r1>0 Cs,D1 2 r2>0 C3,Do 3 ijgzo ijl,Dj72Z J 7‘]’7120 C]‘,Dj711
ta>t1 {C1,C2,D1} ts>t2 {C3,C5,D2} tji—1>tj 2 {C;_1,Cj_2, tj>t;j—1 {C;,Cj_1,

€D, €D, Dj;_s}e D;_1}e

ab,, ab,,_

J j—1

T

‘rj71
Ts
T2
T

(32)

Let us briefly interpret the meaning of Y;: this term describes an upper bound for the following two groups

of events:

e the collisions between S7t! and S?, S**+1, ... and S7 at time ¢;, tit1, ..., tj respectively.
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e the fact that at time ¢;/ the walk S ! is at Dy forall i < ¢ < j G.e., Si:“ = Dy).

which is conditioned on knowing the values for
={t1, -, ti-1,71,,7i-1,C1, .., Cim1, D1, .oy Di—a}.

When C;_ is known, this information imposes a constraint over the way to enumerate C; and D;_1 because
we require {C;_1,Cy, D;_1} € dD,,_, for a specific r;_1. Therefore, the computation of Y'; depends on the
value of C;_1. A second constraint imposed from knowing 3'is that we need ;1 < t; < ... <¢;. T; does
not depend on other values in . In what follows, we write T'; as a function of C;_; and tl 1

Specifically, let us define the function Y; in a forward recursive manner (the summations of r; and ¢;
are over integers):

E,%QOZ C;.D;_1: Etj,lgtjgaﬂ i if i = j (base case)
{C-1,C5,D51
ri—1
;1 . . .
Ti={ S0 iy Sisn, (fifsTin) if1<i<; (33)
{Ci-1,Ci,D;i—1} ¢
ey, _,
Zm,Cl 47-15’15 ifi =1

The variable T is the quantity we desire to bound. Let At; = ¢; — t;_1 for all 4 (and we shall let
to = 0). Let us start with bounding

1Y S % ()

Tj— ICJ,DJ 1 At]>0 J

We shall first find the total number of {C}, D;j_1} pairs so that {C},Cj—1,Dj_1} € dD,,_,. Notice
that when 71 and Cj_ are ﬁxed, at least one of ||C;_1 — Cjl|1, ||Cj—1 — Dj—1||1, and ||Cj — Dj_1]}1 is
exactly r;_1. When ||Cj_1 — D;_1|l1 = rj—1, the number of possible D;_1 is 4r;_1(rj—1 — 1) < 47“?_1

An upper bound on the number of possible C} is 47" 1. Therefore, when ||C;_; — D;j_1||1 = rj_1, the
number of {C}, Dj_1} pairs is at most 161"3;1. We may similarly analyze the other two cases to find that
the total number of {C}, D;_1} pairs is at most 48r§?_1. Thus, we have

v =T Y Saper (i)

L] ICjaDj 1At3

1 5 _sz—l
= ZAt;‘ 23 X 4817 exp ( 1AL )

7"]71

Z Ait? (2 A 144Tj_1 exp ( Atj ) d'l"J 1)

— 3
= D5 318432At
At

= 1843222 < (oa?,

IN
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where (y = 18432. The last equality holds because we are considering a time frame of length 2 and
therefore At; < x2. Let us explain the derivation in greater detail because similar techniques will be used

again in the rest of the analysis. Define h(z) = 2° exp ( AT 5 ) The function A(z) is a unimodal function

with a unique global maximal value. Let 2o = arginf,>q h(z ) Then we have

[zo]

+oo
Y h() < > hx)+ > h(x)

zeN z=1 r= ’7330“

< /1 M h@)de + /L " h(@)de

Zo |
< 2/ h(z)dzx.
0

While this bound is quite rough, it suffices for our purpose; the same approach is used to bound the
summation of unimodal functions elsewhere. The third equality holds because of the following fact,

[e’s) 2
/ 25 exp <—i€> dz = 64¢° (34)
0

for any ¢. (This can be verified through standard software packages such as Mathematica).
We can prove the following hypothesis for Y;:

) I
forall 1 <¢<j—2:70; ¢(Cjp_1,tj_r1) < 22T 4. ah /1

We shall show this by induction (with the base case, in which ¢ = 0, being proven above).

Yj-1(Cjp—2,tj—p-2)

2 0+1  40-1 j—¢-2
SR SNURD DD SR i T e P
T

Tij—0—2Cj_y_1,Dj_p_1 Atj_p_1

1 o0 -2,

2 041 4l—17p\—1 5 j—4=2

G S V1)) 2/ 14472 ,_5 exp drj_¢_o
0 Z At?fe : t1.5+e/2 0 J—4=2 N J

Atj_g—1 -1 Yj—t—1

1
200424001
= 27 45 Z 1.5+£/2
Atj,g,1 j—0—1

_ 1
< x2<£+24£+1((£+ 1)|) 1W'
j—0—2

IN

IA

The last inequality holds because

71 < - 1 ——dt < 4/
Z L5+ = 2 151072 t<4(0+1)7
Atj_g_1 Yj—4—1 tj—t—2
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This completes the induction. Finally, we have

T = ZZflt%lﬁTQ(Clvtl)

Ci t1

< GG -2 Y

1 —3||B — C1]|2 + ||A; — Cy1||?
e < H 1”2 ” 1 1”2) .
C1,t1

75{/2+3.5 ’ 2t

Next, let |B — C1||1 = ro. By Equation 30, ||B — C1]|3 > 73/3. By Equation 31, we have || B —
C1ll3 + |41 — C1||3 > 22 /6. Therefore, we have || B — C1]|3 + ||A; — C1[|3 > &(rg + 2% /2). We have

3 1 eXp<3(||BC1||2+||AlCl|2)>
/2435 :
C1,t1 t?l/ 2tZ
1 —3r3 — 322
Z [/7435 Z Z P o, )PP\ ayg
1 o, —r} —3z2
Zﬂm4%4wm@h”°“pmn

t1 HB—01||1=7”0 Cl
t1
1 1 —z?
W16\/7>Tt15 exp <>
1

IN

IN

(]

8ty

IN
w
o
~
N =
+
(V]
@
I
o
N
ool |
8,
~_

I'(j/2+1)
(x2/8)i/2H1°

The third inequality holds because

= 9 s _ L5
Toexp | — - drg = 2y/7t;
0 1

The last inequality holds because

00 _ —1'2 8071
/0 Yy exp(g)dy = WF(C -1)

for any constant c and real number x.
We thus conclude that

PG TG D G 308Y2IG T )

s =0 g 20/ (j — 2)lad

IN
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When the permutation is considered, we have

Pr[EItl, g, Cly.eey C]\I/tcl,iy’tfc] = 1]
30(8v2)I T (5 + 1)

j!

- (j —2)ta?
30j(j — (B2 T(§ +1)

(8v/2(p)7 57

xJ

(esﬂcoj)j

By setting ¢ = 8v/2(y < 210000, our lemma follows. O

Proof of Corollary 2.5. Notice first that if S7T1(B) and S?(A;) meet at a time step o, then there exists a
point A} with || A} — A;|; = 1 such that the walk S¥ (A’) that mimics the moves of S’ at each step collides
with S771 at time ¢.

Therefore, a necessary condition for S to meet the rest of agents is that there exist S’ (A" ), S (A}),
v Si;; such that

o |A] — A1 =1foralli < j.
e 5% mimics the moves of S at all steps for all ¢ < j.
o St collides with all of SV, ..., S7' before time ¢.

T

N\J
For any A, ..., A;, the collision probability is at most <Q > by Lemma 2.4. The total number of possible
j-tuples Af, ..., A} is 77. By using a union bound, the probability there exists a j-tuple such that all j walks

) . N\ J
collide with S7*! is at most 77 (%) . The corollary follows. O

We next move to prove Lemma 2.6. Since we need to frequently compare bounded random walks with
their unbounded counterparts, we use S to represent unbounded walks and S to represent bounded walks in
the rest of this section.

Our analysis consists of two steps. We first tackle a simpler problem, in which we need to understand
the probability for a random walk starting from a point near the boundary to visit another point in V3 within
a short time frame. We then utilize results from this scenario to prove Lemma 2.6.

Lemma B.1. Let V3 = {—n,...,n}3. Let A and B be two points in V> such that A — B = ¥ and the
distance under Lo, norm between A and any boundary is at least 20||Z||1. Consider a random walk S(A)
that starts at A. Let e} be the event that S(A) is at B at time t. Let e? be the event that S(A) hits a boundary
at or before t. Whent = O(||Z||3), we have Pr[e} A —e?] > cop(t, T) for some constant c.

Proof. First, let us couple the random walk S(A) with a standard unbounded random walk S(A) in the

natural way. Let é} be the event that S(A) is at B at time ¢ and let é? be the event that S(A) ever visits a

boundary at or before time . When —e? occurs, S(A) and S(A) coincide and Pr[e} A =e?] = Pr[e} A —é2].
On the other hand, we have

p(t, Z) = Prlé; A é2) + Pre} A —é?).
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Notice that in the event &} A é7, S(A) has to travel from the boundary to B within a time interval shorter
than ¢. The distance between the boundary and B is at least 19||Z||;. Together with the analytic form of
p(-,-) in Lemma A.9, we have Pr[é} A é7 = 1] < maxyz,>10)7(, P(t, 7). Therefore, Pr[é; A —é7] >
p(t, @) — max| 7|, >19||z|, p(t, ¥). Finally, we have

Prle; A —e?] = Pr[e} A—=é?] > p(t,Z) —  max  p(t, i) > =p(t, ©).

[14111>19]|]|1
We may use the analytic form of the function p(-,-) (Lemma A.9) for t = O(||Z||3) to verify the last
inequality. O

Proof of Lemma 2.6. Let X be the number of collisions between S' and S? that are before time ¢ and before
either of them visits a boundary. Also let é(S;) be the event that the random walk S ever visits a boundary
at or before time . We have

E[X] = ) Pr(S} =57)A(=e(S)) A —e(SP)]
t<|1?
= Z Z Pr[(S} = C) A—é(S})| Pr[(SZ = C) A—=é(S?)]  (two walks are independent)
t<||ZF C€V
> Z Z Pr[(S} = C) A—é(SH)] Pr[(S? = C) A—é(S?)]  (only focus on a subset of V3)

t<||Z)|7 C:IC—-AllL <[ @]

Since ||C' — A1 < ||Z]|1 and ||A — Bl|1 < ||Z||1, we have ||C — B||1 < 2||Z]|:.

By Lemma B.1,
Pr((S} = €) A=é(S)] > gp(t, A~ ) and Pr((S? = C) A~é(87)] > 3p(t, B~ C)
‘We now have
> Y Prl(Sf=C) A=e(SHIPr[(SF = C) A—e(S))]
t<|| )2 C:IC—Al1 <121
> Z Z %p(t, A— C)%p(t, B —C) (byLemmaB.l)

1<t<|| 2|3 C:lC=All <[ 7|y

= Q z|3 min t,C — A)p(t,B-C
> \Ilc:”C_AthHf”l{p( )p( )}

1<e<||z)|?

= Q@/|[Z]])-

The last equality can be shown by using the analytic form of p(-,-) again (Lemma A.9) and the fact that
|A = Cllz and || B — Cl|z are in O(]|Z]|2).

Next, let us compute E[X|X > 1], i.e., the expected number of collisions when they collide at least
once. Upon the first time S' and S? collide (before either of them visit the boundary), we couple S! and
S? with two unbounded random walks S! and S? in the natural way respectively. The expected number of
collisions between S* and S? for ¢ steps (when they start at the same point) is an upper bound on E[X | X >
1]. On the other hand, we may couple S' and S? with a single random walk S in the way described in
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Lemma B.1 so that the expected number of collisions between S' and S? is the expected number of times S
returns to the point where it starts at.

Finally, the expected number of return for an unbounded random walk is a constant (which can be
derived from °,<, p(t,0), where p(-, -)’s analytic form is in Theorem A.9 ). Therefore, E[X | X > 1] =
O(1). Now since E[X] = E[X | X > 1] Pr[X > 1]. Therefore, Prie)z2] = Pr[X > 1] = Q(1/[|Z]]1).

O

C Missing proofs for upper and lower bound analysis

Proof of Lemma 3.6. We first show the good density property holds with high probability. For any specific
time ¢ < n??, all the agents are uniformly distributed due to stationarity. For an arbitrary P € V3, and
i < (f2/01)log™3n, define Y (t, P,i) as the number of agents that are in 9B;(P) at time . Notice that
E[Y (t, P,i)] = |0B;(P)|m/(2n + 1)3 and m;(P) > 6E[Y (, P,)]. By Chernoff bounds (e.g., the second
part of Theorem A.1),

3log™3n

Pr[Y (t, P,i) > m;] <27™ < exp(—0.65m;) < exp (0.65 5 m log® n> < exp(—0.651log? n)
n

for sufficiently large n. Next, by a union bound,

1
Pr[D; = 0] < Z Pr[Y (t, P,i) > m;] < (n2‘5(2n +1)*(log® n)t2/t1) exp(—0.65log? n) < exp(f§ log®n).
t P

Therefore, we have Pr[D; = 1] > 1 — exp(—3 log?n).

To show the diffusion process has the small islands property with high probability, we mimic the proof
of Lemma 7 in [12]. Let By, be the event that there exists an island with parameter v = ¢; log_1 n that has
at least k agents. The quantity Pr[By] is upper bounded by the probability that G;(-y) contains a tree of k
vertices of A as a subgraph. Since £*~2 is the number of unrooted labeled trees on k nodes, and 7> /n? is
an upper bound to the probability that a given agent lie within distance  from another given agent, we have

that
3\ k—1 k k—1 k
m o em k9 1 e"m _3(k—1
Pr[By] < [ . < (=) -k L =" (k—1)
Bl < (k> (n3> B ( k ) (mlog3n> k2 (logm)

By setting £ = 3logn + 1, we have Pr[By| < exp{—7logn - loglogn}. Finally, we apply a union bound
across all agents and all time steps. Hence Pr[E; = 1] > 1 — n?>®mexp(—7lognloglogn).

Finally, consider the short travel distance property. For any fixed i € [m] and ¢; < to < n??® such that
to —t1 < 3log™ "% n, we have Pr[||S{, — 5! [|oc > ¢2log™*n] < exp(—log® n) by Lemma A.6. There is
a factor of 3 lost when we translate the metric from Ly,-norm to Li-norm. The total number of possible ¢,
t1, and to are mn°. Next we may apply a union bound across all these possible 4, ¢, and ¢ triples. We have
Pr[L; = 0] < mn® exp(—log? n). The lemma follows by combing the three results together with one more

union bound. O

Proof of Lemma 4.5. Fix a time t and let m be the number of agents in an arbitrary subcube of size Uy x
05 x f5. We have E[m] > 0y log?n /27 > log? n. Therefore, by Chernoff bounds (Theorem A.1), Pr[m €
[LE[m], 3E[m]] > 1—2exp(— log® n/12). Now the total number of possible subcubes is at most (21 +1)3
and the total number of time steps is n%°. By a union bound, we have

1 1
Pr[D =0] < (2n 4 1)% - n??. 2exp(—ﬁ log?n) < exp(—ﬁ log? n)
for sufficiently large n. ]
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D Near optimal bounds for the isoperimetric problem for closed hypercubes

This section studies an isoperimetric problem we need for our upper bound analysis. In what follows,
we let €% = {1,2,...,b}%, where b is an arbitrary integer.

Our first lemma builds up a matching between the subcubes in the interior surface and those in the
exterior surface. This result allows us to focus on one type of surface for the purpose of understanding the
completion time for the diffusion process.

Lemma D.1. Let G be an arbitrary subset of €%. Define 9G and 9G as the interior and exterior surfaces of
G (i.e. the set of points in G that neighbor with G¢ and the set of points in G¢ that neighbor with G resp.; u
and T are neighbors if ||ii — U||; = 1). Define a bipartite graph with nodes denoting dG and dG, in which
an edge (i,7),14 € 9G, T € 8G exists whenever @ and T are neighbors. Then there exists a matching M in
this graph with |M| > |0G|/(4d — 1).

Proof. We prove this statement by explicitly constructing the matching M. First notice that the degree of
each node is in the range [1, 2d]. We build M iteratively. Each time, we pick an edge (@, ) € E and place
the edge into M. We then remove nodes @, ¥ from L and R respectively as well as all edges incident to
them. Since the degrees of 4, ¢’ are bounded by 2d, we will remove at most 4d — 1 edges from F. We

continue this process until no edge is left. Clearly, the edges we place into M form a matching. Because

there are at least |0G| number of edges by the lower bound of degrees, we conclude that |M| > %. O

Theorem D.2. Let G be an arbitrary subset of €%. There exists a pair of constants o(d) > 1/2 and
B(d) > 0, such that:

if19] < o(d) - |29 = a(d) - b, then 0G| > B(d)|g| D
Specifically, 3(3) > 0.36.

To begin, let us prove the special case d = 2. The analysis for this case demonstrates important ideas
that are needed for showing the case for general d.

Lemma D.3. Let G be an arbitrary subset of €2. If |G| < %bz, we have
2
96| > 2ig1'"”

Proof. Let V = |G| and X (i) be the collection of lattice points in €2 whose x coordinates are i. Also we
refer V(i) := X (i) N G as the ith stripe of G. Define

i* = argmax|V (i) and 4, = argmin|V (7).
7 (2
We next analyze two possible cases regarding the size of V' (:*).
Case 1. 0 < |V (i*)| < 1/ 2f. Since /2 < b, for each i such that V(i) # ), we have
0< V()| <|V(3E")| <b.

On the other hand, when 0 < |V (7)| < b, there is at least one element of X () that is also in 9G. Since the
cardinality of G is V, the number of non-empty stripes in G is at least ﬁ Hence we have

%

v W9
> > —_— —
0912 i 2\ 5 > 5V
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Case 2. |V (i*)| > /2. By an averaging argument, |V (i,)| < V/b. Using the fact that V' < 2b%, we have

V(i) < 4/3V.
Next we show that 9G > |V (i*)| — |V (ix)|. Consider an arbitrary j such that (i*,7) € V(i*) and

(ix,7) ¢ V(ix). Since (i*,7) € G and (i4,j) ¢ G, there exists a lattice point on the “line segment”
{(2,7) - i € {i*, ..., 14} } that is in OG.

Finally, we have
. , 3 2 2
0G > |V (i*)| — [V (ix)| > <\/;— \/;> VV = VY.

We use induction to prove Theorem D.2. Our idea of proving general d is similar to the case d = 2.
First, we let X (7) be the collection of lattice points in ¢ whose first coordinates are i and V (i) = X (i) NG.
Next, we also define i* = argmax; |V (i)| and i, = argmin; |V (¢)|. Then, we mimic the analysis for
the case d = 2 and discuss two possible cases: when |V (i*)| is small and when |V (¢*)| is large. When
|V (i*)|, we need to invoke results on lower dimension cases. When |V (i*)| is large, we shall show that
[V (i*)] — |V (ix)| is a lower bound on the size of OG, which is sufficient for proving the theorem.

Let us proceed with the following lemma, which is the main vehicle for analyzing the case |V (i*)| is
large.

O]

Lemma D.4. Let G be an arbitrary subset of €¢. We have
0G| = [V ()| = [V (i)
Proof. First, define the set A as
A = {(ig,ig, ...,id) € Q:d_l ((’i*,ig,ig, ...,id) € V(Z*)) AN ((Z*, 12,13, ...,id) ¢ V(’L*)>}

Notice that by the definitions of V'(i*) and V (i), we have |A| > |V (i*)| — |V (i.)|. Next, we show that for
any (12, ...,1q9) € A, there exists an 41 such that (i1, ...,74) € 0G, which immediately implies the lemma.
Fix a (d — 1)-tuple (i, ...,iq) € A. Observe that (i*,is,...,iq) € V(i*) C G and (ix, 2, ....,1q) ¢
V (ix) and thus (iy,2,....,74) ¢ G. Let us walk from the point (i*, 42, ...,74) to the point (i, 2, ..., iq).
Because we start with an interior point of G and end at a point outside G, we leave the polytope G at least
once. Hence, there exists an ¢; such that (iy, ..., i4) € 0G. O

Now we are ready to prove the main theorem.

Proof of Theorem D.2. We prove by induction on d. Specifically, we show that for any d and any G(d) C ¢,
there exists a pair of constants (that depends only on d) «(d) > 1/2 and 3(d) > 0 such that

if |G] < a(d)|e?],  then|9G(d)| > A(d)|G|"~.

The base case was considered in Lemma D.3. Now let us assume the theorem holds up to the d-dimensional
space. We now prove the d 4+ 1 dimensional case.
Our o(d + 1) and §(d + 1) are set up in the following way:

ald+1) = «afd)/2+1/4

Bd+1) = mm{cwi_m(dﬂ))dil,wwzﬂpfﬂ} (35)
(a(d+1))d+T (a(d))d
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LetT = <O‘(d)d> Vﬁ and consider the following two cases.
(a(d+1)) d+T

Case 1. |V (i*)| < T. Our a(d + 1) is set up in a way that when V < a(d + 1)b®1, T' < a(d)b?. Next, we

invoke the result for d dimensional case on each V (i), ¢ € [b]. Notice that a lattice on the exterior surface of

V(i) in the space €% is also on the exterior surface of G. Let us call the size of the exterior surface of V(i)

as |0V (4)|. By induction hypothesis, we have |0V (i)| > B(d)|V(i)\d%dl. Note also >, [V (i) = V.

d—1 . . .
Next, define f(z) = 2 @ , which is a concave function. We have

9G] = Y |oV (i)l

i<b

> Z B(d)f(|V(¢)]) (induction hypothesis)
i<b

> Z Wf(T) (|[V(i*)] < T and using the concave properties of f(-))
i<b

_ B@yV

= A% sr)

= pld)(ald + }))ﬁ vt (using the definition of T')

(a(d))a
> B(d+ 1)V% (by the construction of 3(d))

Case 2. When |V (i*)| > T. By Lemma D .4, |0G| > |V (i*)| — |V (i4)|. Also by an averaging argument we
have |V (i4)| < V/b. The theorem then follows. O

E An example of the diffusion tree
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Figure 1: An example of the diffusion process and its corresponding diffusion tree at ¢ = 0, 20, 40, 60.
Assume no collisions happen beyond these 4 time steps.

Att =0, the agent a; is initially infected. Since Isdy(a,?; log~! n) = {ai,ag,as,aq,ag}, the
agents as, a3, a4, and ag are all considered infected at ¢ = (0. Also, r does not have a direct child.

Att =20, the agent a; meets as. Since Isdgg(ag, ¢; log7tn) = {a1,as5,a7,a10}, ar and ajo are
also infected. At this time step, dchild(a;) = {as} and child(a;) = {as, a7, a10}.

Att = 40, ay meets aj; and ag meets az; Isdyo(aq, £1log 1 n) = {a4,a11} and Isdyp(az, {1 log~! n) =

{ag, a7 }. At this time step, childy(as) = dchild(as) = {a11} and child(ay) = dchild(a7) = {ag}. Notice
that a;; € F; and ag € F3. These two generations grow simultaneously at £ = 40.

Att =60, a; meets ag. Isdgo(ag) = {aj,a9}. We have ag € child(a;) and ag € dchild(ay).
Also, notice that a; now contains two direct children.
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